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Preface to the third edition 



The field of neutrino mass physics underwent a revolutionary change 
in June 1998 when at the Neutrino '98 conference in Takayama, Japan, 
the Super-Kamiokande collaboration announced the discovery of oscil- 
lations of the cosmic ray neutrinos as they traveled from the Earth's 
atmosphere to detectors in the Kamioka mine. Indications of such os- 
cillations in earlier experiments involving the neutrinos from the Sun 
and the atmosphere suddenly took a new life and quickly got confirmed. 
The attention focused on the solar neutrinos and various experiments, 
culminating in the beautiful results from the SNO experiment, have now 
given a pretty clear picture of the nature of oscillations of the neutrinos 
emanating from the Sun. During 2002, results from the Kamland and 
the K2K experiments provided further confirmation of the oscillation 
phenomena using controlled source experiments. Thanks to all these 
beautiful experiments as well as the untiring efforts of many experimen- 
talists, neutrino mass has moved from being a matter of faith to a stark 
reality for the explorers of the undersea world of forces and particles 
in the Universe. The first definitive sign of physics beyond the stan- 
dard model has finally appeared. This is a revolution that calls for a 
celebration! 

The second edition of this book had just appeared in print in April 
1998, and it was clear to us within a year that a third edition was 
essential to capture the excitement of the field; however, developments 
in the field were taking place so rapidly that it was prudent to wait for 
matters to "settle" a bit. We believe right now is such a time, which 
is not to say that we have learnt everything about neutrino masses — 
a lot still remains to be discovered e.g. Are neutrinos their own anti- 
particles? How are their masses arranged relative to each other? Are 
there sterile neutrinos? These are issues which will take at least five years 
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viii Preface to the third edition 

or more to be decided. So it appears to be a good time to summarize 
the developments that have changed the field so much. 

With this in mind, we have rearranged many chapters in the book, 
added new ones, updated the rest. We have surely missed many im- 
portant contributions — our only excuse being that we have tried hard 
to keep the contents as for a book rather than a compilation of latest 
references in the field. This has meant that we had to be more peda- 
gogical in many places, left out details that are too technical and had 
to be selective about topics. Hopefully, the usefulness of the book to 
young entering students as well as to advanced researchers has not been 
compromised in the process. 

We are extremely grateful to many colleagues and collaborators who 
have continuously shared their insight and experiences, and others who 
have continuously encouraged and inspired us directly and indirectly in 
our neutrino efforts. This is a long list that in addition to the peo- 
ple already acknowledged in earlier edition, should include E. Akhme- 
dov, J. Bahcall, A. Bandyopadhayay, Z. Berezhiani, G. Bhattacharyya, 
S. Bilenky, B. Brahmachari, S. Choubey, J. Goodman, K. Kar, M. K. 
Parida, G. Rajasekaran, G. Sullivan. 

One of the authors (RNM) is grateful to the National Science Foun- 
dation of the United States of America for support during the period of 
preparation of the third edition of the book. 



Rabindra N. Mohapatra 
Palash B. Pal 



October 2003 



Preface to the second 
edition 



Neutrino physics is a field full of hopes and challenges, sometimes mys- 
terious and occasionally frustrating but never devoid of excitement and 
always rich in its implications for new physics. Just as the postulate 
of the very existence of the neutrino that led to the birth and the un- 
derstanding of the field weak interactions and just as it was with the 
discovery of the neutrino neutral current phenomena that formed the 
first cornerstone of the standard model, so it has been dreamed that the 
confirmation of the various terrestrial and extraterrestrial hints of neu- 
trino oscillations will be the first beacon of physics beyond the standard 
model. At long last as this millennium comes to a close, this dream is 
looking more and more like reality and the outline of a long hoped for 
B — L symmetry as new symmetry of nature is beginning to emerge. 
Whether this will come in association with its twin — the right handed 
weak iso-spin symmetry, we do not know — but there is a strong like- 
lihood that it would and particle physics would have taken a giant leap 
forward. 

Since the first edition of the book was completed in 1990, a tempo- 
rary storm cloud over the field raised by the 17 keV neutrino has died 
down; the solar neutrino physics has crossed several important mile- 
stones; the hints of oscillations by the cosmic ray neutrinos is receiving 
its confirmation and the first hints of neutrino oscillations in the labo- 
ratory have appeared. All these have made the field more vibrant than 
it was in 1990. In this new edition, we have tried to capture some of 
this excitement by updating and improving most of the chapters. Two 
new chapters, one giving an introduction to supersymmetry and another 
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discussing the propagation of neutrinos in a medium have been included. 
We have also added a final chapter, which contains a summary of dif- 
ferent constraints from different chapters and provides an outlook for 
neutrino physics for the coming years. The exercises, which appeared 
at the end of the first edition, have been moved to positions within the 
chapters where they would be most helpful to a beginner. The number 
of exercises have also been increased considerably. In making all these 
changes, we have always kept in mind our original goal for the book i.e. 
this is a book and not a collection of the latest facts and references and is 
meant for beginning graduate students as well as advanced researchers 
in the field of neutrino physics. We are extremely grateful to our col- 
leagues who have recommended the book as a textbook in their courses 
in various universities around the world. 

We are extremely grateful to many colleagues who have generously 
shared their knowledge about the neutrinos and related subjects with 
us — in particular, we wish to thank K. S. Babu, P. Bhattacharjee, C. 
Burgess, D. Caldwell, R. Cowsik, D. A. Dicus, J. C. D'Olivo, R. Gandhi, 
E. Golowich, A. Joshipura, H. Klapdor-Kleingrothaus, J. F. Nieves, S. 
Nussinov, A. D. Patel, J. C. Pati, S. T. Petcov, A. Smirnov, S. Mishra, 
U. Sarkar, G. Senjanovic, V. L. Teplitz, L. Wolfenstein. In addition, 
U. Sarkar has taught us how to edit postscript files, which has helped 
enormously in the preparation of the figures for this edition. 



Rabindra ft. Mohapatra 
Palash B. Pal 



August, 1997 



From the preface to the 
first edition 



Neutrinos have played a key role in the evolution of our understanding 
of particles, forces and the universe and most likely the next step in 
this process of exploration of physics beyond the standard model will 
come from new properties of the neutrino revealed in many on going 
experiments such as the solar neutrino experiments, neutrino mass mea- 
surements, double beta decay searches etc. In the absence of any solid 
experimental clues regarding this new direction, many interesting the- 
oretical speculations have been advanced with implications for collider 
as well as non-collider experiments. The central theme of most of these 
speculations in the possibility of a massive neutrino which in turn im- 
pacts on our thinking about the universe past and present. Most of these 
ideas will be put to test by the same kind of experiments discussed. 

We therefore felt that it may be an appropriate time to summarize 
the theoretical, phenomenological and astrophysical implications of the 
massive neutrino so that first, a person starting out in the field will have 
a ready reference to the major existing ideas and, secondly, an expert 
in the field may be spared frequent trips to the library to clarify simple 
points in his or her thinking. In this spirit, we have not attempted a 
complete, exhaustive survey of all the details in various areas of neu- 
trino physics but rather an introduction to the important major ideas in 
the field. We have tried to restrain our personal prejudices in the pre- 
sentation to the extent humanly possible. We have most certainly left 
out some ideas as we must have missed citing some important works. 
While some of it is perhaps unavoidable because of the size of the book, 
mostly it is inadvertent and will be included in subsequent editions if 
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brought to our attention with sufficient conviction. We have, however, 
given references to review articles where additional references can be 
obtained. For articles originally published in languages other than En- 
glish, we have given reference to the English translation if we knew of 
one. The reader can easily find out the original reference by looking at 
the translated material. 

A suggestion for new comers to the area trying to read this book : 
a necessary pre-requisite is a course on field theory, group theory and 
basic concepts in particle physics, and a right attitude. We have added 
some exercises at the end of the book to help the new comers. 

Over the years, both the authors have learned a great deal about 
the subjects discussed in the book from many of their colleagues — ei- 
ther through collaboration or through discussions. Specifically we would 
like mention K. S. Babu, Riccardo Barbieri, Darwin Chang, Nilendra 
Deshpande, Boris Kayser, D. Krakauer, Ling-Fong Li, Robert Marshak, 
Shmuel Nussinov, Jose Nieves, Lev Okun, Sandip Pakvasa, Roberto Pec- 
cei, Peter Rosen, Goran Senjanovic, Eichii Takasugi, Jose Valle, Lincoln 
Wolfenstein and Tsutomu Yanagida. 

RNM wishes thank the National Science Foundation for support dur- 
ing the time this book was being written and the University of Maryland 
for a sabbatical leave. The work of PBP was supported by the Depart- 
ment of Energy, and this support is gratefully acknowledged. Our sin- 
cerest thanks go to Michele Wilson Gibson, who has typed most of the 
plain text of the book and has drawn many of the diagrams. In addi- 
tion, we thank Betty Krusberg for typing some parts of the manuscript. 
We are grateful to Fred Olness for helping with problems that arose at 
various stages of the use of the computer to produce a camera-ready 
manuscript, and to Tristan Hubsch for timely suggestions regarding the 
use of M£X. 



Rabindra N. Mohapatra 
Palash B. Pal 

November 1990 



Notations 



Our notations regarding the metric and gamma matrices etc are the 
same as the standard text books on Quantum Field theory such as the 
book by Bjorken and Drell or by Itzykson and Zuber. Thus, for example, 
our metric tensor is 

g^ =diag (1,-1, -1,-1). 

The 7-matrices have been given explicitly in §4.3, and are not repeated 
here. 

However, our notation differ from the textbooks mentioned above in 
some important aspects. These are listed below. 

1. Our normalization of spinor solutions to Dirac equation is different. 
It has been described in §4.3 and has the advantage that it applies 
equally well to massive as well as massless fields. 

2. To denote antiparticles, we do not use the customary bar since it 
is easy to confuse it with the operation of hermitian conjugation 
followed by multiplication of the Dirac matrix 7 . Neither do 
we use the notation, which is used in some modern literature, of 
attaching a superscript c to the particle since it might lead to 
the misconception that the antiparticle is the C conjugate of the 
particle. For particles like the neutrinos whose interactions violate 
C by large amounts, the antiparticle can be defined only through 
the operation CPT. We use a hat to denote antiparticles and hope 
that this symbol will find acceptance in the community. 

3. We have used the summation convention for repeated indices when 
the index denotes space-time, but not when it labels different par- 
ticles or represents elements of internal symmetry groups. 
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Chapter 1 



Introduction 



1.1 History 

The phenomenon of radioactivity was discovered in 1892 by Becquerel. 
Bohr was the first to realize that beta decay is a process in which the 
electron is ejected from the nucleus. In 1914, Chadwick made the cru- 
cial discovery that the primary beta spectrum is continuous. Until well 
into the twenties, this result was believed to have other explanations. In 
1929, in a letter to a conference [1, 2], Pauli wrote, "Dear Radioactive 
Ladies and Gentlemen, ... as a desperate remedy to save the principle 
of energy conservation in beta decay, ... I propose the idea of a neutral 
particle of spin half." So, the neutrino was born into the world of the- 
oretical physics. Chadwick discovered the neutron in 1932, which was 
realized to be the particle in the nucleus which emitted the electron and 
the neutrino in the process of beta decay. Fermi wrote the four-Fermi 
Hamiltonian for beta decay using the neutrino, electron, neutron and 
the proton. A new field of theoretical physics came into existence — 
the field of Weak Interactions. In 1956, Reines and Cowan discovered 
the neutrino. As more and more particles were discovered and found 
to participate in weak processes, weak interactions acquired legitimacy 
as a new force of nature and neutrinos became an integral part of this 
interaction. With the invention of new accelerators and sophisticated 
detectors and after the work of many dedicated experimentalists, we 
now know that neutrinos come in three varieties. Each neutrino comes 
with its own family of quarks and leptons. Observations involving neu- 
trinos have played a key role in our understanding of weak interactions 
in the form of the so-called standard model and it is believed that fur- 
ther observation involving them may hold the key to our understanding 
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of physics beyond the standard model. 

In the past few decades it has also been realized that our under- 
standing of the Universe depends critically on our understanding of the 
neutrino. For instance the neutrino is the most abundant form of matter 
in the Universe next to radiation, and through its role in nucleosynthe- 
sis, it is responsible for the origin of heavy elements that form the basis 
of life. There are also speculations that neutrinos may have played a 
role in the formation of galaxies that provided the stage for the evolu- 
tion of life. Thus the neutrino is clearly an important particle. This 
book is an attempt to summarize the present status of our knowledge of 
the neutrino and some popular speculations about its yet undiscovered 
properties. 

Let us start with a brief overview of the various properties of the 
neutrino. It is known to have a spin of half in units of h and is believed 
to have no electric charge. Whether it has a mass or not is one of the key 
questions of present day particle physics and will constitute one of the 
chief obsessions of some of the latter chapters in this book. It is however 
known from various laboratory experiments that, if it has a mass, it is 
very much smaller than any of the masses of other known particles such 
as quarks or leptons in the same family. 

As mentioned earlier, now there are known to be three kinds of neu- 
trinos. The existence of the muon and tau neutrino was suspected from 
the properties of the corresponding charged partners: for instance it was 
found that the muon does not decay to an electron and a photon which 
is a priori allowed and neither does a muon decay to e + e~e~. The sim- 
plest way to understand this is to postulate that there exists a separate 
neutrino corresponding to the muon. The muon neutrino was discov- 
ered in 1962 by the group of Lederman, Schwartz and Steinberger. -The 
third charged lepton, the tau, was discovered by the group of Perl in 
the mid-seventies and by similar reasoning, a tau neutrino is believed to 
exist, although no direct detection of it has yet been made. The families 
of fermions can therefore be written as follows: 

(u,d,e,v e ), 

(t,b,T,u T ). (1.1) 

A prime focus of experiments now is to ascertain whether there exists 
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a fourth type of neutrino in nature. Measurements of the width of the 
£-boson have definitely ruled out a fourth neutrino if it is lighter than 
40 GeV or so. If there exists a fourth type of neutrino, by analogy it 
would imply the existence of a fourth type of matter, which of course 
will be a profound discovery. 

1.2 Four-Fermi interaction 

Using the neutrino hypothesis of Pauli, Fermi [3] was the first to write 
down the field theoretical form of an interaction involving the neutron, 
the proton, electron and neutrino fields that would describe weak inter- 
action. If we denote these fermion fields by ^», where i — n, p, e and f e , 
the so-called four-Fermi interaction Hamiltonian density is written as 

(j jp 

^eak = —7= typl^n V> e 7^ e • (1-2) 

The form of the weak Hamiltonian in low energy weak decays has 
been confirmed over the year to basically have the same form as in Eq. 
(1.2) although a great deal more is known about its Lorentz structure 
than is given in Eq. (1.2). Also, many new four- Fermi terms describing 
other kinds of weak processes are now known to be part of J^ e ak • Let 
us give a very brief and qualitative summary of these new features. 

1.2.1 Modern form of four- Fermi interaction 

The main observations that demand some modification of Fermi's orig- 
inal form of the four-Fermi interaction are as follows: 

• The fundamental fields entering the Hamiltonian are not hadronic 
fields like the proton or the neutron, but rather are fields describing 
quarks. 

• The space-time structure of the currents have not only the vector 
currents (V) as in Eq. (1.2), but have also axial vector currents 
(A). The fact that the currents are of the V — A form was noted 
by Marshak and Sudarshan, and by Feynman and Gell-Mann [4]. 

• The weak interactions consist not only of charged current processes 
like the beta decay in which electric charge of leptons and quarks 
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change, but also of processes where the electric charge remain un- 
changed among the leptons and hadrons. Such processes are called 
neutral current processes. 

Using the above considerations, the weak interaction Hamiltonian 
can be written in a compact form as follows, using a charged current J^ 
and a neutral current K 1 *: 

AGf 



JZr, 



weak 



J»(x)jUx) + pK^K^x) 



(1.3) 



In terms of quark and lepton fields can, the charged current, J** can be 
written as 



where the chirality projection operators are defined as 

L =4(1 -75), R = ^(l+75)- 



(1.4) 



(1.5) 



The fermion fields in Eq. (1.4) are 

(d 



u = 




d = 



v — 



\ 



( v e 



1 = 




(1-6) 



and V is a matrix which denotes the mixing effect between different gen- 
erations of quarks. It is called the Cabibbo-Kobayashi-Maskawa matrix 
[5], or CKM matrix for short. Present information about the magnitudes 
of various elements of V is given below [6]: 

0.9741 to 0.9756 0.219 to 0.226 0.0025 to 0.0048 \ 



V 



0.219 to 0.226 
0.004 to 0.014 



(1.7) 



0.9732 to 0.9748 0.038 to 0.044 
0.037 to 0.044 0.9990 to 0.9993 / 

There is also a phase in the matrix which is responsible for CP violation. 
In Ch. 2, we will see that in the standard electroweak theory of Glashow, 
Weinberg and Salam, V is a unitary matrix. Apart from unphysical 
phases which can be absorbed in the definitions of the quark fields, this 
unitary matrix can be parametrized by four parameters, e.g.: 

,-i6 



C12C13 



iS 



-S12C13 



V = J S U C23 + Ci 2 S2SS U e ld C12C23 - Sl2«235l3e 
312^23 - Ci 2 C23Si 3 e 1<5 C12S23 + SnC23Sue 



JS 
iS 



sue •" \ 

-S23C13 ) , (1.8) 

C23C13 
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where, e.g., en = cos $n and 512 = sin #12. The phase 3 in this matrix 
signals CP violation. 

The first term in the interaction of Eq. (1.3) gives rise to a host of 
new weak interaction phenomena such as: 1 

c — > se + v e 

s ->• ue~V e . (1.9) 

Whereas we have described above weak processes in terms of quarks, 
the actual observation involves a color-singlet hadron containing the 
quark. For instance, the last process in Eq. (1.9) is really inferred from 
A — > pe~V e . 

In Eq. (1.3), K^ is the neutral current, which has the following form: 

k p( x ) = E i e L{q)qiM + tR(q)qi»Rq} 

+ 1 E^ L " + \ E^m \gv(t) - Ts9A(i)]t- (1.10) 

v l 

In Ch. 2, we will discuss the presently available information on various 
parameters appearing in the neutral currents. This involves the param- 
eters in Eq. (1.10) as well as the p parameter defined in Eq. (1.3), which 
measures the relative strengths of neutral and charged current interac- 
tions. 

Several characteristics of the Hamiltonian in Eq. (1.3) are worth 
noting. In the neutral current K^ there is no term which connects 
two different species of quarks or leptons. The quarks and leptons of a 
particular generation are often called flavor, and the possible currents 
that could connect two different flavors are called flavor changing neu- 
tral currents (FCNC). At present extensive search is going on for flavor 
changing hadronic as well as leptonic neutral currents. The experiments 
look for processes [7] such as Kl ->■ ^+/i~, Kl -t e + e~, Kl -> /^e^, 
K+ -»• 7t + i/P, /u ->■ e*y, /z ± -¥ e~e + e ± , \l + Nucl -> e + Nucl etc. The 
present limits are very stringent and imply upper bounds on the strength 
of couplings expressed in the form of Eq. (1.3) to be 10 _4 Gjr for Kaon 



*As explained in the prechapter called "Notations", we will use the hat to denote 
antiparticles. 
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decays to 10"~ 6 Gf for muon decays. These selection rules imply that in 
the leptonic sector, one can define new quantum numbers called gener- 
ational lepton numbers L e , L^ and L T . The known weak interactions 
appear to obey the conservation of all these numbers. Note that due to 
the presence of the mixing matrix V, no analogous kind of selection rule 
can be written down for the hadronic (or quark) sector. 

1.2.2 Fierz transformation 

In the weak interaction Hamiltonian of Eq. (1.3), there are two kinds 
of terms, viz, the terms coming from charged-current interactions and 
those coming from neutral current interactions. However, four-Fermi in- 
teractions of these two kinds can be transformed into each other. This is 
achieved through the Fierz transformations [8, 9], which we now discuss. 
Sometimes, this helps a lot in calculations, or in understanding the main 
results without getting into details. 

Since any fermionic field ip is a four-component object, there can be 
sixteen independent fermionic bilinears of the form ij)Fip. Thus, any F 
can be written in terms of 16 basis bilinears, which we choose in the 
following way: 

r 1 =i, 

p2,3,4,5 — ^/i 

r 6toll = <T l^ j (fJKv) (1.11) 

pl2.13.14.15 = j ,1 

r 16 =75. 

The r matrices with lower indices can be defined by taking all the 
Lorentz indices down. Then it is easily verified that 

ir (rr,) = 4j; . (1.12) 

The most general four-fermion interaction that is Lorentz invariant 
and parity conserving can be written as 

£;c r [r r ] 1)2 [n 3) 4, (i.i3) 

r=l 

where we have used the shorthand 

[r r ] 1)2 = ^r r i/>2, (i.w) 
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for two fermion fields ^1 and ip2- Notice that, in Eq. (1.13) as well as 
in the rest of this section, repeated indices of T are not assumed to be 
automatically summed over, unless there is an explicit summation sign. 
However, in Eq. (1.13), fermions ipi and ^3 are created, whereas ^ 
and ip4 are annihilated, so there is no reason why it cannot be written 
in the form 

16 
9=1 

The forms given in Eqs. (1.13) and (1.15) are therefore equivalent, and 
the task is to find the relation between the coefficients C r and C' q . Since 
this equivalence should be valid for arbitrary fermion fields, we can ex- 
tract the coefficients of (^>\)a(^2)b(^>z)c(^)d from each expression, 
where A, J?, C, D are Dirac indices. This enables us to write 

16 16 

£ Cr(r r )AB(nCD = ~Y1 C' q F q )AD(T*) C B , (1-16) 

r=l g=l 

where the minus sign comes because the fermion fields on the right side 
involve one interchange compared to those on the left side. Multiply- 
ing both sides now by (T r i)DcO? r )ba and summing over all the Dirac 
indices, we obtain 



Cr = Y,^ q C' q , (1.17) 

q 



where 



A r , 9 = -iTr(r g r r pr). (i.is) 

It is now straightforward to calculate the matrix A. However, a more 
useful form is obtained by noting that Eq. (1.16) can also be written as 

Y.^°i)AB{O i ) C D = -J2CHO j ) AD (C^)cB t (1-19) 

i 3 

where now the index i runs over the five different rows of Eq. (1.11), i.e., 
corresponding to the scalar (5), vector (V), tensor (T), axial vector (A) 
and pseudo-scalar (P) interactions. In this case, one can write 

Ci = E¥i- (1-20) 

3 
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instead of Eq. (1.17). Obviously, the elements of the matrix A are simply 
related to those of the matrix A. For example, 



As5 = A 1 , 1 = -iTVl = -i. 



(1.21) 



Now consider the element Ays- This means that we want to see the 
scalar contribution, with the ordering of Eq. (1.13), coming from all 
four components of the vector interaction with the ordering of Eq. (1.15). 
Thus, 



AK5 = -ygTr (17^7") = -1. 
Similarly, one can proceed to see that the matrix A is given by 



(1.22) 



»-5 



(\ 1 1 1 1\ 

4-2 2-4 

6 0-206 

4 2 0-2-4 

VI -1 1-1 1/ 



(1.23) 



This is the Fierz transformation matrix. 

So far, we talked about parity conserving interactions only. In a 
discussion of weak interactions, parity violation will of course be present. 
This is possible if the terms shown in Eq. (1.13) appear in conjunction 
with terms of the form 



16 



5> r [rr]l,2[r r 75]3,4 



(1.24) 



T-\ 



One can similarly use a different ordering of the fermion fields in this 
case and find the relation between between the coefficients in the two 
cases. However, this can also be read off from Eq. (1.23) directly once 
we note that Eq. (1.24) can be written in the form of Eq. (1.13) with a 
different field ip'4 which is related to ip4 by the relation ip[ = 75^4. 

D Exercise 1.1 Show that the V - A and V + A interactions are both 
invariant under the Fierz transformations, i.e., 

[7„(l-75)]l,2[7 M (l-75)]3,4 = Ml-75)]l,4[7"(l-75)]3,2 

Ml + 75)]i, 2 [7 M (l + 75)]3,4 = [7^(l+75)3i, 4 [7' i (l+75)k2 

(1.25) 
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1.2.3 Problems with the four-Fermi interaction 

While the four- Fermi interaction Jf^ak given in Eq. (1.3) provides an 
excellent description of observed low energy weak interaction phenom- 
ena, it is fraught with difficulties when considered as a field theory. 
There are many ways to see it. For instance, if one calculates higher 
order weak interaction corrections to any lowest order weak process, the 
contributions are divergent and the divergence at the L-th loop goes as 
A 2L , A being the cutoff for the theory. Therefore, in a strict sense, the 
lowest order calculations are not reliable. 

Even at the lowest order, the total cross section for neutrino-electron 
scattering, for example, comes out to be proportional to G^s, where s 
is the Mandelstam variable defined by 5 = (p„ e -I- p e ) 2 in terms of the 
momenta of the incoming neutrino and electron. With increasing energy 
this cross section grows without limit. Since i/ e e scattering occurs in the 
5-wave, the amplitude for this process should obey the s-wave unitarity 
bound, viz., 

ot* < ^ ■ (1-26) 

This leads to a contradiction, implying that the four-Fermi descrip- 
tion of weak interaction must breakdown above a certain energy, which 
in old days was called the weak-interaction cutoff, A wea k. Examination 
of various weak processes produced values of A wea k between 300 GeV 
down to 4 GeV [10]. This presented a crisis for four-Fermi description 
of weak interaction. 

The basic problem was connected with the fact that the four-Fermi 
Lagrangian is not renormalizable. So search for a renormalizable weak 
interaction Lagrangian began in the late sixties. It culminated in the 
discovery of gauge theories, whose basic ingredients we describe below. 



1.3 Symmetries and forces 

Symmetries have played a fundamental role in our understanding of 
particle physics. Starting with the Poincare symmetry group of space- 
time transformations to the isospin invariance group of SU(2) in nuclear 
physics and the SU(3) symmetry group of Gell-Mann and Neeman for 
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hadron physics, our understanding of physics has always deepened with 
the identification of an invariance group in the system. 

1.3.1 Global symmetries 

There are two distinct kinds of symmetries for physical systems: global 
symmetries where the same symmetry transformation is applied to a 
field at all space- time points, and local symmetries where the symmetry 
transformations at different space-time points are unrelated. The isospin 
symmetry of nuclear physics introduced by Heisenberg, which provided 
a lot of insight into nuclear energy levels and forces, is an example of 
global symmetry. With the discovery of many baryon and meson states, 
the global SI/ (3) symmetry was proposed as a generalization of isospin 
to classify the various hadronic states and mass spectra. 

Under the isospin symmetry the up (u) and the down (d) quarks 
form a doublet whereas all other quarks are invariant. The proton and 
the neutron are made out of u and d quarks alone: p = uud and n = udd. 
The mesons tt^ and 7r° are made out of u and d in combination with 
their antiparticles. 

Under SU(3), the three quarks u, d and s form a triplet. Again, 
baryons made out of these three quarks in various combinations, and 
mesons made out of various combinations of w, d, s and u, d, a, have 
been identified, thus confirming the validity of the 517(3) symmetry in 
particle physics. 

The existence of exact global symmetries always implies relations 
between masses and coupling constants among particles, provided the 
symmetry is realized in the so-called Wigner-Weyl mode. This just 
means that the ground state of the system is invariant under the sym- 
metry transformations. If the isospin symmetry were realized in this 
way, this would imply the proton and the neutron have the same mass. 
Since that is not true (m n —m p = 1.3 MeV), the isospin symmetry must 
therefore be approximate. Similarly, the SU(Z) symmetry is also ap- 
proximate. Study of approximate 377(3) symmetry led, in fact, to the 
concept of quarks as constituents of hadrons, which was a major leap 
forward in our understanding of particle interactions. 
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1.3.2 Local symmetries 

Let us now turn to local symmetries. Their importance was realized long 
ago in connection with electromagnetic theory, and it is the cornerstone 
of modern particle physics. 

The demands of a local symmetry are much more stringent and can 
only be met provided some new spin-1 fields - to be called the gauge 
fields, are introduced into the theory. These gauge fields, to be denoted 
by A^, have interaction with all fields that transform non-trivially under 
the local symmetry and their exchange gives rise to the forces. Thus, 
requiring invariance under a local symmetry always leads to forces — 
a result which takes the mystery out of the forces and puts them back 
into the nature of invariances. 

To see in detail how it works, consider a local symmetry group G 
and let some matter fields transform as a certain representation under 
this group. If we denote these matter fields by a column vector ip(x), 
then under a gauge transformation 

ip{x) -4 U(x)if>(x) , (1.27) 

where U(x) is a matrix representation of an element of the group G. The 
ordinary kinetic energy term for ip(x) will not be invariant under this 
transformation. To write down a term that is invariant under Eq. (1.27), 
we replace the ordinary space-time derivative d^ip in the Lagrangian by 
the covariant derivative 

D^ = d^ip - igAy.il) , (1.28) 

and write, for the fermions 

~£?kin = fr-fDrf , (1.29) 

which is gauge invariant. Here, Ay{x) contains spin-1 fields and is 
matrix- valued in the group space, i.e., 

A,(x) = ^T°A;(x), (1.30) 

a 

where T a are the generators of the group G in the appropriate repre- 
sentation. Prom the requirement that Eq. (1.29) is invariant under the 
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gauge transformation of Eq. (1.27), we obtain that A^(x) must trans- 
form like 

A^x) -> UA^{x)U- 1 + ^{d^U- 1 . (1.31) 

□ Exercise 1.2 Show that for scalar fields, the Lagrangian given by 

^kin = (^^) + (^0) (1-32) 

is invariant under the gauge transformation, where the covariant deriva- 
tive is denned as in Eq. (1.28), with <j) replacing tp. 

On substituting Eq. (1.28) to Eqs. (1.29) and (1.32), we see that the 
principle of gauge invariance has generated interaction terms between 
matter fields ?/>, <j> and the gauge fields A^. Exchange of gauge fields 
then generates forces, as mentioned earlier. 

There is a good side and a bad side to this. The good side is that the 
coupling g is universal to all matter fields as long as G is a non-Abelian 
group. Therefore, this has the potential to explain universality of cou- 
plings to different particles observed in weak interactions (see Eq. (1.3)). 
The problem however is that gauge invariance under Eq. (1.31) demands 
that the terms involving the gauge fields only are of the following form: 

-^(pure gauge) = — Ttr .r^„.r (l.ooj 

where 

F^ = d^A u - d v A ii + ig[A^ A v ] . (1.34) 

Notice that there is no mass term in Eq. (1.33), because it is forbidden 
by gauge invariance. So the gauge field must be massless. Therefore, 
its exchange can only lead to long range forces. But we know that 
weak and strong interactions are short range. Therefore, if we want to 
generate weak interaction via a gauge principle, we must somehow give 
mass to the gauge boson. This was achieved with the discovery of the 
Higgs mechanism described below. The short range nature of strong 
interactions is understood on the basis of a different principle called 
confinement. 
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1.3.3 Spontaneous breaking of symmetries 

The time-evolution of a physical system depends on two things: (i) the 
Hamiltonian (or the Lagrangian) and (ii) the initial condition. In quan- 
tum field theories with symmetries, two analogous conditions determine 
the way in which a symmetry manifests itself. First, the Lagrangian 
must be invariant under the symmetry transformations; secondly, the 
vacuum state must be invariant under the same. When this happens, 
the symmetry is said to be realized in the Wigner- Weyl mode. In this 
case, natural expectations such as equality of masses of particles in a 
given irreducible representation, equality of 5-matrix elements among 
the appropriate physical states — are satisfied. 

It was discovered around 1960, through the work of Nambu and 
Goldstone, that a Lagrangian may be invariant under a symmetry trans- 
formation but the vacuum state may not be. If the symmetry is global, 
the spectrum of the theory contains a massless particle known as the 
Nambu- Goldstone boson. It was realized through the works of Higgs, 
Kibble, Guralnik, Hagen, Brout and Englert [11] that if a gauge symme- 
try is spontaneously broken, no such massless particle results. Rather, 
the gauge boson corresponding to broken generators pick up mass. Since 
this will be the principal technique in the construction of the standard 
model as well as its extensions, we outline the practical way of imple- 
menting this in gauge theories. 

Let G be the local symmetry group and T a be the generators of the 
group. Consider a set of scalar fields <p a belonging to a representation of 
G. To discuss spontaneous breaking of G, consider the potential of the 
scalar fields, V(<j)), which is invariant under G. This invariance implies 
that 

^ dV 

E^T(n«<Aj = 0. (1.35) 

Condition for the minimum is given by 

dV 

— =0. (1.36) 

d( Pi 4>=(<t>) 
Differentiating Eq. (1.35) with respect to fa and setting fa = (fa), we 
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get 

d 2 V 



£ 






(T°)y<0i>=O, (1-37) 



by using Eq. (1.36). Now, the mass matrix of the scalar fields is given 
by 



Mi 



ki ' d<j> k d<j>i 



(1.38) 



Thus, if Y,j(T a )ij (4>j) is not a nml vector, i.e., if the generator T a does 
not annihilate the vacuum, then Eq. (1.37) shows that Y,j(T a )ij (<f>j) is 
a zero mass eigenvector of the mass matrix. This gives rise to a Nambu- 
Goldstone mode. 

The G-invariant kinetic energy for is given by Eq. (1.32). On 
substituting <p = (<f>) (and the fact that d^ (<p) — 0) in that equation, we 
obtain 

a,b 

= Y,M 2 ab AlA b *. (1.39) 

a,b 

This is precisely the term that makes the gauge bosons massive after 
symmetry breaking. But note that if for a particular generator T a ((f>) — 
0, the corresponding gauge field has no mass. Thus, only the gauge 
fields corresponding to spontaneously broken generators, i.e., the ones 
for which T a (<f>) ^ 0, pick up mass. This is the Higgs mechanism. 

It may be useful for the reader to see a simple Abelian example of 
Higgs mechanism. Consider a U{1) local symmetry with the scalar field 
</> transforming non-trivially under the gauge group as follows: 

_> e ieMx) ^ ^ ( 140 ) 

If we demand that the spin-1 gauge field transforms under the U(l) 
transformation as 

A^x) -+ A„(x) + c^A(x) , (1.41) 
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Figure 1.1: The potential which gives rise to broken-symmetry solutions. 



then the gauge invariant Lagrangian for the system can be written as 

if = Jf - V{4>) , (1.42) 

where 

i?o = (DrfYD^ - ^ V" (1.43) 

with the covariant derivative defined by 

D^ = d^-ieA^. (1.44) 

The potential V((j)) must be gauge invariant, i.e., it is a function of <j>*<f>. 
The most general renormalizable potential then consists of two terms: 



v{<i>) = -iM 2 <p4> + \(4>*<i>y 



(1.45) 



Now, A must be positive in order that the potential has a lower bound. 
But nothing restricts the sign of (j, 2 . If it happens to be positive as well, 
then the shape of the potential looks like Fig. 1.1. Minimization of this 
potential gives 



w 



EL 

2\ 



(1.46) 
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Of course, the first derivative vanishes at <f) = as well, but Fig. 1.1 
clearly shows that the minimum corresponds to the nonzero value. Let 
us now redefine as 

cj>(x) = <f{x) + -j= (1.47) 

where v — y/Jr^JX defines the minimum and <p is the fluctuation around 
this minimum. This way, we get (ip) — 0, so that (p can be expanded in 
terms of creation and annihilation operators as is usual in quantum field 
theory. We then see that the kinetic energy term for <p leads to a term 
^e 2 v 2 A fl A l * in the Lagrangian, which is a mass term for A**. Thus, the 
process of spontaneous symmetry breaking gives mass to a gauge boson. 

D Exercise 1.3 Instead of Eq. (1.47), use 

«.) = 2^ .«<■> , (1.48) 

where r)(x) and £(x) are real scalar fields which replace the complex 
field (j)(x). Show that, in this representation, the field ((x) remains 
massless after the symmetry breaking. Moreover, by performing a gauge 
transformation cj)(x) — > <j>(x\e~ % ^ x \ show that the field (,(x) vanishes 
from the Lagrangian altogether. 

At this point, we have presented the three basic ingredients needed 
for gauge model building, which we now summarize [12]: 

• Choice of the gauge group G. 

• Assignment of the fermions to suitable representation of the gauge 
group. 

• Choice of Higgs bosons and their vacuum expectation values to 
break the gauge symmetry down to U{\)q. This choice must also 
be good enough to reproduce the quark and lepton masses in a 
phenomenologically acceptable way. 

□ Exercise 1.4 Consider an SU(2) gauge theory with a scalar multiplet 
transforming like a doublet. In the vacuum, one component of the dou- 
blet scalar field acquires a non-zero value. Verify that all the three gauge 
bosons of SU(2) acquire equal masses. 

D Exercise 1.5 Repeat the same problem with the vev in one component 
of a triplet scalar multiplet. Do all the gauge bosons acquire mass in 
this case? If not, why not? 
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Figure 1.2: Triangle graphs giving rise to anomalies. 



1.4 Renormalizability and anomalies 



One might wonder about the necessity of going through the elaborate 
machinery of Higgs mechanism to give mass to gauge fields instead of 
simply adding to a gauge invariant theory an explicit mass term for the 
gauge bosons that need to pick up mass to fit observations. In fact, 
historically, these kinds of attempts were made in the late sixties and 
early seventies. It was however realized that these theories are plagued 
with divergences, which proliferate as one goes to higher loops. Such 
theories therefore have no predictive power. It was shown by 't Hooft [13] 
in 1971 that if gauge boson mass is generated by the Higgs mechanism, 
then the theory is renormalizable. It is therefore very important to 
remember in building gauge models that, the gauge symmetries that 
need to be broken (so that the corresponding gauge bosons pick up 
mass), must be broken by the Higgs mechanism. Furthermore, to keep 
the theory renormalizable, all terms in the Lagrangian must have mass 
dimensions less than or equal to four. 

Another important criterion for renormalizability is the absence of 
triangle anomalies. To understand this, we recall that in proving renor- 
malizability of a theory, gauge invariance is essential. Gauge invariance 
means that the currents corresponding to gauge symmetries must be 
conserved to all orders in perturbation theory. It was however pointed 
out by Adler, Bell and Jackiw [14] that if a theory involves chiral inter- 
actions (i.e., interactions involving 75 currents) of fermions, triangular 
one-loop graphs (see Fig. 1.2) in general destroy the current conservation 
which was true at the tree level. This is called the axial anomaly. If such 
anomalies are not canceled, then the theory loses its renormalizability. 
One must, therefore, impose the constraint of anomaly cancellation on 
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gauge theories. This imposes restrictions on the nature of fermion spec- 
trum. In general, if in the space of all fermions, T° denotes the coupling 
matrix of fermions to the current J®, then the condition for anomaly 
cancellation is 

Tr (T a {T b ,T c }) -Tr (r a {T 6 ,T c }) =0, (1.49) 

where the subscripts L and R denote left and right chirality states of 
fermions. This constraint plays an important role in understanding 
fermion spectrum, charge quantization etc and helps reduce the arbi- 
trariness of gauge theories. 



Chapter 2 

The standard model and the neutrino 

Prom the early days of particle physics, the universality of Fermi coupling 
led many people to suspect that there may exist an underlying symmetry 
in weak interaction which is not manifest in the mass spectrum of weakly 
interacting particles. From the nature of the charged current connect- 
ing two different particles in beta decay and other weak decays observed 
in the late fifties and early sixties, it was suspected that the underlying 
symmetry must have an SU(2) part to it. In 1961, Glashow [1] proposed 
SU(2) x U(l) as a possible local symmetry of weak interactions. In 1964, 
Salam and Ward [2] used this symmetry group to construct a theory of 
both electrons and muons. Then, Weinberg in 1967 [3] and Salam in 
1968 [4] proposed the spontaneously broken SU(2)l x U(l)y theory of 
leptons in its modern version. The correct extension of this model to 
include quarks was done in the seventies using an earlier suggestion of 
Glashow, Iliopoulos and Maiani [5]. A crucial question regarding the 
model was its renormalizability, and this question remained until 1971, 
when 't Hooft [6] proved that all spontaneously broken gauge theories 
that include only interactions of mass dimension less than or equal to 
four are renormalizable. This not only solved the problems associated 
with the four-Fermi theory of weak interaction concerning its high en- 
ergy behavior as well as reliability of the tree-level calculations but it 
also opened up the possibility of calculating radiative corrections to weak 
amplitudes and checking against experiments. Soon afterwards, in 1973, 
Gross, Wilczek and Politzer [7] showed that the unbroken SU(3) C group 
of strong interactions is asymptotically free, i.e., that strong interactions 
become weaker at higher energies, thus explaining Bjorken scaling ob- 
served in deep inelastic lepton-nucleon scattering. Thus was born the 
standard model of electro-weak and strong interactions based on the 
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gauge group SU(3) C x SU{2)l x U(1)y- Since neutrinos have no strong 
interactions, we will not concern ourselves with the SU(3) C part of the 
group but instead will discuss the SU(2)l x U(1)y model. 

2.1 Gauge interactions in the standard model 

Let us first discuss the spontaneous breaking of the SU(2)i x U(l)y 
symmetry. The three gauge bosons of SU{2)l are denoted by Wj^, W®, 
whereas the U(l)y gauge boson is denoted by B^. To use the Higgs 
mechanism to break this group down to U(1)q, we use a doublet Higgs 
representation <f>: 

with the Higgs potential given by 

W) = V^ + A(^) 2 - (2-2) 

For (i 2 > 0, the minimum of V(<p) occurs at 



<*> = Vs-75- (2 ' 3) 

This gives mass to the charged gauge bosons W ± : 

M w = -gv . (2.4) 

In the neutral gauge boson sector, only one particular combination of 
W° and B, acquires mass: 

Mz = -^SL. . ( 2 .5) 

This combination is given by 

Z = cos 6 W W Q -siYiOwB, (2.6) 

where 

tan d w = g'/g, (2.7) 
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where this angle Q\y is known as the Weinberg angle. There is one 
gauge boson, the combination orthogonal to Z, which remains massless 
corresponding to an unbroken U(l) symmetry. This will be identified 
with the electromagnetic potential of the photon. The associated gauge 
generator, the electric charge, is given by 

Q = hi + \ ■ (2-8) 

In terms of the gauge coupling constants, the electric charge of the 
positron is given by 

e = gsinOw • (2-9) 

In order to discuss the weak interaction of fermions, we assign quarks 
and leptons to the following representations of SU(2)i x (7(l)y: 

: (2,|) 

4 
: (Lj) 

: d,-f) 

: (2,-1) 

: (1,-2). (2.10) 

Similar assignments are repeated for all three families of quarks and lep- 
tons with (u, d, e, v e ) replaced by (c, s, //, Vy) and (t, b, r, v T ) respectively. 
Eq. (2.10) implies the following charged W^ and neutral Z interaction 
with the quarks and leptons: 

^ = ^ (J>W+ + J«W;) + J^K" Zli , (2.11) 



q L = 


\d L 


u R 




d>R 




iPl = 




eR 





where 

d°\ /e\ 



■^0 ~0 20\^wi „0 



J» = (u° c u F)-fL S 



+ (v e V„ V T )^l 11 



J 



(2.12) 



/ 



The subscript '0' on quarks implies that they are not mass eigenstates. 
The mass eigenstates are determined only after quarks acquire masses 
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in the process of spontaneous symmetry breaking. The neutral current 
K/j, is given by 

#* = £7V [/slL - sin 2 OwQ] f° , (2.13) 

f° 

where f° = v e , e, u Q or d° or the corresponding objects in the higher 
generations, Q is the charge of f° and /3L is the value of the neutral 
generator of SU(2)l for the left-chiral projection of the fermion field. 

It is now clear that exchange of W^ leads to charged current weak 
processes such as beta decay, muon decay etc. whereas exchange of Z 
leads to new type of interactions called neutral current weak interac- 
tions. Thus, the advent of gauge theories endowed the neutrino with 
new dynamical properties which were not known prior to the 1970's. 
The discovery of neutrino neutral currents was a major triumph of gauge 
theories. An important property of the neutral currents is that K^ is fla- 
vor diagonal prior to mass generation. We will see that in the standard 
model, this property is preserved by symmetry breaking. The details of 
this will be discussed in the next section. 

In order to complete the discussion of charged current weak interac- 
tions, let us discuss the origin of quark and lepton masses in the standard 
model. The gauge invariance prevents adding bare masses for them in 
the Lagrangian. They arise from the following Yukawa interactions al- 
lowed by gauge symmetry: 

-& = £ [^aL^&R + ^9 lMr + h^ aL cj>£ bR ] + h.c. . (2.14) 

Here, a, b stand for generation indices and 

$=ir 2 (f)*. (2.15) 

D Exercise 2.1 Under an SU(2) transformation, a doublet transforms 
as 

T 

4> -> exp(»- • 6) <f> , 

where r denote the Pauli matrices. Show that the components of </>* do 
not transform like a doublet, but those of zr 2 </>* do. 

On substituting the non-zero vacuum expectation values for (fro given in 
Eq. (2.3), the following mass terms for up and down quarks as well as 
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the charged leptons axe generated: 
-ifmass = £ [uaiM^utn + d aL M$d bR + £ aL M^£ bR ] 4- h.c. (2.16) 

a,b 

where 

M ab = h ab v /^ with f = u,dor£. (2.17) 

By an appropriate choice of the quark and lepton basis, the coupling 
matrices hS u ) and hW can be chosen diagonal so that we have Ua = u a 
and ta = t a - The M^ is however, a complex non-diagonal matrix in 
this basis and can be diagonalized by the following biunitary transfor- 
mation: 

VlM^vI = D^ d) . (2.18) 

The down-type quark mass eigenstates are then related to the d£' states 



as 



(dL lR )« = £ (Vl*).(<U- ( 2 - 19 ) 

b 

In terms of the mass eigenstates, i.e., the physical states, the weak 
charged current can be written as 

J* = (u c t)^lVl s + (V e V M V r )^L ifi - (2.20) 

This Vl can be identified with the matrix V introduced in Eq. (1.4). 
Thus, a very important implication of the standard model is that the 
quark mixing matrix is unitary. This property of unitarity has been 
used in giving the values of the elements of this matrix in Eq. (1-7). It is 
also important to note here that the neutral current in Eq. (2.13) is not 
affected by this transition to physical basis and remains flavor diagonal 
in the mass eigenbasis. 

The W and Z masses axe predicted in terms of a single parameter 
sin 2 $w at the tree level as follows: 



net 



o 



V» 



^-lyEJg??^ (221) 

M\ = M^/cosOw, (2.22) 
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where a is the fine structure constant, G M is the Fermi constant as 
evaluated from the muon decay, and the superscripts on these and 
other quantities stand for the values at the tree level of calculation. 
Once the radiative corrections are included, new parameters such as 
the i-quark mass or the Higgs mass enter and we have the radiatively 
corrected value: 

M W = M 



sin 0^(1- Ar)% 
M z = Mw/cosOw (2-23) 



where A = yjTra/V^G^ ~ 37.2802 GeV. The correction Ar includes the 
radiative corrections relating a, a(Mz), Gf, M\y and Mz and has been 
calculated by various authors [8]. It is known to depend quadratically 
on mt and logarithmically on the Higgs mass. For m* = 180 ± 7 GeV 
and M H = 300 GeV for instance, Ar ~ 0.0376 ± 0.0025 ± 0.0007 [9]. 
Eq. (2.23) can then be used to obtain the value of sin 2 9y/ from precise 
measurements of M\y and Mz ■ 

D Exercise 2.2 Write down the tree-level amplitude for muon decay, 
[x~ — V e~ + Ufj. + V e , using the charged current interaction of Eq. (2.20). 
In the low-energy approximation where the momentum transfer carried 
by the W-boson can be neglected, compare this amplitude with Eq. (1.3) 
to show that 

^ - -£- (2 24) 

From this, using Eq. (2.9), deduce the tree-level expression for Mw given 
in Eq. (2.22). 



2.2 Neutral current interactions of neutrinos 

The weak neutral current interaction for the first generation of quarks 
and leptons following from Eq. (2.13) is: 

* = 7zhr K ^ x ) z ^ x ) ( 2 - 25 ) 

COS u\y 



%2.2. Neutral current interactions of neutrinos 27 

where, for the fermions in the first generation, we may use the standard 
notation, introduced in Eq. (1.10), and write 

+\ E F >^ + lHhM - 75^K, (2.26) 

v l 

where standard model predicts, 

ei(tt) = | - | sin 2 % , ejj(u) = - § sin 2 0^ , ^ 

£L{d) — - 5 + |sin 2 i9w> €«(d) = |sin 2 ^- 

and 

1 1 

0v(e) = -- + 2sin a W r , ^(e) = -~. (2.28) 

□ Exercise 2.3 The definition of the covariant derivative in the 
SU('2) L x U{1) Y model is given by 

D M =d» + igj ■ W^ + ig'~B M , (2.29) 

where T/2 represents the three generators of SU(2)l in the appropriate 
representation. Use this and Eq. (2.10) to write down the neutral cur- 
rents in terms of W® and £? M . Then use the definition of Z^ in terms 
of W® and B^, and the orthogonal combination for yl M , to deduce the 
neutral current in Eq. (2.26). 

For low momenta, Eq. (2.25) leads to the effective Hamiltonian: 

^weak = ^-K^xWix) , (2.30) 



where 



P= ™\ Q , (2.31) 

M| cos 2 e w y ' 

which can be set equal to unity in view of the mass relations given in Eq. 
(2.23). The Hamiltonian in Eq. (2.30) leads to neutral current processes 
such as v^e — > v^e or vq — > vq. 
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Table 2.1: Experimental values of various neutral current parameters and their 
comparison with predictions of the standard model. (From Ref. [9]). 



~ ,. x Experimental 
Quantity , 

| value 


Standard model 
prediction 


€ L (u) 


0.332±.016 


0.345±0.0003 


*L(d) 


-0.438±.012 


- 0.429±0.0004 


*r(u) 


-0.178±.013 


-0.156 


<*(<*) 


- 0.026i:S3 


-0.078 


9A(e) 


-0.507±.014 


- 0.507±0.0004 


9v(e) 


-0.041±.015 


- 0.036±0.0003 



□ Exercise 2.4 Consider the decay Z — ► //, where / is some fermion 
with rrif < Mz- Let 



(//|^|o)=^(a-6 75 )^ 



(2.32) 



where K^ is the neutral current. Show that 



T(Z -+ ff) = ^(a 2 + b 2 )G F Ml . 



(2.33) 



Using the proper values of a and b for neutrinos, show that the rate for 
Z-n/Vis 165 MeV. 

The weak neutral currents were first observed experimentally in 1972 
in an experiment at CERN [10] in u^e scattering and was confirmed 
shortly thereafter by experiments at Fermilab [11]. In the subsequent 
years a great variety of neutral current processes involving i^-quark, v- 
lepton, e-quark have been observed and thoroughly studied [12]. On the 
theoretical front, the radiative corrections to the neutral current pro- 
cesses were carried out [8] , thus enabling a detailed comparison between 
theory and experiment. Various authors [13, 14] have carried out a de- 
tailed comparison between theory and experiment and have obtained 
the following value of sin 2 9w which provides the best fit to all available 
neutral current data (see Table 2.1): 



sin 2 W = 0.229 ± 0.0064 
p = 0.998 ± 0.0086 . 



(2.34) 
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Figure 2.1: Tree-level diagrams that contribute to the ve scattering in the 
standard model. 



However recent measurements at LEP [15] and SLC [16] of the Z-pole 
observables have led to a much more precise determination of sin Ow 
The global fit to all data in conjunction with the CDF/DO [17] value for 
m t = 180 ± 12 ± GeV yields [9] 



sin 2 9 W = 0.2315 ± 0.0002 ± 0.0003 



(2.35) 



2.3 Neutrino-electron scattering in the stan- 
dard model 

In this section, we present the predictions of the standard model for 
neutrino scattering cross-sections off electrons. For the sake of simplicity, 
we will restrict ourselves to low energies, i.e., when the momentum q 
carried by the intermediate vector bosons satisfy \q 2 \ <£ M^. 



2.3.1 v e e and P e e scattering 

The v e e scattering receives contribution both from charged and neutral 
current interactions, as shown in Fig. 2.1. Since we will work in the low 
energy limit, we will neglect the momentum dependence of the W and 
Z-propagators and work in the four-Fermi interaction approximation. 

For the neutral current diagram given in Fig. 2.1a, the Feynman 
amplitude is given by 

J? nc = V2G F [u'(k')<y x Lu'(k)} [u(p'h x (9 L L + g R R)u(p)) , (2.36) 
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where the neutrino spinors have been denoted by a prime, and 

g L = 2sin 2 6 w -l, g R = 2sm 2 9 w , (2.37) 

which can be read off from the neutral current interaction given in Eqs. 
(2.26) and (2.28). In writing down the matrix element, a factor of 2 
comes in because each current can come from either factor of K^ in the 
interaction Lagrangian. 

The contribution of the charged current diagram of Fig. 2.1b, on the 
other hand, can be written as 

Jf zz = 2y/2G F [tZ'(fc')7 A Lu(p)] [u(p')j x lu'{k')] 

= 2V2G F [u'ik'rflu'ik)] [«(p')7ALu(p)] , (2.38) 

using the Fierz transformation rules in the last step. Adding up the two 
contributions, we thus obtain 

Jt = y/2G F [u^VLu'W] [«(p')7a {{9l + 2)L + g R R}u(p)} . (2.39) 

Averaging over the initial electron spin and summing over the final elec- 
tron spin, we thus obtain 



\ £ \JZ\ 2 = G 2 F N^L Xp , 



(2.40) 



spin 



where 



N X P = tr [^Lj&yL 

= 2 \k p k' x + k' p k x - g xp k ■ k' + ie^^kak'p 



(2.41) 

and L\ p is the corresponding trace with the electron bilinears. Upon 
contraction, one obtains 



N xp L Xp = 16 



(g L + 2) 2 {k ■ pf + g 2 R (k' ■ p) 2 - (g L + 2)g R m 2 e k ■ k' 



(2.42) 



j „i 



using momentum conservation, k+p — k +p , to ensure that kp — k' p 

and k • p' = k' • p. 

D Exercise 2.5 Verify Eq. (2.42) by evaluating L\ p explicitly and using 
the form of N Xp given above. 
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To proceed now, we decide to work in the frame in which the initial 
electron is at rest and choose the axes so that the incoming neutrino is 
traveling along the positive z-direction. Then 

p x = (m e , 0, 0, 0) , A; A = (w, 0, 0, w) . (2.43) 

In this frame, let the energies of the final electron and the neutrino be 
E' and <J respectively. Starting from the general formula for the cross- 
section given in Eq. (2.57) and performing the integration over the final 
electron momentum, we now obtain 

1 C d?k' 1 

spin 

where the subscript E on a denotes the elastic cross section. It is straight 
forward to check that the argument of the J-function of energy vanishes 
when 

/ m e oj 

where £ is the cosine of the angle the outgoing neutrino makes with the 
z-axis. Also, in the frame used by us, 

N x <>L Xp ~ 16m 2 e [(9L + 2) V + g 2 R J 2 ] , (2.46) 

where we have dropped the last term of Eq. (2.42), which is negligible 
if we assume w 3> m e . 

The integration over the azimuthal angle as well as the magnitude 
of k' can now be performed and one obtains 

d<JE{^ee) = G\m\ (g L + 2) 2 uj 2 + g 2 R u>' 2 

d( 2tt [m e + W (l - C)] 2 ' [ ] 

where u/ is given by Eq. (2.45). 

This gives the differential cross-section, but it is customary to express 
it in terms of the variable 



E' -m e , J , 

y = = 1 . (2.48) 



LO W 
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In terms of this variable, we get the following differential cross section 
when m e <w: 

! ^r 1 = ^r [ (2sin2 $w + 1)2 + w M1 - y)2 ] ' (2 - 49) 

putting in the values for gi and gn at this stage. On integrating over y 

we get 

G%7Tl P UJ 



a E{Vee) = ___ 



(2 sin'' 9 W + iy + - sin 4 W 

o 



(2.50) 



Using the value G\ - 5.29 x 10 -38 cm 2 /GeV 2 , one obtains 



cr E {v e e) = 0.9 x 10 -43 f 



w ^ 2 



lOMeV 



(2.51) 



This cross section has recently been measured by a Maryland- 
Los Alamos-Irvine collaboration [18] at Los Alamos for neutrino energies 
up to SOMeV. They measure total cross section 



(a) = (3.01 ± 0.46(stat) ± 0.38(syst)) x 10~ 43 cm 



(2.52) 



for a mean neutrino energy of 31.7 Me V, in excellent agreement with the 
prediction of the standard model. Specially important is the fact that it 
provides evidence for the interference between the charged and neutral 
current amplitudes as predicted by the standard model. 

□ Exercise 2.6 In deriving the v e e elastic cross-section, we neglected 
the last term of Eq. (2.42). Show that, if this term is not neglected, one 
obtains 



d<TE{v e e) G 2 F m e w " 



dy 



2tt 



(PL + 2) 2 + g* R (l - yf - (g L + 2)p^](2.53) 



Turning now to V e e scattering, there are also both W and Z- 
contributions in this case, as in Fig. 2.2. The differential cross section is 
given here by 

±Sm = 3^L\ {2s ^e w + mi-yf + is^e w ] (2.54) 
ay Ztt l j 

and integration over y yields the total cross section 



oe{v^) 



G 2 F m e u 
2tt 



•(2sin 2 w + l) 2 +4sin 4 0w 



(2.55) 
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Figure 2.2: Tree-level diagrams that contribute to the v e e scattering in the 
standard model. 



Putting in numbers, we get 



a(V e e) = 0.378 x 1(T 43 ( 



LO 



lOMeV 



) cm 2 



(2.56) 



This cross section was measured [19]. 



□ Exercise 2.7 Consider the scattering of two particles of mass m and /i, 
with 4-momentum given by p and k, to two particles with 4-momentum 
given by p' and k' . The general formula for the differential cross section 
for this process is given by 



da 



{2tt) 4 S a (p + k-p'-k') \Jtf d 3 p' 



d 3 k' 



4[p • k - mV]V2 S {2tt) 3 2p' (2n) 3 2k' ' 



(2.57) 



where M is the matrix element of the transition and S is the symmetry 
factor, which is n\ if there are n identical particles in the final state. Use 
this to deduce the v e e cross section given above. 

2.3.2 z/ M e and V^e scattering 

For these scatterings, there is no VT-contributions and only the neutral 
current contributes. The Feynman amplitude is now given by Eq. (2.36). 
Following the same arguments, here we get, 

daj^e) = G^ ^ ^ ^ _ 1)2 + 4(1 _ y)2 ^ ^j _ 
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Figure 2.3: Tree-level diagrams contributing to the process e + e -¥ vv. 



They lead to 



Glm 



pm e U) \ (n _.j2 a lN2 , 4 „;_4 



. (2 sin 2 6 W - 1 ) 2 + - sin 4 0^ 

27T 3 



,~ v G 2 F m e uj 
Numerically, we obtain, 



-(2sin 2 ^-l) 2 + 4sin 4 ^ 
o 



a> \ 



^e) = 0.15 x ID" 43 (^-^ ^ 
<T E (^e) = 0.14 x 10~ 43 ( 



w \ 2 

I cm 



lOMeV 



(2.59) 



(2.60) 



Experimental studies [20] have verified these theoretical expectations 
with good accuracy. 



2.3.3 Neutrino pair production 

Before concluding this section, we would also like to present the cross 
sections for production of neutrinos in e + e~ collision. Again, as in the 
case of v e e scattering, e + e~ — > u e 9 e receives contribution from both 
W and Z exchange graphs, as shown in Fig. 2.3. If we write a general 
coupling 



we get 



^ 4G F - u . _ hy - -y 5 h A 

^weak = — 7^ v lT^- v l e 7^ 2 6 ' 



a{e+e~ -+ vV) = &t [hy + h\) . 



(2.61) 



(2.62) 
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For the case of e + e~ — > v e V e , the parameters hy and h A are given by 



V = ^ + 2sin 2 iy , h A = \, (2.63) 



leading to 



a(e + e- -► u e V e ) = ^Wi + 2 sin 2 9 W + 4 sin 4 $ w \ (2.64) 



For the case of muon neutrinos, since only the neutral current con 

trit 

get 



(e) (e) 

tributes, hy and h A are equal to g v ' and g A respectively. We then 



^(e+e- _>„ V fl ) = -^r-(l-2sm 2 e w + 4sm 4 w ) . (2.65) 

A typical estimate for these cross sections is 5 x 10 -43 cm 2 at the electron 
energy of 10 MeV. 

2.4 Neutrino-nucleon scattering in the stan- 
dard model 

2.4.1 Quasi-elastic u e N and V e N scattering 

In the low energy approximation (a; <C m^ where m^ is the mass of the 
nucleon), the following interactions are possible: 

vi + n — > f + p 

v e + p^e + +n, (2.66) 

where £ can be either e or [i. The matrix element for the first process, 
for example, can be written as 

Jt = (r(A;'),p(p')|^weak|^(fc),n(p)) 

4G F cos9 c r _ i 

^)7 M Lu {l//) j 



v/2 

x 



"(p)?** (2 {^(« 2 ) + ^4(g 2 )75}J t* (n) 



(2.67) 



Here, cos# c is the element V\\ of the mixing matrix V introduced in Eq. 
(1.4). In the nucleon matrix element, Fy and F A are form factors which 
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appear because the proton and the neutron are not elementary particles. 
In general, other form factors can appear in the matrix element, coupled 
to tensors of the form a^q 1 ' , cr fill ^ 5 q' / etc, but their contribution to the 
final cross section is small in the regime of our interest. Although all 
these form factors depend on q 2 , where q 11 is the momentum carried by 
the internal W-boson, we use their values at q 2 = in view of the fact 
that we are examining the regime of small q 2 . The cross sections there- 
fore involve the vector and the axial weak charges of the neutron and the 
proton gy = ^(0) and qa = Fa{^) respectively. The conserved vector 
current hypothesis says that gy — 1, whereas qa has been measured to 
be 1.26. For low energy neutrinos (u> <C m/v), the v t n cross section is 
given by 



GW r 



o{y e n) = -£ — g v + 3^ 

^■ 75xl0 " 42 (io^v) 2cm2 - « 2 ' 68 ' 

The same expression also applies to 9 e p scattering, which is of more prac- 
tical importance in astrophysical discussions. It is worth pointing out 
that these cross sections are of vital importance in designing neutrino 
detectors in various cases. For instance in the detection of neutrinos 
from supernovas or from the sun, one is interested in detecting neutri- 
nos with energy in the range of 1 to 50MeV. To get a better signal, 
one needs to rely on i/ e -nucleon scattering rather than ^-electron scat- 
tering. Since free nucleons cannot be used (unless in the case of water 
detectors), one has to study zvnucleus scattering, which is in general 
more suppressed compared to free nucleon case. In the case of water 
detectors, a massive apparatus is required since the mean free path in 
water at an energy of 10 MeV is 1.5 x 10 18 cm for V e and 3.2 x 10 19 cm for 
v t . Furthermore, nuclei have different threshold for neutrino absorption 
which is also important in the choice of detector material. Presently 
used targets are 37 C1, Water, 7l Ga, 97 Mo. Use of several others such as 
115 In, 7 Li etc are in the planning stage. 

2.4.2 Deep inelastic scattering of neutrinos off nucleons 

In §2.4.1, we considered the kinematical region of q 2 <C m 2 N . Here, in 
contrast, we consider the region where \q 2 \ > m 2 N , but still \q 2 \ <C Mjy. 
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The processes will now be of the generic form 

u t (k) + N(p) -+ r (*') + X(p') , (2.69) 

where the momenta of different particles are shown in parentheses, and 
X is a hadronic state for which there can be a large number of possibil- 
ities, depending on the value of q 2 . We will consider the inclusive cross 
section, i.e., the cross section summed over all possible final hadronic 
states. The matrix element will now have a leptonic part which is the 
same as that occurring in Eq. (2.67), but the hadronic part will depend 
on the final state and hence must be parameterized differently. For this, 
we write the spin-summed square of the matrix element as 

Kr = (^) 2 VW^. (2-70) 

where L^ and W^" come from the leptonic and the hadronic parts of 
the matrix element respectively. The leptonic part of the matrix element 
is known, from which we can write 

neglecting the charged lepton mass. For W 1 *", on the other hand, we 
must use a parameterization since the matrix element itself is not known. 
Thus, we must write the most general tensor which depends on two 
vectors p and p\ or alternatively on p and q = p — p' . This is given by 

w *> = - rWl + ty w , _ *p™t Wt + ^ 

my 2my my 

(p fM q l/ + pV) %{p ii q v - p v q») 



2m 2 N ° 2m 2 N 

Here mjv is the nucleon mass, and W\ to Wq are form factors. All these 
form factors, being Lorentz scalars, can depend only on q 2 and pq, since 
these are the only kinematical scalar variables (note that p 2 = m 2 N , 
which is not a variable). Customarily, one chooses the independent 
variables to be 

Q2 = _ q 2 v = Ell. (2.73) 

m N 
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Thus, Q 2 is positive, and in the rest frame of the initial nucleon target, 
v is the energy carried by the intermediate W-boson. More useful are 
the dimensionless Bjorken scaling variables x and y, defined by 

2p • q 2m^v p • k 

Putting the expression of Eqs. (2.71) and (2.72) into Eq. (2.70), it is 
easy to see that the terms involving W4, W5 and We are proportional to 
the charged lepton mass, and hence we neglect them. Then we are left 
with 

L W" = 4fc ■ k'W l + -V [2p ■ kp ■ k' - mlk ■ k'] W 2 

m N L J 

2 

+—5- [p • k q ■ k' - q • k p ■ k'] W 3 . (2.75) 

m N 

In the lab frame, using p^ = (mjv> 0, 0, 0) and k^ — (w, 0, 0, u), we obtain 

L^yW^ = 4m N u>xy W\ + 2u;[2(u; — u) - raArari/jW^ 

+2a;(2w - ^)xyW 3 . (2.76) 

The differential cross section can now be calculated. It will be a function 
of W\, W 2 and W3. One obtains 



d a G'pm^uj 



dxdy tt(1 + Q 2 /M^) 

.2 77 > ft ™ N xy\ y. 



x 



, (2.77) 



where 

Fi = m^i , F 2 = vW 2 , F 3 = vW 3 . (2.78) 

For VN interactions, the right-chirality projection operator R will appear 
instead of L in the expression for L^, so that the sign of the term 
containing the antisymmetric tensor in Eq. (2.71) will be reversed. In 
the expression for the cross section, this will reverse the sign of the F3 
term. 

Experimental determination of the cross section gives information 
about the form factors, or structure functions as they are called. These 
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are then analyzed to obtain the structure of the nucleon, e.g., the distri- 
bution of quarks in the nucleon. A detailed discussion of this procedure 
[21] is related to strong interaction physics and has little connection with 
neutrino physics which is the topic of discussion of this book. 

2.5 Neutrino mass in the standard model 

So far we have discussed the dynamical properties of the neutrino. Let 
us now turn to a discussion of its mass, which is the basis for a great deal 
of the static properties that the neutrino could acquire, such as mixings 
and oscillations, magnetic moments, decays etc. In the standard model 
only one helicity state of the neutrino per generation is present. There- 
fore, it could not have a Dirac mass, which requires both the helicity 
states. Neutrinos can in general have an alternative type of mass term 
called Majorana mass terms, which are of the form v[C~ l v^, where C 
is the Lorentz conjugation matrix. This form requires just one helicity 
state of a particle and uses the opposite helicity state of the antiparticle 
(see Ch. 4 for detailed discussion). However, since the v\_ is part of the 
SU(2)l doublet field and has lepton number +1, the above neutrino 
mass term transforms as an SU(2)l triplet: it is not gauge invariant. 
Furthermore, this type of mass breaks lepton number by two units. On 
the other hand, a quick look at the standard model Lagrangian convinces 
one that the model has exact lepton number symmetry even after sym- 
metry breaking; therefore such terms can never arise in perturbation 
theory. Neutrinos are therefore massless to all orders in perturbation 
theory. 

One can ask whether non-perturbative effects can induce neutrino 
mass in the standard model. The only known source of lepton number 
violation is the weak instanton effects. We mentioned the anomaly can- 
cellation condition in Eq. (1.49), which must be satisfied by all gauge 
currents in order to ensure renormalizability of a theory. The same need 
not be true if one or more of the generators in Eq. (1.49) pertain to some 
global symmetry of the theory. In particular, if X is the generator of a 
conserved global current, we can consider expressions like 

a x = Tr (x{T a ,T b )) - Tr (x{T°,T 6 }) , (2.79) 

where T a ,T b are generators of the gauge group. If any of these co- 
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efficients do not vanish, the associated current will have a non-zero 
divergence induced by instanton effects, which will be of the form 
d^f x = cW^ • WV + c'B^B^, where W^ and B^ are the field- 
strength tensors for the SU{2)i and U(l)y gauge fields. In the stan- 
dard model, lepton number current conservation is in fact broken non- 
pert urbatively through the anomaly. But it turns out that the anomaly 
contribution to the baryon number current nonconservation has also an 
identical form, so that the B — L current is conserved to all orders in 
the gauge couplings. As a consequence, nonperturbative effects from the 
gauge sector cannot induce B — L violation. Since the neutrino mass 
operator described above violates also B — L, this proves that neutrino 
masses remain zero even in the presence of nonperturbative effects. 

D Exercise 2.8 Calculate the quantities shown in Eq. (2.79) for different 
choices of gauge generators, taking X as the lepton number L. Next, do 
the same thing identifying X as the baryon number B. From this, show 
that all such quantities vanish if X — B — L. 

Thus, we conclude that neutrino mass vanishes in the standard 
model. Because of this, its mixings, its magnetic moment etc also vanish. 
There is, however, one interesting property of neutrino induced by higher 
order weak interactions in the standard model, viz the charge radius of 
the neutrino. Even though the neutrino has zero charge and therefore 
has no interactions with the photon to lowest order, it can interact with 
the photon through higher order effects induced at the loop level. This 
interaction must however respect electromagnetic gauge invariance. If 
T^ is the effective interaction vertex, then for neutral particles like the 
neutrino, Ward identity implies T^q^ = where q is the momentum of 
the photon at the vertex. Moreover, T cannot involve any right handed 
neutrino, since the latter are absent in the Standard model. Therefore, 
the interaction in momentum space will have the form [see Ch. 13 for 
details]: 

F 7m LK<?V A - <?V M • (2-80) 

Assuming, for the moment, that the form factor associated with this 
interaction is momentum independent, we get the following interaction 
in co-ordinate space: 

u^ludxF^ . (2.81) 
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Since this is non-vanishing only for off-shell photons, this kind of elec- 
tromagnetic effect will only appear in processes such as v e e or v e q elastic 
scatterings. This kind of virtual coupling is called the charge radius of 
the neutrino since the strength of this coupling measures the (r 2 ) of the 
neutrino. Since the coupling involves off-shell photon, there is no unique 
gauge invariant definition of neutrino charge radius [22]. 



Chapter 3 



Massive neutrinos 



3.1 Introduction 



We saw in Ch. 2 that the standard model predicts massless neutri- 
nos, making them essentially different from other fermions such as the 
charged leptons (e, jit, r) and the quarks (u, d, s, c, t, b), which are known 
to have masses. Standard model has also been extremely successful in 
explaining the various low weak energy processes involving charged and 
neutral current interactions of neutrinos. For a long time therefore, there 
was a strong prejudice among some theorists that neutrinos are indeed 
massless. Many scenarios of physics beyond the standard model that 
became extremely popular in fact were closely tied to the masslessness 
of the neutrino. 

The situation has now changed drastically. There is convincing ev- 
idence for neutrino masses from several experiments that we describe 
below and go into details in subsequent chapters. The landscape of par- 
ticle physics has been fundamentally altered for ever by this discovery. 
For one thing, the neutrinos are now in the same footing as quarks — a 
fact anticipated by people who believed in quark-lepton symmetry more 
literally then just as a token indicated by the weak interactions; but 
more importantly, it is giving new and interesting clues to the direction 
of new physics beyond the standard model. 

In this chapter, we give an overview [1, 2] of the evidences and also 
long-standing theoretical motivations for nonzero neutrino masses that 
preceded the discovery of neutrino masses. We then summarize the 
issues raised by the experimental evidences and briefly indicate possible 
new directions for new physics suggested by them. 

42 
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3.2 Theoretical motivations for neutrino mass 

Even a cursory look at the standard model reveals that the masslessness 
of the neutrinos in this model is somewhat concocted. Why doesn't one, 
e.g., introduce a right handed neutrino field (vr) in the fundamental 
fermion content, as one does for all other fermions? If one did, the vr 
could have paired with the vl through the Higgs mechanism to produce 
a mass term for the neutrinos. [For details, see §7.2.1]. 

In fact, there is no fundamental reason why one does not do that. In 
other words, the vr is not introduced just because we want to predict 
massless neutrinos in the standard model. Things are arranged so as to 
produce that result. If one wants otherwise, one can just as well arrange 
things in some other way. 

Contrast this issue with that of the masslessness of the photon. The 
latter is massless because of a conserved gauge symmetry which, in turn, 
governs the dynamics of the electromagnetic interaction. For the mass- 
lessness of the neutrinos, we see no such symmetry principle in the stan- 
dard model. Hence the masslessness is unsatisfactory from a theoretical 
point of view. 

Secondly, one of the major aims of Particle Physics is unification 
of the fundamental interactions. This provides extra motivations for 
massive neutrinos since, as we will see in Ch. 9, many of the interesting 
unification models predict neutrino mass at some level or other. Super- 
symmetry, which is a symmetry between fermions and bosons, consti- 
tutes another interesting motivation of venturing beyond the standard 
model. We will see in Ch. 10 that the supersymmetrized standard model 
naturally predicts massive neutrinos, unless a lepton number symmetry 
is imposed artificially on it. 

The theoretical question is not only how one can extend the standard 
model to find models with massive neutrinos, but also how one can 
understand the smallness of the neutrino masses compared to the masses 
of the charged fermions. Of course, even the charged fermion masses vary 
widely. The top-quark mass is roughly five orders of magnitude larger 
than the electron mass, and the standard model does not even attempt 
to explain that. Why should then we be seeking a reason for the v e 
being at least five orders of magnitude lighter than the electron? 

The point here is that the two examples of mass ratios quoted in 
the previous paragraph pose two different questions. The ratio mt/m e 
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can be properly understood only through a proper understanding of the 
separation of the different fermion families. But the smallness of the 
neutrino mass remains a question even within a single family. Consider, 
for example, the first family. The electron mass is 0.511 MeV, and the 
current masses for u and d quarks are in the 5-10 MeV range. Thus 
they all conform within about an order of magnitude, whereas v e is 
at least 5 orders lighter. Similarly, in the second generation, we get 
ra M = 105 MeV, m s ~ 150 MeV, m c ~ 1500 MeV, again conforming to 
one another within about an order of magnitude, but i> M is at least 3 
orders lighter than ra M . A good theory of neutrino mass should also 
throw some light on the reason for this smallness. 

Another big question concerning neutrino mass is whether the mas- 
sive neutrinos are Dirac particles or Majorana particles. They can of 
course be Dirac particles, like all charged fermions have to be. However, 
there is also the possibility that the neutrinos are their own antiparticles 
since they do not have any electric charge. This question is discussed in 
Ch. 4. 

It is worth pointing out here that the standard model without right 
handed neutrinos has got the desirable property that anomaly cancella- 
tions imply charge quantization [3] if there is only one family of fermions. 
This property is lost in presence of right handed neutrinos, as well as 
of more than one fermion generation. However, it has been pointed 
out [4] that if one includes right handed neutrinos and assumes that 
the neutrinos are Majorana particles, then anomaly cancellation implies 
charge quantization regardless of the number of generations. One could 
perhaps use this as an argument for neutrinos being both massive as 
well as Majorana type. Majorana nature of neutrinos might also help us 
understand the smallness of neutrino masses through the see-saw mech- 
anism, which will be discussed in various chapters later in the book. 



3.3 Questions related to neutrino mass 

In this book, we will study physics issues related to neutrino mass. How- 
ever, the question of neutrino mass cannot be discussed in isolation. It 
is intimately related to some other issues. 

The most important of these issues is that of neutrino mixing. The 
electron neutrino, for example, is defined to be the object that couples 
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to the electron via the charged weak current. Similarly, v^ connects to 
the muon and v T to the tau. If neutrinos get mass, there is no funda- 
mental reason why these objects should describe physical particles with 
a specified mass eigenvalue. Rather, in general these flavor eigenstates 
v e, v fi, v r would be superpositions of the mass eigenstates: 

V£L = ^UtaVtxL - (3.1) 

Q 

In other words, the mass eigenstates u a are mixtures of flavor eigenstates 
so that a given physical neutrino can couple to more than one charged 
lepton via the charged current. This is analogous to the mixing of quarks 
and called neutrino mixing. The mixing matrix U is called PMNS ma- 
trix in the context of neutrinos, after the names of Pontecorvo, Maki, 
Nakagawa and Sakata [5] who first dealt with this matrix. 

In presence of neutrino mixing, the generational lepton numbers (i.e., 
the e-number, the //-number and the r-number) cannot remain as valid 
global symmetries. Unlike the predictions from the standard model, one 
should see processes that violate these numbers, even in processes where 
neutrinos do not appear in the initial and final states. Some such issues 
have been discussed in Ch. 15. 

Another possible consequence of neutrino mixing is that, like the 
quark sector mixing matrix V defined in Eq. (1.4), the mixing matrix in 
the leptonic sector can also be complex in general. This would imply CP- 
violating phenomena in the leptonic sector, which will also be discussed 
in Ch. 15. 

If the neutrinos are Majorana particles, then they must not have any 
additive quantum number, local or global. Thus, total lepton number 
symmetry must be broken. To be more precise, we should say that the 
symmetry that has to be broken is B — L, which is the only true global 
symmetry of the standard model in presence of neutrino mixing. One 
should then see processes violating B — L. One such process, called the 
neutrinoless double beta decay, has been discussed in detail in Ch. 14. 

One can then ask whether B — L is violated spontaneously. If it 
is, Goldstone theorem would assert the existence of a massless pseudo- 
scalar particle. Since the breaking of B— L is related to Majorana masses 
for the neutrinos, the related Goldstone boson is called Majoron. The 
physical implications of the existence of such a particle is a rich and 
interesting topic by itself. In Ch. 7, we show how Majorons can arise in 
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realistic models. 

Another related issue is that of neutrino stability. If neutrinos are 
massless, they cannot decay. But if they have mass, all but the lightest 
neutrino should be unstable since in general, there would be no sym- 
metry to prevent their decay. Only the lightest one, being the lightest 
fermion, would be stable. We discuss some specific decay mechanisms 
for unstable neutrinos in Ch. 7 and Ch. 13. The decays of the heavier 
neutrinos in turn can profoundly affect the cosmological scenarios. This 
question has been dealt with in Ch. 8 and Ch. 18 in some detail. 

3.4 Tests of neutrino mass 

Broadly speaking, there are two kinds of experiments in which neutrino 
masses can be detected. We discuss them one by one. 

3.4.1 Kinematic tests 

These are tests on processes which are allowed even in the standard 
model with ra„ = 0. Take any such known process involving neutrinos 
in the final state. Calculate the rate as a function of neutrino mass. Try 
to see whether the observed rate differs significantly from the calculated 
rate with m u = 0. 

Obviously, sensitivity of such experiments increase with m v /Q, 
where Q is the difference between the total energy in the initial state and 
the sum of masses of all particles in the final state except the neutrinos. 
Some examples follow. Details will be discussed in Ch. 12. 

• Nuclear /?-decay: One can look at the energy distribution of elec- 
trons emitted in a /?-decay process. The shape of the curve can 
be calculated assuming m Ve = 0. If, however the mass is not 
zero, the observed count will fall short of the calculated one. The 
lowest known Q value (18.6 keV) for this process occurs for 3 H /3- 
decay. Extensive experimental studies of tritium decay have been 
conducted at various laboratories around the world to look for 
deviations from the Kurie plot, which will signal a non- vanishing 
neutrino mass. 

• Pion decay: One can look for the muon energy in 7r + — > /i + ^ (or 
its charge conjugate decay). Obviously this energy depends on the 
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i/p mass. Accurate measurement of the muon energy would then 
determine the mass of the v^ . 

• Tau decay: There are various decay modes of the tau. Since all 
the observed ones are consistent with the standard model, they all 
conserve the tau number L T . Thus, all these modes have a v T in 
the final state. One can use the kinematics of the final state to 
find the mass of the v T . 

3.4.2 Exclusive tests 

This constitutes looking for processes which are forbidden if the neu- 
trinos are massless. Observation of even one event of any such process 
would then be an unmistakable signature for neutrino mass. But often 
the specific tests involve extra assumptions about the nature of neutrino 
mass. 

The most common of such assumptions is that of neutrino mixing. 
Although it is by no means a logical necessity, it is so hard to make 
gauge models of neutrino mass without having neutrino mixing that it 
is natural to accept the presence of mixing. Various processes might 
show the effect of this. Some examples follow. 

• Neutrino oscillation: Suppose at t = 0, a v e is emitted in a particle 
interaction. If neutrino mixing is present, this v t is a superposition 
of various mass eigenstates with different masses. As time goes on, 
these different components evolve differently so that, after some 
time, the original beam becomes a different combination of the 
mass eigenstates. As a result, it might look somewhat like v^ or 
v T , for example. It can then have charged current interactions 
with fi or r. Such a phenomenon is called neutrino oscillation. 
Various evidences of neutrino oscillation have been obtained. A 
brief summary of these evidences will be presented in §3.5, and 
the phenomenon will be treated in detail in Ch. 5. 

• Neutrino decays: The possibility was mentioned in §3.3. Specific 
processes which might have interesting consequences include the 
radiative decay of a heavier neutrino (v a ) to a lighter one (v a i)\ 

"a -+ v a > + 7 , (3.2) 
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which has been discussed in Ch. 13. Another interesting possibility- 
is to have three neutrinos in the final state, which may or may not 
be of the same kind: 

v a -► u ai u a2 u a3 . (3.3) 

This process receives some importance in the context of Ch. 8. 

In models where the global B — L symmetry is broken sponta- 
neously, one obtains a Goldstone boson J which is usually called 
the Majoron. In such models, the mode 

v a -* v a > + J (3.4) 

is also interesting. This has been discussed in some detail in Ch. 7. 

Besides the above processes, one can look at others which do not cru- 
cially depend on neutrino mixing. The most important of such processes 
are the following: 



• 



• 



Electromagnetic properties: In Ch. 2, it has been mentioned that 
a massless neutrino has only one electromagnetic form factor, its 
charge radius. Observation of any other electromagnetic property, 
like a magnetic moment, would imply a massive neutrino. This 
question has been discussed in Ch. 13. 

Neutrinoless double /3-decay: This process, abbreviated as j3(3q u , is 
essentially two neutrons in a nucleus converting into two protons 
by emitting two electrons; or, in the quark picture, 

d-t-d^u + u + e + e. (3.5) 

Unlike the previous processes, it does not depend on neutrino mix- 
ing. However, it involves a violation of lepton number by 2 units. 
If the neutrinos are all Dirac particles, total lepton number is con- 
served and this process is forbidden. Only with Majorana neutri- 
nos is such a process possible. A detailed discussion of this process, 
including the experimental efforts to measure its rate, is given in 
Ch.14. 
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3.5 Evidences of neutrino mass 

Curiously enough, direct or kinematic searches have not revealed any 
indication for neutrino mass. There are only upper limits from such 
experiments: 

m Ve < 2.2eV, (3.6) 

m Vfl < 170 keV, (3.7) 

m„ r < 18.2 MeV. (3.8) 

However, several different observations of neutrino oscillations have 
now been made. Two of the very first ones involve solar and cosmic ray 
neutrinos; more recently oscillations have been observed using terres- 
trially produced neutrinos e.g., electron neutrinos from the reactors in 
the Kamland experiment and muon neutrinos from accelerators in the 
K2K experiment. The positive evidences for neutrino oscillations give 
two parameters: the mass difference squared Am 2 and mixing angle 9. 
Below we summarize the results. 

Prom the existing data on atmospheric neutrinos it is found that the 
oscillation scenario that fit the data best is v^ — >• v T oscillation for the 
mass and mixing parameters 

Aro 2 tm ~ (1.5 to 3) x 10~ 3 eV 2 , 
sin 2 20 atm ~ 0.9 to 1. (3.9) 

Ch. 5 contains detailed discussions on this issue. 

The second evidence for neutrino oscillation comes from the experi- 
ments that have observed a deficit in the flux of neutrinos from the Sun 
as compared to the predictions of the standard solar model championed 
by Bahcall and his collaborators and more recently studied by many 
groups. The global analysis of all solar neutrino data seem to favor 
large mixing among neutrinos: 

Am| ~ 4.7 x 10" 5 to 1.5 x 10~ 4 eV 2 , 
sin 2 2(9© ~ 0.64 to 0.94, (3.10) 

where the symbol '0' indicates the sun. The details of these considera- 
tions are given in Ch. 6. 
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The Kamland data finds a depletion of the Reactor neutrino flux by 
34% over an average distance of about 200 km, which provides evidence 
for oscillation of ^ e 's corresponding to a mass difference square in the 
same range as the solar one. It also provides evidence for the mixing 
angle being large. 

Similarly, the K2K experiment using a multi-GeV muon neutrino 
beam from an accelerator also sees evidence of a depletion of flux as 
would be suggested by the observed atmospheric neutrino deficit. The 
statistics in these experiments is limited but nonetheless they do provide 
evidence for v^ — > v T oscillation. 

Oscillation experiments only depend on the difference of mass 
squares of the different neutrinos and the mixing angles. Therefore, 
in order to have a complete picture of neutrino masses, we need other 
experiments. Neutrinoless double beta decay experiments can provide 
such complementary data, because they measure the following combina- 
tion of masses and mixing angles: 

(m)M = Y,U 2 ei mi, (3.11) 

i 

where U is the neutrino mixing matrix. It is therefore sensitive to the 
overall scale of the neutrino mass. As we discuss in great detail in Ch. 14, 
this process occurs only if the neutrino mass violates lepton number 
conservation. 
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Dirac versus Majorana masses 

The charged leptons and the quarks — i.e., all known fundamental 
fermions other than the neutrinos — are Dirac particles as a conse- 
quence of electric charge conservation. In other words, they obey the 
Dirac equation and are described by four component complex spinors. 
If the neutrinos were massless, it was well known that they could have 
been described by two component complex spinors, alternatively called 
Weyl spinors. Since neutrinos are now known to have mass, they cannot 
be Weyl spinors. Instead, it is tempting to think that they are like any 
other fermion, and should therefore be Dirac spinors. 

However, there is an important difference between neutrinos and 
other fundamental fermions, viz, that the neutrinos do not carry any 
electric charge. This brings in a new theoretical possibility that the 
neutrinos might also be Majorana spinors [1, 2]. In this chapter we 
discuss what a Majorana spinor is, spelling out its differences with a 
Dirac spinor. 

4.1 Two-component spinor field 

To start with, consider a Dirac field, e.g., the electron. Its states can be 
described by four basic spinors. Two of these can be taken as the left 
and the right helicity states of the electron, e\_ and eR. As for the other 
two, we can use e\_ and eR, the two helicity states of the antiparticle 
positron. 

Now suppose that in our frame of reference, we find an electron 
moving in the ^-direction. The ^-component of its spin is — \. Thus, 
spin and momentum are anti-parallel, so we have a left-handed electron 
ei. How does this particle appear to another observer who is running 
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faster than the electron in the z- direction? To him, the electron is 
moving in the negative z-direction, which is also the direction of its 
spin. Therefore, he sees a right-handed object. But we have two right- 
handed objects, eR and eR, in our repertory. One can then ask which 
one of these two states is this other observer seeing. 

The answer is easy here. The state £r has opposite electric charge 
compared to the state ei_. As we know, electric charge is a Lorentz 
invariant quantity. By boosting to a different Lorentz frame, one thus 
cannot see a different charge on a particle. What is ei in one frame 
cannot be Sr in another. The boosted observer, therefore, sees an eR. 

We now reopen the question in the context of a neutrino. We have a 
v\_ in our frame. If the neutrino is massive, its speed must be less than 
that of light, so we can imagine a boosted observer who runs faster. As 
before, this observer sees some right handed object. What is this object? 

We must recall at this point that we have direct experimental ev- 
idence of only the left handed state of the neutrino and right handed 
state of the antineutrino. Thus, we have the states ui and Pr in our 
repertory. If we want to mimic the situation of the electron, we must 
postulate two more states, pr and Pl, in this collection. The boosted 
observer will see a i/r when we see a i^., just as in the electron case. 
In this case, the neutrino will be a Dirac particle with four complex 
degrees of freedom, as is apparent from the presence of the four basis 
spinor states. 

But can we not do without postulating these two new spinor states? 
After all, the boosted observer sees a right-handed object, and we do 
have a right-handed object, viz, Pr. Can't the boosted observer see the 
state Pr? Unlike the case of electrons, i\ and Pr have the same elec- 
tric charge (viz, zero), so nothing goes wrong there. The only quantum 
number defined in the context of the standard model and which is dif- 
ferent for v\_ and Pr is the lepton number (L). But the lepton number 
symmetry is a global symmetry. Unlike the electromagnetic U(l) sym- 
metry, it does not govern the dynamics. Rather, it is a consequence of 
the dynamics and the field contents of the standard model. So there is 
nothing sacred about the lepton number symmetry. If this is broken, 
there is thus no reason why v\_ and Pr cannot be the boosted counter- 
parts of one another. These two spinors can thus constitute the left 
and right handed projections of the same fermionic field. Since just two 
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basis spinors are needed here, we are talking about a two-component 
massive fermion field. This was originally proposed by Majorana [1] in 
1937. Therefore, such a field is called a Majorana field. 

One might ask, how can one boost a certain particle and obtain its 
antiparticle? The point here is that the words particle and antiparticle 
are defined with respect to some conserved quantum number. If there 
is no conserved quantum number to distinguish the particle and the 
antiparticle states, the particle is identical to its own antiparticle. A 
Majorana neutrino is its own antineutrino. 

The difference between a Majorana particle and a Weyl particle must 
be clearly understood. Both are two component spinors, but for two 
completely different reasons. A Weyl particle is massless. Thus, the v\_ 
moves at the speed of light. No observer can overtake it and view it 
as a right-handed object. So a right handed counterpart of v\_ is not 
necessary to obtain a Lorentz covariant picture. Similarly, a Pr does not 
require its left handed counterpart. But they can have different lepton 
numbers (or other quantum numbers) to distinguish themselves from 
each other. 

A Majorana neutrino, on the other hand, has mass. But the v is the 
same as P. So the right handed counterpart of v\_ can be equivalently 
called vr or Pr. Similarly, v\_ is the same as v\_. That is why only v\_ 
and Pr suffice. They can be Lorentz transformed to each other and 
thus the neutrino cannot have any additive quantum number. This 
self-conjugacy is the reason why a Majorana particle has half as many 
degrees of freedom as a Dirac particle. 

An analogy might clarify the case further. Consider the field of a 
charged pion. It is a complex scalar field since tt + and ir~ are obviously 
different. But the neutral pion 7r° is its own antiparticle, and thus is 
described by a real scalar field. A complex field amounts to two real 
fields, viz, the real and the imaginary parts of it. Thus, the neutral pion 
has one real degree of freedom whereas the charged pion field has two. 
Similarly, a Majorana particle has half as many degrees of freedom as a 
Dirac particle. 
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4.2 Mathematical definition of a Majorana field 

First consider a free Dirac field. The field operator ip{x) can be written 
as 



#»0 = / 



d 3 p 



J(2ir)*2E p ,~i 



£ {fs(P)u s {p)e- ip - x + P s (p)vs(p)e ipx ) (4.1) 



in terms of the operator f s (p) that annihilates a single particle state of 
momentum p and spin component s in the direction of the momentum. 
Similarly f s (p) annihilates, i.e., f}{p) creates an antiparticle state. The 
spinors u s (p) and v s (p) are the plane wave solutions of positive and 
negative energies respectively. They satisfy the equations 

(^p^-m)u a {p) = 0, 

WPv + m)v,(p)=Q t (4.2) 

where the 7 M are a set of four matrices satisfying the relations 

W,Y} = W (4-3) 

and 

ll = 7o7/z7o • (4.4) 

If we write down ii>*(x), it will involve f](p) and / s (p), which will create 
a particle or annihilate an antiparticle. 

Since the particle and the antiparticle are identical in the case of a 
Majorana neutrino, we feel that ift{x) must in some sense be related to 
ip*(x). However, if we try to impose 

1>{x)=P(x) t (4.5) 

that would be wrong in general, for the following reason. 

A physically meaningful equation must be Lorentz covariant. It is 
easy to see that the above equation is not. Under a Lorentz transforma- 
tion that changes the co-ordinates as 

x'» = x* + «"„*" , (4.6) 
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the spinor field changes by the rule 

tf(x') = exp (-la^u^ 4>(x) (4.7) 



where 



involves the commutator of the Dirac 7- matrices. Eq. (4.7) gives 

^(^) = expQa>^^W, (4-9) 

which, in general, is not the same transformation law as Eq. (4.7) because 
the a^v matrices are not purely imaginary. Therefore, even if we impose 
Eq. (4.5) in one frame of reference, it will not be valid in another frame 
and will therefore lose its validity as a physical condition. 
We therefore define a conjugate field 

$(x) = 7 Cty* (x) (4.10) 

in terms of an yet undefined matrix C such that ^(x) transforms the 
same way under Lorentz transformation as il>(x), i.e., 

fi(x') = exp {~ l - Giiv ^ $(x) 

= exp (-Ic^u^ -roWlx) . (4.11) 

However, using Eq. (4.7) directly on Eq. (4.10), we obtain 

$'(x') = 7oCy V) 

= 7o Cex P (^> M,/ ) 4*(x) . (4.12) 

Equating the above two expressions, we demand that the matrix C sat- 
isfies the relation 

7oCexp {^lu^ v ) = ^P (- j<v"") lQ C (4.13) 

for any arbitrary u^", which implies 

7o Cu*^ = - a^-yo C. (4. 14) 
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The specific form of the matrix C depends on the representation of the 
7-matrices and will be discussed in §4.3. At this point, it is enough to say 
that such a matrix C, and therefore ip, can be defined. So we can modify 
Eq. (4.5) by replacing the ip* on the right hand side by *$. That will 
surely be a Lorentz-covariant relation to define a Majorana field. Since 
-0 involves ip* and therefore /j(p) and / s (p), its identification with ip 
serves the purpose of identifying particles with antiparticles. 

The true definition of a Majorana field is a little more general. We 
demand 

il>{x) = e ie $(x) (4.15) 

since a phase can always be absorbed in the definition of the fermion 
field tj)(x). We can always choose = by suitably defining the fermion 
field, but the freedom of the phase is sometimes convenient. 

It can now be easily shown that the plane wave expansion of a Ma- 
jorana field operator is 



iM*) = / 



<P P 



-7== E(MP> S (P^~ iPX + X fl(P)^ip)e ip - x ) . 

yJ(2TT) 3 2E p 8= ±i 

(4.16) 

Notice that A/*(p) appears in the place where f}{p) appears for a Dirac 
field. This signifies that the antiparticle is the same as the particle 
except for a phase A. Thus A is related to the angle 6 of Eq. (4.15). 

To find this relation and also to verify that Eq. (4.15) is indeed 
satisfied by Eq. (4.16), we start from the latter and evaluate $(x): 

${x)= f-F== E 1« C (fl(PK(Py P ' X + ^fs(pK(p)e-^ x ) 

= y f T=T= E (Vj(PK(p)c*- + /.(p)t*.(p)e-*-*) 
J yJ{2^2E p s=± v ' 

= \*ii>(x) . (4.17) 

We have used the fact that |Aj =1, along with the spinor relations 

loCu*(p) = v a (p) 1 

-yoCv* s (p) = u s (p) , (4.18) 
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which will be proven after we define C explicitly. We thus see that 

X = e i$ . (4.19) 

In the literature, A is often called the creation phase factor since it goes 
with the creation operator in Eq. (4.16). However, we must emphasize 
that it is only a convention to put the phase in the creation part. It can 
just as well be put in the annihilation part. 

□ Exercise 4.1 The Lagrangian for a free Majorana field is 

&=\ (5*7^ V> " ™M) . (4.20) 

Show that the propagator of a Majorana field is given by the same ex- 
pression as that of a Dirac field. [Hint: the propagator of a scalar field 
is the same irrespective of whether the field is real or complex.] 

4.3 Different representations of Dirac matrices 

The Dirac matrices 7 M are defined through the Hamiltonian 

H = ~f°(<yp + m) , (4.21) 

and they satisfy the anticommutation relations of Eq. (4.3) in order 
that Eq. (4.21) reproduces the relativistic energy momentum relation 
E 2 = p 2 + m 2 . Since the Hamiltonian is a hermitian operator, it also 
follows that 7° and 7°7* must be hermitian, so that 7* is anti-hermitian, 
which has already been succinctly expressed as Eq. (4.4). Apart from 
these constraints, the 7-matrices are arbitrary and there are different 
equivalent conventions to choose them, as we will shortly show with 
some examples. 

As far as the matrix C is concerned, first of all we notice that in Eq. 
(4.10), if we demand that -0 is properly normalized when -0 is, then 70 C 
must be a unitary matrix. This implies that C is unitary, 

C t = C~ l , (4.22) 

using the properties of 70- Then, we note that Eq. (4.14) implies 

Ca^C- 1 = - 7o<V,7o • ( 4 -23) 
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Now, it is easy to see that the above equation can be satisfied if we take 

C- 1 7 Ai C=- 7 J (424) 

as the defining relation for C. Finally, we demand that 

$ = ij>. (4.25) 

Using Eq. (4.24), this can be shown to imply CC* = — 1, which can be 
transformed into the form 

C T = - C , (4.26) 

using Eq. (4.22). In other words, the matrix C is antisymmetric. 

With these properties, we can go back to the definition of conjugate 
fields in Eq. (4.10) and rewrite it as 

using Eq. (4.4), as well as (70 ) 2 = 1 which follows from Eq. (4.3). This 
is an alternative form in which the conjugate field is often defined. 

□ Exercise 4.2 Using the definition in Eq. (4.10) for the conjugate 
fermion field and the properties of the matrix C, show that 

V>L</>R = V'lV'R , 

V'lT/^l = - V'rTm^R • ( 4 - 28 ) 

D Exercise 4.3 Starting from the definition of a u-spinor in Eq. (4.2) 
and using the properties of the matrix C given above, show that 70 Cu* 
satisfies the equation of a v-spinor. 

4.3.1 Dirac representation 

For the 7-matrices, Dirac himself chose 

where 1 is the 2x2 unit matrix and the cr^s are the Pauli matrices. In 
this representation, the plane wave solutions are given by 

u s (p)e- ip - x or v $ {p)e ip - x , (4.30) 
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which will be normalized by the relations 

<4(pK'(p) - vl(p)v s ,(p) = 2E P 8 SS , . (4.31) 

Using the explicit forms of the 7- matrices in the equations for the it- type 
and v-type spinors given in Eq. (4.2), we can find the solution in these 
representation. These are: 

u s (p) = VE + m 0. p 

\ E + m Xs 

v s (p) = y/ET^ ( E + f*' J , (4.32) 

in the normalization defined in Eq. (4.31), where 

X+i = -X'_ 4 = ( l) , X-i= Xli = (1) ■ (4-33) 



2 ~2 

We now try to identify the matrix C in this representation. Notice 
that the defining relation in Eq. (4.24), or the associated properties 
given in Eqs. (4.22) and (4.26), still leaves the arbitrariness of an overall 
phase in the matrix C. We have to fix it with the relations between the 
spinors given in Eq. (4.18). With the choice of the spinors given above, 
we obtain 

C7 = i W o=(.° 2 ^) (4.34) 

in this representation. 

D Exercise 4.4 Verify that the definition of the matrix C and the spinors 
u and v satisfy Eq. (4.18). Use the fact that 

a* = — <T2<7i<72 (4.35) 

for the Pauli matrices. 

4.3.2 Majorana representation 

There is another representation which is particularly illuminating when 
we are talking of Majorana particles. Recall that we said in the previ- 
ous section that we cannot take ip = ip* because the a^ matrices are 
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not imaginary in general. If they are so, however, in a particular repre- 
sentation of the Dirac matrices, then Eq. (4.5) becomes an acceptable 
condition. In such a representation, a Majorana particle is just a spinor 
whose components are all real. The analogy of Dirac and Majorana 
spinors with complex and real scalars become more apparent in such a 
representation. 

Such a representation exists. It is given by 

^ j (io* ^ 



7 = I .2 nl , 7 = I .^3 



7 2 



o_/0 o*\ 

~W o) 

f ~<r 2 \ 3 f-ia 1 \ , Ane . 



Notice that all the 7- matrices are imaginary. By Eq. (4.8), it assures 
that the Cray's are also purely imaginary. The matrix C can be defined 
in this representation as 

C = -7 • (4.37) 

Since (7 ) 2 = 1, it is easily seen that Eq. (4.14) is satisfied. 

□ Exercise 4.5 Check that the definitions of the matrix C given in Eqs. 
(4.34) and (4.37) satisfy the definition in Eq. (4.24). 

4.3.3 Other representations 

In general, knowing one representation of the gamma matrices allows 
one to write down other ones, denoted by a prime, in the form 

7i = U^tf , (4.38) 

where U is a unitary matrix. It is easy to see that the primed 7-matrices 
also satisfy the anticommutation relations of Eq. (4.3). In fact, it can be 
shown that if two sets of 7-matrices satisfy Eq. (4.3), they can always 
be related by a similarity transformation as in Eq. (4.38). The proof 
of this last statement is rather involved, and we are not even trying to 
indicate how the proof goes. 

Starting from the Dirac representation, one can use 

v -M« -1) (4 - 39) 
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to define the Majorana representation. The plane wave solutions in the 
primed representation can be defined as 

<{p) = Uu s (p), v' s (p) = Uv s (p) , (4.40) 

which can easily be shown to satisfy Eq. (4.2) with the primed 7- 
matrices. Similarly, in the primed representation, we can take the con- 
jugation matrix to be 

C' = UCU J , (4.41) 

which satisfies Eq. (4.24). Since C is antisymmetric in the Dirac repre- 
sentation, this shows that it is antisymmetric in other representations 
as well. 

Using Eqs. (4.40) and (4.41), it is trivial to check that if the relations 
between the spinors given in Eq. (4.18) axe true in one representation, 
they are valid in the primed representation as well. Thus, these relations 
are valid in general, a fact we used before in deriving Eq. (4.17). 

□ Exercise 4.6 Show that the definition of the conjugate field given in 
Eq. (4.10) is independent of any representation of the 7-matrices. 



4.4 Majorana neutrinos and discrete symme- 
tries of space-time 

A Majorana neutrino is its own antiparticle. Therefore, it is expected 
that it possesses special properties under discrete symmetries like C, CV 
and CVT. We examine these properties one by one [3]. 

4.4.1 Properties under C 

Under the charge conjugation operation C, a free fermion field transforms 
as 

Cil>{x,t)C- 1 = i&7bCty*(<M) = Ucr^OM) . ( 4 - 42 ) 

where r\c is a phase and the conjugate field ip has been defined in Eq. 
(4.10). While the above equation is true for any fermion field, for a 
Majorana field we can write 

CiP(x, t)C~ l = focAJVfc, t) (4.43) 
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using Eq. (4.17). Plugging in the plane wave expansion of a Majorana 
field given in Eq. (4.16), we obtain 

Cf a (p)C~ l = (vcWfsip) 
CflWC-^ivcWfKp). (4.44) 

Using the unitarity of the operator C, we observe that the consistency 
of these two equations demands that 

(ricXY=r)cX. (4.45) 

If the vacuum is C-symmetric, we can apply the second one of Eq. (4.44) 
on the vacuum to obtain 

C\p,s)=r} C X\p,s) , (4.46) 

where 

|p,«)=/J(p)|0> (4-47) 

is a one-particle state with momentum p and spin component s. Calling 
the C eigenvalue of the one-particle state as rjc, we thus obtain from Eq. 
(4.46) the relation 

VC = ric* , (4.48) 

which is real due to Eq. (4.45). 

A free Majorana particle is thus an eigenstate of the charge conju- 
gation operator. The same cannot be said about a physical Majorana 
neutrino, because the interactions of a neutrino necessarily violate C by 
large amounts, so that it does not make any sense to talk about an 
eigenstate of C. However, if instead of neutrinos one talks about some 
other Majorana fermions whose interactions conserve C (at least to a 
good extent), the particle would be an eigenstate of C (to the same good 
extent). 

O Exercise 4.7 If the vacuum is C-symmetric, show that the operator 
C acting on the state [p, s) of a Dirac particle produces an antiparticle 
with the same momentum and same spin. Thus, the C operation does 
not change the helicity of the particle. 
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4.4.2 Properties under CV 

To discuss how a Majorana neutrino behaves under CV, let us introduce 
the shorthand 

3 = CV (4.49) 

for convenience. The transformation of a free fermion field under parity 
can be given as 

Vtl>(x, t)V~ l = r) P ^{-x,t) , (4.50) 

r\p being the parity phase of the field. Combining with Eq. (4.42), we 
get 

S^(«, OB" 1 = rj^i-x, t) (4.51) 

where 77s is a phase factor. For a Majorana field, we thus obtain 

Eiftx, iJS- 1 = (vsXy-yoipi-x, t) . (4.52) 

Using the plane wave expansion of the Majorana field of Eq. (4.16) and 
changing the dummy variable p to — p, we can write 



' ^/(27r)32E p s ~i V 

+ A/i(-p) 7 o^(-p)e ipx ). (4.53) 
We can now use the spinor relations 

7o««(~p) = «*(p) 5 70^ (~p) = - v«(p) 1 (4-54) 

whose validity can be explicitly checked in the Dirac representation and 
then generalized to other representations by the use of Eqs. (4.38) and 
(4.40). Comparing with Eq. (4.52), we then obtain 

E/ 5 (p)H- 1 = (uaA)V.(-p) 

S/KpJH" 1 = - faxyfii-p) . (4.55) 

The consistency of these equations demands the condition 

rfcX = - (?7 H A)* . (4.56) 
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The free one-particle states then satisfy 

H|p,s) =rjs|-p,s) , (4.57) 

where 

rk = rfsX, (4.58) 

which are necessarily imaginary because of Eq. (4.56). 

Once again, the above analysis strictly makes sense for physical par- 
ticles only if CV is conserved, and can be used as a good approximation 
if CV is only slightly violated. In the quark sector, CV is indeed violated 
by a small amount compared to the amount of C or V violation. If the 
same is true in the leptonic sector, we can talk about Majorana neu- 
trinos as CV eigenstates, as we will do for the most part in this book. 
However, it 

□ Exercise 4.8 Consider the decay Z -» vu. For Majorana neutrinos, 
the final state contains two identical fermions. Show that they must be 
in the Z P\ state (i.e., L = 1, S = 1 state). Since at the tree level, this 
decay is CP-conserving and since the CP eigenvalue of Z is +1, derive 
from this that the CP eigenvalues of Majorana neutrinos must be ±i. 

4.4.3 Properties under CVT 

For the sake of convenience, we now introduce the notation 

e = cvr. (4.59) 

Then, for any fermion field, 

e^(x)e~ 1 = ~ i)Q'ylii>*(-x) . (4.60) 

where t)q can be called the CVT phase of the fermion field. For a 
Majorana neutrino, we can use Eqs. (4.10) and (4.17) to write 

OV^e- 1 - - (r70A)*75 T C _1 7o<K-*) • (4.61) 

We can now use the plane wave expansion of a Majorana field to obtain 
the 0-transformation properties of the creation and annihilation oper- 
ators. In order to simplify the right side of Eq. (4.61), we can use the 
spinor relations 

7fC- 1 7bti.(p) = (-l)*-iu!. i (p) > 

75 T ^ _1 70^(P) = (-l) s +>v*-s(p) , (4-62) 
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which can be proved directly in the Dirac representation and can be 
shown to be valid in any other representation. This gives 

J J(2ir?2E p £, V 

' yJ(2*f2E p ~j V 

- A/l,(p)«,'(p)e- < '"») , (4.63) 

where in the last step, we have changed the dummy variable s to — s. 
To deal with the left side of Eq. (4.61), we need to remember that 8 is 
an anti-linear operator, i.e., for a complex number a and an operator A, 

BaAS' 1 = a*6A0- 1 = - a*GA&* . (4.64) 

Using this, we get 

ef s ( P )e- 1 = ri* Q x*(-iy-^f. s (p) 

e/Jfoje- 1 = v* Q H-i) s+l/2 /!.(p) , (4-65) 

Taking now the hermitian conjugate of the second equation in Eq. (4.65) 
and using Eq. (4.64), we obtain 

Qfsip)®- 1 = r? e A*(-l) s+1 / 2 f- a (p) - (4.66) 

Comparing this with the first equation in Eq. (4.65), we get 

V*& = -Ve, (4-67) 

i.e., the phase tjq is ±i. Applying Eq. (4.65) on the CPT-symmetric 
vacuum, we then get 

e|P,*)=%|P*-») , (4-68) 

where 

Ve = rieH-iy-K • (4.69) 
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There is one sense in which this discussion about CVT is more fun- 
damental than the previous ones concerning C and CV. The point is 
that while C and CV are violated by some interactions, there are strong 
reasons to believe that all particle interactions conserve CVT. So, what- 
ever be the CVT properties of a free Majorana field, we can say that the 
same properties are present in the physical particle. 

Thus, Eq. (4.61) can be taken as the definition of a Majorana particle 
with no sacrifice of rigor. We can thus say that a Majorana neutrino is 
a CVT eigenstate. In a world where neither C nor CV is conserved, this 
is the only way of saying that it is its own antiparticle [4]. 

4.5 Majorana basis of mass terms 

As far as CVT is concerned, a Majorana spinor is a self-contained item. 
It has a left-handed part and a right-handed one which are CVT conju- 
gates of each other. It has half as many components as a Dirac spinor. 
Therefore, we can think of using this minimal representation as the basis 
of any mass term. 

We first show that a Dirac spinor can be thought of to be made up 
of two such 2-component spinors. For this purpose, let us take a field 
ipi and its CVT conjugate ipR. They can form one Majorana spinor. 
Similarly, there is \i & n d %r, which can do the same. However, suppose 
for some reason mass terms such as 

i/jliAr and xlXr (4.70) 

are absent. On the other hand, there are cross terms like 

1 — 1 , - 

2 m V>LXR + 2 m XlVk + h - c - • ( 4 - 71 ) 

We can summarize these statements by putting the mass terms =£? m ass 
in a matrix form: 

We will later show that m' must equal m in this case. In that case, we 
can identify 

<Al->*l , XR-^R , $r-+*r , Xl->$l, (4-73) 
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and then ^ is a 4-component Dirac field, because its mass term from 
Eq. (4.72) reads 

-m ("*l*r + $l$r) + h.c. = mf L *R + h.c. , (4.74) 

by using the definition of #. The last equation is the expected form of 
the mass term of a Dirac fermion. 

□ Exercise 4.9 The kinetic energy term of a Majorana field was given 
in Eq. (4.20). Show that, in the construction of a Dirac spinor from 
two Majorana spinors, the kinetic energy terms of the basis Majorana 
spinors add up to give the proper kinetic term for a Dirac spinor. 

In general, for a number of 2-component spinors ip a \-> "4>aR we can 
write 

-^mass = 2 £ ^alMabtbR + h-C. (4.75) 

and then M^ is called the mass matrix in the Majorana basis. This 
basis is very useful for considering neutrino masses, as we will see in 
Part II of the book. 

It is straightforward to show that written in this form, M a b must be 
a symmetric matrix. For that, we use the definition of $ from Eq. (4.10) 
or Eq. (4.27) and the definition of the matrix C from Eq. (4.24) to write 

-^mass = ^ £ V>a M a&RV>6 + hX " 
a,b 

= \ E^ Tc,_lM ^R7oC^ + h.c. 

a,b 

= ~\ £ fSC^MabRCjUb + h.c 

a,b 

= \Y, ^7° (C-'RCY M^a + h.c. . (4.76) 

a,b 

In going to the last step, we have used the following property of two 
fermion fields ^, i})' and a 4 x 4 matrix Y: 

4> T IV = £ ^aTab^'b 

A,B 

= - £ *'b?ab1>a = -0 ,T r T ^ , (4.77) 

A,B 
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The spinor indices A, B have been put in explicitly in the intermediate 
steps for the sake of clarity. The negative sign appears in the middle 
of this operation because of the interchange of the orders of two anti- 
commuting fermion fields. Now, since Eq, (4.24) implies 

C- 1 HC = 7 5 T , (4-78) 

it follows that (C~ X RC) = R, so that we can write Eq. (4.76) as 

1 v^ — 

--^mass = ^ z2 Tpbl-MablpaR + h.C 
a,b 

1 *-^ — 
= 2 X, ^oiMbaijibR + h.c. (4.79) 

a,b 

changing the dummy indices a, b in the last step. Comparing this with 
Eq. (4.75), we conclude that 

M ab = M^ . (4.80) 

This justifies why we must have m' = m in Eq. (4.72), a fact that we 
mentioned earlier without proof. 

Prom the discussion above, it is clear that the Dirac spinor is a very 
special form of two 2-component spinors. In general the mass matrix 
of Eq. (4.72) could have non-zero diagonal elements as well, i.e., the 
terms in Eq. (4.70) need not be forbidden. In such general cases, the 
diagonalization would yield two different mass eigenvalues. The phys- 
ical particles would be two Majorana spinors. We will encounter this 
situation quite often in our discussion of the models of neutrino mass. 
Only when the diagonal elements are zero, a Dirac fermion results. 

When the number of basis Majorana fields are not 2 but 2«/V, say, 
the mass matrix will obviously be a 2A/"-dimensional symmetric square 
matrix. Suppose, however, that we can define a set of basis fields denoted 
by ^Lj Xl, where each of these symbols denote a collection of M fields, 
such that the entire mass matrix divides into four blocks out of which 
the diagonal ones are zero, as in Eq. (4.72). In place of the element m of 
Eq. (4.72), we will now get an jV x «/V matrix Md- In order to maintain 
the symmetric nature of the mass matrix, mf of Eq. (4.72) should now 
be replaced by Mj. The diagonal Af x N" blocks are zero, as already 
stated. Diagonalization of the mass matrix would then yield M Dirac 
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neutrinos. In this simple case, it is enough to diagonalize just the matrix 
Md and not the entire 2jV x 2M mass matrix in the Majorana basis. 

In general, the elements other than Md are non zero, and diago- 
nalization yields Majorana neutrinos. However, in view of the previous 
discussion, the matrix Mq is often called the Dirac mass matrix. The 
terms going in the diagonal blocks of the matrix are called the Majorana 
mass terms. However, it is important to realize that these names do not 
imply anything about whether the mass eigenstates are Majorana or 
Dirac. 

The condition for appearance of Dirac neutrinos can be stated in 
various ways. Diagonalization of the matrix of Eq. (4.72) yields two 
eigenvalues m and — m. Thus, we can say that for a general mass matrix 
M a {, in the 2-component basis, we will obtain a Dirac spinor for each 
pair of equal and opposite eigenvalues. Alternatively, one can say that 
if we find some symmetry that forbids the mass terms such as in Eq. 
(4.70) for two different 2-component fields, we obtain a Dirac spinor in 
the spectrum. For charged fermions, electromagnetic gauge symmetry 
ensures this. For neutrinos, it has to be some global symmetry like the 
lepton number. 

In the example of the identification of states shown in Eq. (4.73), if 
i/j\_ is the left handed electron neutrino u e L, we take xr to be a right 
handed neutrino state, absent in the standard model. In this case, the 
Dirac mass term conserves lepton number, which is equivalent to the 
electron number L e for first generation fermions. However, there is also 
the possibility that %r, instead of being a separate fermion absent in 
the standard model, could be the antiparticle of i/^l. In this case, the 
conserved global quantum number turns out to be L e — L^. This pos- 
sibility was suggested by Zeldovich and independently by Konopinsky 
and Mahmoud [5]. 

4.6 The two-component basis in a different no- 
tation 

The chiral nature of weak interactions and the near masslessness of the 
neutrino allows a different two-component notation sometimes used in 
the literature. For the sake of completeness, we summarize this notation 
in this section. The basic mathematics is almost identical to that of §4.5. 
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It is useful to start with the SL(2,C) group, which is the set of 
complex linear transformations S with unit determinant. If we take 
z = (zi,Z2) J as the two dimensional complex basis, then 

z' = Sz . (4.81) 

The unit determinant constraint implies that 

Sii$22-Si a Sai = l. ( 4 ' 82 ) 

As is well-known, this condition enables us to identify S with the Lorentz 
transformations as follows. Define o^ = (1, tr) as a Lorentz 4- vector. 
Then 

a^P* = P°-(t-P. (4.83) 

Note that 

det OvP") = i^Pp . (4.84) 

If we then require that cr^P 11 transforms under SL(2,C) as 

(<VP")' = (£*)- Vp^S" 1 (4-85) 

so that products of the form z^cr^P^z remain invariant, we obtain 

det (^?7 = det (o^P") . (4.86) 

By Eq. (4.84), this implies the invariance of P^P^ which is the essence 
of Lorentz transformations. Thus, one can identify the SL(2,C) trans- 
formations with the Lorentz transformations. A further check of this 
can be made from Eq. (4.82) which implies that the matrix S has six 
independent parameters (three complex ones), as in the case of Lorentz 
transformations . 

The fundamental representations of SL(2,C) are two dimensional and 
are called two-component spinors, like z in Eq. (4.81). We can identify 
them with the two-component chiral fermions Xi i- e -> 

*-(£)■ (487) 
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Under Lorentz transformation, % — > x' = Sx- Note that x* i s inequiv- 
alent to x and transforms as x* -^ x*' = S*X*- We will call x a ( 2 >1) 
representation and x* a (I? 2 ) representation. Then a^P^ transforms as 
a (2,2) representation under SL(2,C). Components of x w iU be denoted 
by Xa with a lower index, and those of x* by x° with an upper index. 

We can now proceed to construct Lorentz invariant bilinears, which 
will enable us to define Majorana and Dirac neutrinos. The unit de- 
terminant property of S implies that, if x and ip are two 2-component 
spinors, then e^Xarfp is invariant under SL(2,C), where e is the an- 
tisymmetric tensor defined by e 11 = e 22 = 0, e 12 = — e 21 = 1. Note 
that the anti-commuting property of spinor fields allows one to write 
£ a ^XaX0 a l so as a non-vanishing Lorentz-invariant bilinear. These in- 
variants can be written as %x* a?$ or i'x T<7 2X in the matrix notation. 
Similar invariants exist for x and ip. 

A 4-component Dirac spinor can in general be written as 



*= .•*/..• ( 4 - 88 ) 




Thus, if we choose 7o = ( 1 n ) , a conventional Dirac mass term \I>\l> 
becomes 

OT = tip J <T2X ~ iX*<T2ip* • (4.89) 

Note that such a mass term is invariant under the U(l) transformation 
under which 

il> -► e<fy , x "> e- i0 X • (4-90) 

This U(l) caji be identified with the lepton number and if x represents 
a lepton, ij) represents an antilepton. 

A general mass term involving many two component spinors can be 
written as 

--^mass = ^ Y, M ^I^2Xb + h.C. , (4.91) 

a,b 

where now the indices a and b label different spinors. It is then easy to 
check that M = M T . Furthermore, it is also easy to see how the creation 
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phase factor introduced in Eq. (4.16) emerges in this framework. To see 
this, let us assume that a free 2-component neutrino is described by the 
following Lagrangian: 

if = i/ Vifyi/ - ^e*Va 2 i/ + ^V^W* . (4.92) 

This leads to the following field equation: 

ioVdpV + ime- i6 <j 2 v* = . (4.93) 

If we want to rewrite the Lagrangian of Eq. (4.92) in the 4-component 
notation such that the Lagrangian looks like in Eq. (4.20), then we need 
to write 



and 



* = 1 1 '" ) ■ «*> 



'p 



where a^ = (1, —<r). This representation is called the Chiral represen- 
tation. The conjugation matrix in this representation is given by 



C = »727o = „ J , • (4-96) 




Thus, using Eq. (4.94), we obtain 

$ = l0 CiP* = e iS i/>. (4.97) 

This is the same as in Eq. (4.15). Thus, the 2-component formalism 
makes it clear that the phase arbitrariness in the conjugation operation 
arises when the mass matrices are complex. This can happen in gauge 
theories if either the Yukawa couplings or the vacuum expectation values 
of the Higgs fields are complex. This will also provide the origin of 
CP-violation in the leptonic sector, when all phases present cannot be 
removed by redefinition of complex 2-component neutrino fields. 

□ Exercise 4.10 Show that the choice of 7 M of Eq. (4.95) can be ob- 
tained from the Dirac representation through Eq. (4.38) through a suit- 
able choice of the matrix U. 
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4.7 Feynman rules involving Majorana neutri- 
nos 

In courses on Quantum Field Theory, one usually learns Feynman rules 
involving Dirac fermions. Some of them remain unaltered if Majorana 
fermions are involved instead. For example, in Ex. 4.1, we mentioned 
that the propagator of a Majorana fermion has the same form as that 
of a Dirac fermion. What we meant is that, irrespective of whether the 
field ip denotes a Dirac or a Majorana fermion, one obtains 

(o \&(Mx)My)) | °) = / (04 eiH *~ y) [ iS M AB ' {4M) 

with 

Sf(p) = 2 ** + ™. • (4.99) 

In Eq. (4.98), A,B are indices for spinor components, and ST is the 
time-ordering operator. 

However, the word 'propagator' means two point Green's func- 
tions in general, and other kinds of propagators can be written down 
for Majorana fermions. For example, consider the two-point function 
(0 & (i/>A(x)ii>B(y)j 0). If the fermion is Dirac type, this is obviously 
zero since matrix elements of the form (Ol^VslO) vanish for Dirac 
fermions. However, a Majorana field operator can create and annihilate 
a particle, so such matrix elements are not zero. Indeed, for a Majorana 
field, using Eqs. (4.17) and (4.27), we can write 

^ = X$ = AV> T C _1 , (4.100) 

so that 

V> T =A>C. (4.101) 

Taking the matrix element of both sides, we see that 

(o\f(l>A(x)1>B(yj)\o) = \'C DB {o\S-(i> A (x)^ D (y))\o) 
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In an obvious notation, we can write the corresponding momentum space 
propagator as 

Sw(p) = \*S F (p)C. (4.103) 

Similarly, using the matrix elements of Eq. (4.100), we find 

(o\#(4: A (x)4> B (y))\o) = AtC-'jM^^foWfeWJIo) 

= A /(§ e<P(X " 9, [ iC " 1 ^W].B^ 104 ) 
or, in momentum space, 

S^(p) = XC- l S F (p). (4.105) 

□ Exercise 4.11 Because of the anticommutation property of fermion 
fields, one must expect 

(o|^(iMa#ii(!/))|o) =-(o|^(^(y)^(x))|o) . (4.106) 

Show that this property is indeed inherent in the expression obtained 
in Eq. (4.102). [Hint: The matrix C is antisymmetric, and Eq. (4.24) 
implies that 7 M C is a symmetric matrix.] 

We can similarly find the Feynman rules for vertices involving Ma- 
jorana fermions. The crucial thing to remember is that the plane wave 
expansion of a Majorana field, given in Eq. (4.16), contains both cre- 
ation and annihilation operators for the Majorana particles. Thus, a 
particle and equally well be created or annihilated at a vertex. For ex- 
ample, suppose we have an interaction term in the Lagrangian of the 
form $it)<f), where ^ is a Dirac fermion and ip is a Majorana fermion. 
This term' will contribute to a vertex where the ^-particle is created and 
■0-particle is annihilated, but also to the vertex where both particles are 
created. 

Feynman rules for a specific situation can be worked out easily, and 
we help out here by giving one example. Suppose a Majorana particle 
is in the initial state of a process, and it is annihilated at a vertex where 
the interaction is \I>^. Obviously the Feynman rule for the external 
line here would be u(k), where k is the momentum of the particle. This 
is just like the corresponding rule for a Dirac particle. However, if the 
Majorana particle is created along with the \£ particle and appears in 
the final state of a process, Eq. (4.16) tells us that the Feynman rule for 
it should be \v(k), where A is the creation phase factor. 
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4.8 Diagonalization of fermion mass matrices 

To find the eigenvalues of the Hamiltonian operator in quantum mechan- 
ics, we diagonalize it. For this, we use the theorem of matrix algebra 
that if a matrix A is normal (i.e., it commutes with its hermitian conju- 
gate) then there exists a unitary matrix U such that UAU^ is diagonal. 
Hamiltonian operator for any system is hermitian and hence normal. 

There are two reasons why this method of unitary transformation is 
insufficient for diagonalization offermion mass matrices. First, the mass 
matrices in gauge theory are not necessarily normal. Second, even if they 
turn out to be normal in a specific situation, a unitary transformation 
does not guarantee that the diagonalized matrix will have only non- 
negative numbers along the diagonal. The non- negativity is essential in 
order to interpret the diagonal elements as masses of physical particles. 

To this end, we prove another theorem of matrix algebra. Obviously, 
A^A is hermitian for any matrix A. It can be diagonalized by a unitary 
transformation: 

U^A^AU = D 2 . (4.107) 

Writing the matrix elements explicitly, we see that 

(£ 2 )aa = £|(^)to| 2 , (4-108) 

which are real and non-negative. Define a diagonal matrix D whose 
elements are the positive square roots of those of D 2 . If we now define 
the matrix 

H = UDU* , (4.109) 

this H would be a hermitian matrix satisfying the equation 

A i A = H 2 . (4.110) 

It is now trivial to show that AH -1 is a unitary matrix which we will 
call U'. Then A = U'H = VDU\ where V = U'U is a unitary matrix. 
Thus, V^AU — Dj which shows that: 

for any matrix A, one can find two unitary matrices U and 
V such that V^AU is diagonal with non-negative elements. 
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In the above proof, we assumed that H is invertible. For a square 
matrix A, this implies by Eq. (4.110) det A / 0, i.e., A is invertible. 
However, the result is valid even for singular matrices. Succinctly, we can 
say that any matrix can be non-negatively diagonalized by a biunitary 
transformation. 

□ Exercise 4.12 Show that, for any nxn matrix A which has one zero 
eigenvalue, one can define two matrices Ql and Qr such that 

QlAQ R = (l° A ') ' ( 4m ) 

where A' is a (n — 1) x (n — 1) non-singular matrix. Generalize this 
result for matrices for which the zero eigenvalue has a degeneracry k, 
and use this to find a proof that A can be diagonalized by a biunitary 
transformation even if it is singular. 

In physical terms, a matrix makes sense when it connects two vectors. 
A biunitary transformation then means that these two vectors must be 
rotated by different amounts in order to obtain the eigenvalues. It makes 
sense when the two vectors sandwiching the matrix are different. But 
this is always the case for a fermion mass matrix, which connects left 
chiral fermions to right chiral ones. Thus, a biunitary transformation 
can always be applied. Of course, it is important to realize that U and 
V mentioned above are not unique. If A = VDU\ then A is also equal 
to VDU\ where U = KU and V = KV for some diagonal unitary 
matrix K. But this arbitrariness relates only to the overall phases of 
the physical fermions states and not to their mass eigenvalues. 

One special case of our interest is that of symmetric matrices. From 
A = VDU\ we get A T = U*DV J . If A = A T , we thus see that we 
can choose V = U*. In other words, for any symmetric matrix A, there 
exists a unitary matrix U such that U J AU is diagonal with non-negative 
elements. 

The last statement must be used with some caution. Consider a 
case when a Majorana mass matrix is real for some reason like CP- 
conservation. A symmetric real matrix is hermitian. It is therefore 
tempting to think that U is just an orthogonal matrix, since real hermi- 
tian matrices can be diagonalized by orthogonal transformation. 

The point to remember is that, if A is real hermitian, T AO is 
diagonal for some orthogonal matrix 0, but the diagonal elements are 
not necessarily non-negative. However, suppose it has a negative element 
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at the n th place, then we can define U = OK, where K is a diagonal 
matrix whose n th diagonal entry is i and the others are 1. Then U T AU 
is non-negative diagonal, but this U is not an orthogonal matrix. In 
the CP-conserving case, it can be shown that the entries in K 2 are 
proportional to the CP-eigenvalues of the mass eigenstates. 

□ Exercise 4.13 In the general biunitary transformation V* AU = D, 
we chose V — U* for symmetric matrices A. Argue that a more general 
prescription consists of choosing V = U* A*, where A is a diagonal matrix 
of phases along the diagonal. Snow that if we apply it for the symmetric 
mass matrices of Majorana neutrinos,, the creation phase of the a th 
eigenstate will be given by A a . 



Chapter 5 



Neutrino oscillations 

In almost all experiments that are performed with neutrinos, the neu- 
trinos are produced by charged current weak interactions. If neutrino 
mixing exists, the charged current can produce any physical neutrino in 
conjunction with a charged lepton, as shown, e.g., in Eq. (7.9). Thus the 
neutrino beam produced is a superposition of different particle eigen- 
states. As the beam propagates, different components of this beam 
evolve differently, so that the probability of finding different eigenstates 
in the beam varies with time. This consequence of neutrino mixing, first 
suggested by Pontecorvo [1], is called neutrino oscillation. 

The physics is exactly similar to that of strangeness oscillation in 
neutral kaons. Kaons are produced in strong interactions, which pro- 
duces either K° or K°. But none of these is a physical particle. Rather, 
they are superpositions of the physical states Kl and Ks, which do not 
have any well-defined value of strangeness as K° and K° do. As the orig- 
inal K° (or K°) beam evolves, the proportion of K° and K° changes 
in the superposition. In fact, since Ks has a very short lifetime, the 
Ks component of the original beam decays quickly. Thus, no matter 
whether one starts with a K° beam or K°, after a while one obtains 
almost a pure Kl beam, which contains about the same amount of K° 
and K°. 

5.1 Theory of neutrino oscillations 

In this section, we discuss the mathematical formulation of neutrino 
propagation through the vacuum. Quite apart from its theoretical 
beauty, the formalism is also important because many oscillation ex- 
periments have either been performed or being planned. Thanks to the 

78 
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experiments done so far, we now have several positive evidences for neu- 
trino oscillations, with far reaching implications for neutrino physics. 
We will discuss them in §5.2.3. 

5.1.1 Oscillation formula for mono-energetic neutrinos 

Consider a neutrino beam created in a charged current interaction along 
with the antilepton I. By definition, the neutrino created is called v^. 
In general, this is not a physical particle, but rather is a superposition 
of the physical fields v a with different masses m a : 

|^> = X>c>a>, (5.1) 



a 



where U is a unitary matrix which signifies neutrino mixing. 

For a simple-minded approach to the propagation of this state, we 
assume that the 3-momentum p of the different components in the beam 
are the same. However, since their masses are different, the energies of 
all these components cannot be equal. Rather, for the component v a , 
the energy is given by the relativistic energy-momentum relation 



E a = yjp 2 + rnl- (5.2) 

After a time t, the evolution of the initial beam of Eq. (5.1) gives 



a 



In writing this, we assume that the neutrinos v a are stable particles. If 
that is not the case, the entire analysis below is modified, as is discussed 
in §5.4. 

Since all E a y s are not equal if the masses are not, Eq. (5.3) represents 
a different superposition of the physical eigenstates v a compared to Eq. 
(5.1). In general, this state has not only the properties of a v^ but also 
of other flavor states. The amplitude of finding a vq in the original i/£ 
beam is 

We I Mt)) = £ {vfi \u^e- iE »*Uia\ v«) 

a,(3 

= Y,e~ iEat UtaUp a (5.4) 

Q 
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using the fact that the mass eigenstates are orthonormal: 

{"13 | Va) = <W • (5-5) 

At t = 0, as expected, the amplitude is just Sw, using the unitarity 
of the matrix U. At any time t, the probability of finding a Vf in an 
originally vi beam is 

/WO = IM^)>I 2 

= Y, \ U ea U t'a U ip U e'0 C° s [(Ea ~ Efl)t ~ Vlt'ap] , (5.6) 

where 

Vit'afl = arg(UiaUp a UtpUep) . (5.7) 

In all practical situations, neutrinos are extremely relativistic, so 
that we can approximate the energy-momentum relation as 

771 

E a *\p\ + -f- r (5.8) 

and can also replace t by the distance x traveled by the beam. Thus we 
obtain 

I ( 27TX \ 

Putu t ,{x) = X) WtaUvoPtffll'P cos 7 VWafi , (5-9) 



a,0 



'a/3 



where, writing \p\ = E for the sake of brevity, we defined 

L af} = -^- , (5.10) 

Am a/3 
where 

Amlp = ml - m 2 p . (5.11) 

The quantities \L a p\ are called the oscillation lengths, which give a dis- 
tance scale over which the oscillation effects can be appreciable. 

Again, in Eq. (5.9), notice that if the distance x is an integral multiple 
of all L a p, we obtain P VtV>t , = 8 iff, as in the original beam. But at 
distances where that condition is not satisfied, we can see nontrivial 
effects, which are sought for in the experiments. 
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□ Exercise 5.1 In deriving the oscillation probabilities in this section, 
we assumed that the 3-momentum of all constituent eigenstates are 
equal. Show that, when Eq. (5.8) is used, the same probabilities are 
obtained if instead we assume that the energies of all constituent eigen- 
states are equal. 

□ Exercise 5.2 Consider N generations of neutrinos. If the energies are 
such that the oscillatory terms average to zero, show that 

P».».>jj- ( 5 - 12 ) 

It is convenient to analyze the oscillation data in terms of the simplest 
assumption, viz., there is oscillation between two Dirac neutrinos only. 
In this case, the matrix U takes a particularly simple form: 



U= a Q ■ (5.13) 

\-sm0 cos0/ 

Eq. (5.9) now reduces to 

P<*mv{x) = sin 2 20 sin 2 — ^- x 

/Am 2 \ 
^surv (ar) = 1 - sin 2 20 sin 2 I — x J (5. 14) 

where Am 2 = |m 2 — m||, and the subscripts 'conv' and 'surv' on the 
left sides of these equations denote the conversion and the survival prob- 
abilities of a particular flavor of neutrino. The experimental data thus 
restricts Am 2 as a function of sin 2 29 from the limits of the observed 
probabilities. 

□ Exercise 5.3 For two generations of Majorana neutrinos, the most 
general form for the mixing matrix is 

U=( c ff 9 Q e ~ ie *f ) • (5.15) 

\-e %e sm9 cos0 J v ' 

Show that the phase q does not appear in oscillation probabilities, so 
that the probabilities are still given by Eq. (5.14). 

5.1.2 Oscillation formula for three flavors 

In the real world, there are three neutrinos, so the two-generation treat- 
ment given above holds strictly only in extreme cases, e.g. when one 
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of the neutrinos do not mix with the other two. Similar formulas can 
be derived for the realistic case when all three neutrinos mix with one 
another. We can start from general formulas like that given in Eq. (5.9) 
and see what they imply for the three generation case. 

To keep things simple, we will assume the CP conserving case, when 
the mixing matrix U is real. Separating the a = (3 terms from the other 
terms in Eq. (5.9), we can write the oscillation probability as 



Pu t u t ,(x) = J2{ u *** u e<*y 



a 



This can be rewritten as 



/Am 2 \ 
+2 £ UeaUtaUtpUepcos ( -^ x\ . (5.16) 



Pvtu t ,{x) = yjTUtaUt'A 



- 4 £ UtaUeaUtpUep sin 2 — -^ x 



Arn|, 
AE 



a>/3 

= 6 U - 4 Y, UtaUeaUtpUep sin 2 ( -^ x) , (5.17) 

using the orthogonality of the mixing matrix in the last step. 

This form is still general in the sense that it applies for any number 
of generations. For three generations, simplified forms can be obtained 
in some limiting cases. Consider, for example, the case where one of the 
mass squared differences is very small. To be specific, let us assume that 

(Aml 2 /2E)x <£ 1 . (5.18) 

In this case, we will neglect this mass squared difference altogether. Of 
course then Am\ x = Am\ 2 - It is then easy to see that Eq. (5.17) reduces 
to the form [2] 

Pu t u t ,{x) = Suf - 4U a Ut. 3 (6u, - UaUn) sin 2 (^jk x) . (5.19) 

Note that in case of a conversion probability, i.e., when I ^ £ f , the result 
looks very much like that for the two-flavor case. 
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For three generations, the most general mixing matrix ignoring CP 
violation is given by 

/ C12C13 -S12C13 s 13 \ 

U - 512^23 + C12S23S13 C12C23 - 512S23S13 -523^13 J , (5.20) 
\ 512^23 — C12Q23S13 Ci25 2 3 + 512^23513 C23C13 / 

where c^ = cos 9 a p and s a p = sin0 a £. Using this, we obtain that the 
survival probability for electron neutrinos [2] is given by 

P„, v .{x) = 1 - sin 2 20 13 sin 2 (^ x\ . (5.21) 

In other words, the survival probability is given by the same expression 
used for the two-flavor cases, with the mixing angle being #13 and the 
mass squared difference Am| 2 . 

Another interesting limiting case is obtained for 

(Aml 2 /2E)x » 1 , (Amj l /2E)x > 1 . (5.22) 

In this case, the oscillatory terms with these arguments average out 
when one integrates over the energy spectrum of the initial beam [see 
§5.2.2 for more on energy integration]. One then obtains 

Pv^ix) = 8u< - 2Uta,Uff^\8tff - UaUt's) 

- AUnUeiUaUn sm z | ^^ x\ . (5.23) 



The survival probability for ^ e 's, e.g., is given by [2] 



Pu e vS X ) = COS 4 ^13 



1 - sin 2 20 12 sin 2 [ ^L x 



+ sin 4 $u • (5.24) 



If $13 happens to be very small, this result coincides with the survival 
probability obtained in Eq. (5.14) for the two-flavor case. 

5.1.3 More sophisticated derivations 

In §5.1.1, we derived the oscillation probabilities assuming that the neu- 
trino state produced as a definite value of 3- momentum, which is shared 
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by all the constituent eigenstates. This, of course, cannot be strictly true 
in any quantum theory because of the uncertainty principle. In partic- 
ular, if p is very well determined, the production point of the neutrino 
has a large uncertainty. If this uncertainty is larger than any of the os- 
cillation lengths, the quantity x, which was the distance traveled by the 
beam, becomes meaningless. Therefore, a correct treatment should use 
a wave packet of the neutrino, which would have a spread in momentum. 
However, one can argue that in cases of practical interest, the wave 
packet treatment would make no difference in the prediction of the prob- 
abilities [3]. To show this, we restrict ourselves to the 2-generation case 
for the sake of notational simplicity. The oscillation length in this case 
will be denoted by L. Let us say that the uncertainty in the produc- 
tion point is 5x. As argued above, we must demand 8x <C L so that 
the arguments of the oscillatory factor in Eq. (5.14) makes sense. The 
uncertainty principle would then imply that the momentum uncertainty 
Sp satisfies 



6p 1 Am 2 

7 >> r P = 4^' (5 - 25) 



where we have used the definition of the oscillation length L from Eq. 
(5.10) for the last step. As seen from Table 5.1 on page 86, the typical 
values of E are in the range of 1 MeV or higher, whereas one typically 
searches for values of Am 2 which are smaller than a few eV 2 . Thus, 
the right side of Eq. (5.25) is of order 10 -12 or less. This implies that, 
although the momentum uncertainty of the initial wave packet cannot be 
zero, it can be very small. Hence the formulas for oscillation probabilities 
derived by assuming a fixed momentum hold with very good accuracy [3] . 
In more recent times, several authors [4] have performed a field the- 
oretical derivation of the oscillation formula, where the entire process, 
from the production of the neutrinos to their eventual detection, is con- 
sidered as a single Feynman graph, where the propagating neutrino ap- 
pears as an intermediate state. This method allows one to understand 
issues like that of coherence in a rigorous way. However, the final for- 
mula for neutrino oscillation probability obtained is the same as that in 
Eq. (5.9). 
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5.2 Experimental searches 

5.2.1 Basic strategies 

The goal of neutrino oscillation experiments is to look for the effects 
when the distance x in Eq. (5.9) is far from any integral multiple of all 
L Q/ g. If it is so, there will be two kinds of consequences. 
Firstly, we will obtain 

Pu ivi (x)<\ t (5.26) 

so that we will conclude that some of the vt of the original beam have 
disappeared. Looking for such effects are thus usually called disappear- 
ance experiments. In a typical experiment of this sort, one takes a V e 
beam, let it travel for a certain distance, and let it hit a target. Owing 
to charged current weak interaction, a P e -beam will produce positrons 
by inverse beta-decay processes: 

9 e + X->e + + Y, (5.27) 

where X and Y are two nuclei. If there is no neutrino oscillation, one 
can calculate the flux of positrons thus produced. If the observed flux is 
less, the implication is that some v e has disappeared from the original 
beam, thus providing evidence for neutrino oscillation. 

Of course such disappearance must be compensated by the appear- 
ance of other flavor, i.e., by the fact that 

iV^zJX) for£'^£. (5.28) 

This raises the possibility of a second kind of experiments, called ap- 
pearance experiments where, for example, one starts with a V^ beam, 
let it travel through some distance, and let it hit a target to see if it 
can produce any e + . In the absence of neutrino oscillation, it would be 
impossible. 

Prom this discussion, it might seem that the appearance experiments 
are much simpler, since the observation of even one event of the kind 
sought for would provide evidence of neutrino oscillation, whereas in a 
disappearance experiment one must meticulously observe a significant 
deviation of a certain probability from unity. But there is another side 
to it. An appearance experiment can look only for a specific channel, 
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Table 5.1: Order of magnitude estimates of the figure of merit of neutrino 
oscillation experiments. 



Source 


Typical values of 


X 

in cm 


E 
in MeV 


m 2 
in eV 2 


Reactor 


IO 2 


1 


10~ 2 


Meson factory 


10 2 


10 


lO" 1 


Long baseline reactor 


10 7 


10 


io- 6 


Accelerators 


10 3 


10 3 


1 


Atmosphere 


10 7 


10 4 


10- 3 


Solar core 


10 11 


1 


io- 11 



e.g., a Vp oscillating to a v e or something like that. If v^ mixes very little 
with v e but very strongly with some other state, the v^ — > v e appearance 
experiment would be in bad shape. On the other hand, suppose we are 
doing a disappearance experiment on a v e beam. If there is an observable 
effect, it will show no matter whether the v e oscillates to v^ or v T , or 
to anything else. 

The last point is more interesting for another reason. Later in this 
book, we discuss many models of neutrino mass which predict some 
sterile neutrinos, i.e., neutral fermions which do not have interactions 
mediated by the gauge bosons of the standard model. If the v e , for 
example, mixes significantly with one of these sterile neutrinos, an ap- 
pearance experiment would be fruitless, since the cross section for the 
production of a charged lepton must be extremely small if one uses a 
sterile neutrino. On the other hand, a disappearance experiment can 
still register the depletion in the probability of a v e beam. In short, we 
can say that an appearance experiment measures oscillations vi — > v? 
for specific neutrinos, whereas a disappearance experiment is sensitive 
to vi — y vx oscillations where vx can be any flavor, including the sterile 
ones. 

Sensitivities of all oscillation experiments depend on a particular 
parameter [5], 



-2_£ 

m = — , 
x 



(5.29) 
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which we will call the figure of merit of the experiment. Notice that the 
elements of the mixing matrix U and the mass eigenvalues m Q , mp come 
from parameters in the fundamental Lagrangian and we have no handle 
over them. Thus, the amplitudes of the cosine terms in Eq. (5.9) are 
fixed for all experiments, and so are the values of m 2 — m| and (fu'a/3 
in the argument of the cosine. However, one can vary the momentum of 
the produced neutrinos as well as the distance through which they are 
let to travel, which appear only through their ratio m 2 . Thus, Eq. (5.9) 
can be rewritten as 

p u t u t ,{x) = Y^ \UeaU} a UfoUei3 cos _°f - tp ttfa0 ] , (5.30) 



a,/3 



2m' 



using the figure of merit. Prom this formula, it is clear that if the figure 
of merit of a particular experiment is much bigger than the values of 
Am^ , any oscillation effect would be hard to observe. A neutrino 
oscillation experiment is thus sensitive to the values of the mass-square 
difference satisfying the relation 



m 2 < 



Am 2 ^ 



(5.31) 



The values of m 2 are listed in Table 5.1 for different types of neutrino 
sources. These include laboratory sources as well as atmospheric and 
solar neutrinos. In this chapter, we will discuss the experimental results 
of laboratory and atmospheric experiments. The implication of neutrino 
oscillation on solar neutrinos will be discussed in Ch. 6. 

5.2.2 Effect of energy spread 

In §5.1.1, we derived neutrino oscillation formula for mono-energetic 
neutrinos. To understand the nature of the results, we first have to 
realize that in a given experiment, the neutrinos can never be mono- 
energetic. Here we are not talking about the uncertainty of energy of a 
single neutrino in the incoming beam. Rather, we are talking about the 
spread of energies among different neutrinos in the beam. The spread 
can be represented by defining an energy spectrum function $(£) of the 
incoming beam, normalized by the relation 



/ 



dE$(E) = l. (5.32) 
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Figure 5.1: Contour of equal conversion probability using Eq. (5.35), for two 
different values. A Gaussian energy spectrum has been assumed, with a standard 
deviation of 0.2(E). 



The function <&(E) should be known from the design of the experiment. 
The conversion probability obtained in the real experiment should be 
given by 



*-«-*<•»/«.<*).*■( 



Am' 
~4E 



x 



(5.33) 



Suppose now that an experiment has been performed and one ob- 
tained a non-zero conversion probability, say P C onv = -Po- To understand 
what it means, it is convenient to define [6] the dimensionless ratio 



Ar~ 2 



km 



r& = 



4(E) 



z, 



(5.34) 



where (E) is the mean energy. Using Eq. (5.33), we can then write 

P = sin 2 20 ( dE ${E) sin 2 (r A (E) /E) 

= i sin 2 20 f dE $(E) [l - cos (2r A (E) /E) ] . (5.35) 

If r A ^ 1, it is instructive to look at the second form of this expression, 
where the cosine term will have huge fluctuations and will average to 
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zero. This means that we will have 

sin 2 20 = 2P for r A > 1. (5.36) 

This shows that, in a plot of sin 2 20 along the #-axis and ta on the 
i/-axis, the contours of equal conversion probability are vertical at the 
high end of the plot, as can be seen in Fig. 5.1. 

On the other hand, if ta <&. 1, we can use the first form of the 
expression in Eq. (5.35), replace the sine function by its argument, and 
obtain 

P = r\ (E) 2 sin 2 20 f dE $(£) (l/£) 2 , (5.37) 

which can be written as [6] 

r A sin 2 20 = ^ for r A < 1. (5.38) 

A {E) 2 {l/E 2 ) 

Since the right hand side is a constant in a given experiment, it shows 
that in a log-log plot of ta vs sin 2 20, the lower part therefore has a 
slope of — |, as seen in Fig. 5.1. Moreover, for a variable such as E 
which takes only positive values, it is easy to show that {E) (1/E 2 ) > 1, 
because high values dominate {E) whereas low values dominate (1/E 2 ). 
Therefore the lowest value of ta, obtained in the contour plot when 
sin 2 20 = 1, is smaller than \/^, by a factor which depends on the details 
of the energy spectrum [6]. Higher spread in the incoming neutrino 
spectrum allows one to reach lower values of r A . 

□ Exercise 5.4 Take the energy spectrum used for the plot in Fig. 5.1. 
Calculate the right hand side of Eq. (5.38), and verify that it agrees with 
the plot. 

5.2.3 Results 

All early experiments of neutrino oscillations produced null results. 
From them, one could only put bounds on Am 2 and mixing. For ex- 
ample, suppose a disappearance experiment was performed and one ob- 
tained only the limit P C onv < 0.1. It would mean that the region above 
and to the right of the lower line in Fig. 5.1 would be ruled out. 

In the recent years, some positive indication of neutrino oscillation 
have been obtained. The first experiment to report positive indications 
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was the Los Alamos LSND experiment [7]. In this experiment, 800 MeV 
protons were dumped on a target to produce pions. Because of charge 
conservation, tt + was produced predominantly. These pions decayed: 
7r + — ► fi + + Vp. The /z + 's produced in this decay subsequently decayed 
to e + + v e + v^. Thus, they had f e , v^ and v^ in equal amounts, though 
not with the same energy distribution. 

They performed two different experiment, both of the appearance 
type. In the first experiment [7] they searched for v^ — > V e oscillations, 
using v^ from decays of stopped pions. They obtained a conversion 
probability of (3.ll};j)±0.5) x 10 -3 . Later, they used pion decays in flight 
and searched for v^ — >• v e oscillations [8]. By CPT invariance, the mixing 
angle and the mass squared difference should be the same in both cases, 
and indeed they found a conversion probability (2.6 ± 1.0 ± 0.5) x 10 -3 , 
which is consistent with the earlier result. In the parameter space, they 
yield overlapping allowed regions in the two experiments. 

Two other experiments have searched for neutrino oscillation in the 
overlapping Am 2 and sin 2 9 with negative results. These are the exper- 
iments by the E776 group at Brookhaven [9] and by the KARMEN [10] 
group at Rutherford Laboratory. The KARMEN experiment has very 
strongly constrained the parameter range allowed by the LSND data 
[10]. Currently the MiniBooNE experiment [11] at Fermilab is under 
way to probe the entire parameter region allowed by the LSND. 

It should be noted that experiments such as LSND cannot probe 
values of Am 2 much smaller than 10 -2 eV 2 . On the other hand, data 
on atmospheric and solar neutrinos definitely indicated that the inter- 
esting region lies at smaller values of Am 2 . Several strategies can be 
employed to probe smaller values. As seen from the discussion of §5.2.2, 
experiments really determine the quantity ta, defined in Eq. (5.34), as 
a function of the mixing angle. If we perform experiments with smaller 
values of {E), the same value of r& allows us to probe smaller values 
of Am 2 [6]. Hence, reactor sources were preferred in later experiments, 
where the average energy is in the region of a few MeV. Alternatively, if 
one can set up and experiment with a large distance between the source 
and the detector, i.e., x is large in Eq. (5.34), small values of Am 2 are 
probed. Such experiments are called long baseline experiments. A big 
energy spread in the incoming neutrino beam also allows one to reach 
small values of r& [6], as is obvious from Eq. (5.38). 
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Figure 5.2: The parameter space allowed by Kamland data. The region be- 
tween the solid lines is allowed by the total rate at 95% CL. The regions enclosed 
by the dashed lines are allowed by the energy spectrum data. (Courtesy Abhijit 
Bandyopadhyay.) 



The CHOOZ experiment [12] was the first step in these directions. 
They used a disappearance experiment using electron antineutrinos from 
a reactor. The average energy was 3MeV and the source to detector 
distance 1 km. With these values, they could probe as low as Am 2 = 
8 x 10" 4 eV 2 for sin 2 20 = 1, but they still obtained a null result. 

A big advancement was made by the Kamland experiment, whose 
first results were published in 2003 [13]. It is also disappearance ex- 
periment like CHOOZ, in that they use electron antineutrinos as the 
initial beam, although from multiple reactors. The big difference with 
CHOOZ is that it is a large baseline experiment because the average 
distance between the sources and the detector is about 200 km. They 
observe a depletion of the flux by 34%, which provides evidence for os- 
cillation. Because the conversion rate is high, the mixing angle coming 
out from this analysis is quite large, same order as the maximal mixing 
of 45°. The analysis of this data have been performed by several groups 
[13, 14], and allowed region from their analysis is presented in Fig. 5.2. 

Similarly, the K2K experiment using a multi-GeV muon neutrino 
beam from an accelerator also sees evidence of a depletion of flux 
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[15]. The statistics in these experiments is limited, but nonetheless 
they do provide evidence for v^ — > v T oscillation. The lowest val- 
ues in the allowed region is roughly sin 2 26 — 0.2 for large Am 2 , and 
Am 2 = 5x 10" 4 eV 2 for sin 2 26 = 1. 



5.3 Atmospheric neutrinos 

The interaction of cosmic ray protons with the nuclei in upper atmo- 
sphere leads to production of both electron and muon type neutrinos. 
Since the early 1990s, these neutrinos have been observed and analyzed 
in detail in several experiments [16, 17, 18, 19]. These observations pro- 
vide sensitive information on the nature of neutrino oscillations. As we 
discuss below, the present observations can be interpreted as positive 
indications of oscillations between different neutrino species. In order to 
see how one arrives at this conclusion, let us first summarize the obser- 
vations and theoretical expectations for the case of massless neutrinos, 
for which there are no oscillations. 

The atmospheric neutrinos are supposed to originate in the following 
chain of reactions: 

p + X -> tt* + Y 

L* A* ± + V (5.39) 

Here 7r ±: s could be replaced by K ±, s. The notation "z^", for example, 
means that we have not distinguished between u^s and V^s as they are 
not distinguished in the experiments. Naive counting argument then 
says that the ratio r of i/ e -type to z^-type events in the underground 
detectors (not distinguishing between particles and antiparticles) is 0.5. 
The experiments count the number of e- and /z-type events produced in 
the collisions of the neutrinos with the water detector. The events may 
either be fully contained or partially contained. We will consider mostly 
the contained events. 

In this class of events, the neutrino-nucleus interaction vertex is lo- 
cated inside the detector as are all final state particles. The charged 
lepton energies for these events range from a few hundred MeV to 1.2 
GeV. Using the contained events of electron- and muon- type, one con- 
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structs the following double ratio: 

R = j^~ (5.40) 

where MC stands for Monte-Carlo predictions. The denominator gives 
the theoretical expectation for {n/e) ratio assuming neutrinos are mass- 
less and all their interactions are given by the standard model. An 
advantage of considering ji/e is that the cosmic ray flux uncertainties 
do not effect this result. If there are no neutrino oscillations, R should 
be 1 [20]. 

Early experiments obtained the following values for this double ratio: 



Kamiokande [16] .60 ± .06 ± .05 

1MB [17] .54 ±.05 ±.12 

Sudan2 [18] .69 ±.19 ±.09 

FREJUS [19] .87 ± .21 

NUSEX [19] .99 ± .40 

The first two experiments use water Cerenkov detectors whereas the next 
three use iron-calorimeters. The last three have much lower statistics 
than the first two. In the water Cerenkov detectors, the muons are 
distinguished from the electrons in two ways: by the size of the rings of 
Cerenkov light or by observing decay products from the muons. 

The first three sets of data indicate that there has either been a 
depletion of muon neutrinos or an excess of electron-type events due to 
some non-standard property of the neutrinos. To confirm this indication, 
super-Kamiokande collaboration started taking extensive data in the late 
1990s. Prom a data of 4353 events, they observed [21] that the double 
ratio defined in Eq. (5.40) is considerably smaller than 1. Over the next 
few years, they increased the data set [22] by about a factor of 3, and 
the earlier results have been refined. The results are as follows: 

~ ~ ~ . rotl sub-GeV 0.63 ±0.03 ±0.05 

Super-Kannokande [21] multi . GeV 0.65 ± 0.05 ± 0.08 

Suoer Kamiokande [221 ^GeV 0.638™ ± 0.050 

buper Kamiokande [22] multi . GeV 0.658+g ± 0.078 

Because of their large statistics, these are now considered to be the 
standard results, irrespective of the results of other experiments. We 
now discuss the implication of these results. 
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The simplest way to understand the atmospheric neutrino puzzle is 
to assume that the neutrinos oscillate into other species, thereby leading 
to observed values of the fluxes in the underground than what would be 
expected on the basis of the standard model. If v e — > i/ M oscillation 
is to provide the solution to the solar neutrino puzzle which will be 
discussed in Ch. 6, then the most appealing scenario for the atmospheric 
neutrino puzzle is to assume that the atmospheric v^ oscillates into v Ty 
leaving the v e flux unchanged. The observed energy spectra for v^ and 
v e by the Kamiokande as well as super-Kamiokande collaboration seem 
to indicate support for this hypothesis. We will therefore consider [23] 
v n — > v t oscillation to explain the atmospheric neutrino deficit. Analysis 
of the most recent data then indicate that the oscillation parameters are 
in the range [22] 

Am^ r ~ (1.5 to 3) x 10" 3 eV 2 , 
sin 2 20,,,. > 0.9 to 1 , (5.41) 

at 90% confidence level, with the best values given by 

Am^ r = 2.5xHT 3 eV 2 , 
sin 2 29^ = 1 . (5.42) 



5.4 Oscillation with unstable neutrinos 

The analysis of neutrino oscillation experiments becomes quite different 
from that described in §5.1.1 if the neutrinos are unstable [24]. For 
clarity of presentation, we restrict ourselves to the case of two neutrino 
flavors which we will call v e and v^. The mass eigenstates v x and v 2 are 
related as usual to these flavor states through Eq. (5.1), with the mixing 
matrix U given in Eq. (5.13). Let v 2 be the heavier of the two neutrinos, 
and let us say that it decays via the mode v 2 -> v\X t where X can be 
anything. Let the lifetime of this decay be T _1 . 
Starting from the initial beam 

kin) =cosa|i/ e ) + sina|i/ /i ) , (5.43) 
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one then obtains at time t the state 

\if,(t)) = e-^^cos(0 + a)|i/i) + e-^ 2i - n / 2 sin(^ + a)|i/ 2 ) 

+ £c*M*W, (5.44) 

k 

where \v\(k)X) denotes the final states of V2 decay where v\ has a mo- 
mentum k. From this, we obtain 

P v . nVe (t) = cos 2 (0 + a) cos 2 9 + e~ rt sin 2 (0 + a) sin 2 9 

+ -e~ r ' /2 sin 20 sin 2(0 + a) cos ™_ 
2 2E 

p w» W = cos2 (^ + <*) sin2 # + e" rf sin 2 ((9 + a) cos 2 9 

-~e' Tt/2 sin 20 sin 2(9 + a) cos -^- . (5.45) 

2 2.C/ 

The interesting point is that, even for fast decays, i.e., Ft ^> 1, we get 

PweW = cos 2 (0 + a)cos 2 

P v m vr M = COs2 (0 + a ) sin2 > (5-46) 

so that none of these probabilities is zero. Despite their fast decays, the 
v^s can survive after a long journey. 

Since the sum of all probabilities must be unity, we get 

£ Pu in ^x = (1 - e~ Tt ) sin 2 (0 + a) . (5.47) 

k 

The z/i's produced in the decay of v^ are incoherent with respect to the 
v\ 's in the original beam. Therefore, 

£ P^u a x = (1 - e- rt ) sin 2 (0 + a) cos 2 

£ Pu in ^u,x = (1 - e" n ) sin 2 (0 + a) sin 2 . (5.48) 

k 

To point out the difference of this case with that of stable neutrinos, 
let us take the specific example of an initial v e beam, i.e., the one for 
which a = 0. Specializing now to the case of fast decay, we obtain 

P^ e (t) = cos 4 0, (5.49) 



96 Chapter 5. Neutrino oscillations 

which can be very small if is close to tt/2. However, without decay, this 
probability would be given by Eq. (5.14). Averaging over the distance, 
we obtain in that case 

iW*) = l-^sin 2 20, (5.50) 

which is greater than | for all values of 6. Thus, the physical implications 
of the instability of neutrinos can be dramatic. 



5.5 Neutrino oscillations in matter 

Wolfenstein [25] pointed out that the patterns of neutrino oscillation 
might be significantly affected if the neutrinos travel through a material 
medium rather than through the vacuum. The basic reason for this is 
simple. Normal matter has electrons but no muons or taus at all. Thus, 
if a v e beam goes through matter, it encounters both charged and neutral 
current interactions with the electrons. But a v^ or a v T interacts with 
the electron only via the neutral current, so their interaction is different 
in magnitude than that of the u e . 

Interactions modify the effective mass that a particle exhibits while 
traveling through a medium. An well-known example is that of the pho- 
ton, which is massless in the vacuum but develops an effective mass in a 
medium. As a result, electromagnetic waves do not travel with speed c 
through a medium. The effective masses of neutrinos are similarly mod- 
ified in a medium by their interactions. Since v e has different interaction 
than the other neutrinos, the modification is different for i/ e than for the 
other flavored neutrinos. 

This fact can have dramatic consequences if the neutrinos mix in the 
vacuum. In this case, a physical eigenstate can have components of v e , 
Vp, v r and other possible states. When such a state travels through a 
medium, the modulation of its v e component is different from the same 
modulation in the vacuum. This leads to changes in the oscillation 
probabilities compared to their values in the vacuum. 

5.5.1 Uniform matter background 

For a quantitative treatment of the above ideas, we first deal with the 
simple case when the background matter has uniform density. We will 
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also stick to the simplest case of two flavors i/ e and v^. We first recapit- 
ulate the case of vacuum oscillation in a way that is most suitable for 
the generalization to matter oscillation. If the mass eigenstates are v\ 
and 1/2, the evolution equation for these states can be written as 





where H is diagonal in this basis: 

\Q Eh)- + { m 2 2 /2E) ' i552) 

using the approximate expressions of Eq. (5.8). Recalling the form for 
the matrix U that connects mass eigenstates to flavor states, we can 
rewrite Eq. (5.51) as 



= H' e , (5-53) 





where 

H' = UHU^ 

- El m i+ m ' , ^! (-cos20 sin20\ 

~ 4E + 4E { sm20 cos 26 ) [b ™ } 

From this, we can see that the diagonalizing angle 9 is given by 

2H 1 
tan 20= u (5.55) 

in terms of the elements of the matrix H', as is usual for a 2 x 2 matrix. 

We now consider the same problem when the neutrinos are travel- 
ing through matter. For simplicity, we assume that the density of the 
background matter is uniform, with n e , n p and n n denoting the number 
of electrons, protons and neutrons per unit volume. Elastic scattering 
off these particles change the effective masses of the neutrinos, whose 
magnitude we now estimate. 

Consider first elastic scattering through charged current interactions. 
The only interaction of this sort is the v e e scattering, since there are no 
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ja's or r's in the background at normal temperatures. The diagram for 
this process has been given in Fig. 2.1b on page 29. The contribution of 
this diagram to the effective Lagrangian is given by 

i#x = (^) {e( Pl )7 A Li/ e (p 2 )} ffi K(P3)7 p Le(p 4 )} , (5.56) 

where we have neglected the momentum dependence in the W- 
propagator since we are interested in the leading order contribution in 
the Fermi constant. Using the relation <? 2 /8M^ = Gf/V2, we thus 
obtain 

AG f f \ i 

= - ^ K(Ps)7ALi/e(P2)} {e(pi)7 A Le(p 4 )} , (5.57) 

where the second form is obtained via Fierz transformation. For forward 
scattering where P2 = P3 = P, this gives the following contribution that 
affects the propagation of the v e : 

- V2G F V eL (p) lx v eL (p) (e 7 A (l - 76)c) , (5.58) 

averaging the electron field bilinear over the background. To calculate 
that average, note that the axial current reduces to spin in the non- 
relativistic approximation, which is negligible for a non-relativistic col- 
lection of electrons. The spatial components of the vector current give 
the average velocity, which is negligible as well. So the only non-trivial 
average is 

(e7°e) = (Je) = n e , (5.59) 

which gives a contribution to the effective Lagrangian 

~\/2G F n e V eL i i/ eL . (5.60) 

D Exercise 5.5 Write down the equation of motion of a neutrino, using 
the free Lagrangian augmented by the term in Eq. (5.60). Show that the 
effect of this term is to change the effective energy of the neutrino, viz., 



E = s/\p\ 2 + m 2 + V2G F n e . (5.61) 
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One can interpret the density dependent term as a contribution to the 
potential energy: 

V cc = y/2G F n e . (5.62) 

Turning now to neutral current contributions, we find in an exactly 
similar way the following contributions to effective energies of both v e 
and Vp'. 

V nc = V2G F £ n f [4£ - 2 sin 2 W Q^] (5.63) 

/ 

where / stands for the electron, the proton or the neutron, Q^ is the 
charge of / and I^ L ' is the third component of weak isospin of the left- 
chiral projection of/. Thus, for the proton, Q = 1 and I31 = \, whereas 
for the electron, Q = — 1 and I$l = — |. Also, for normal neutral matter, 
n e = n p to guarantee charge neutrality. Therefore the contributions of 
the electron and the proton cancel each other and we are left with the 
neutron contribution, which is 

V nc = -V2G F n n /2. (5.64) 

We emphasize that this neutral current contribution is the same for all 
flavors of neutrinos whereas the charged current contribution affects u e 
only. Thus, the evolution equation of neutrino beams should now be 
given by Eq. (5.53) with H' replaced by 

H-E+—^-- : j=G F n n 

+ (-^cos2e + V2G F n e ^sin2fl\ 
V ^sin20 ^cos2^j- 

The effective mixing angle in matter, 8, would accordingly be given by 

tan2 ,- = ^ig^_ ^» (5.66) 

H22 - H11 Am 2 cos 20 - A v ' 

where for the sake of convenience, we defined 

A = 2y/2G F n e E. (5.67) 
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Figure 5.3: The effective masses of neutrinos in matter. The quantity A is 
proportional to matter density. The solid lines are mass squared values of the 
physical eigenstates, the dashed lines are the expectation values of squared mass 
for the states v e and v^. We have taken 8 = 0.15 for the plot. The vertical scale 
is arbitrary. 



The effective mixing angle thus changes inside matter. The change is 
most dramatic if A = Am 2 cos 20, i.e., if the electron number density is 
given by 

Am2c0s2$ (5.68) 



n f 



2y/2G F E 

Then, even if the vacuum mixing angle 6 is small, we obtain 6 = 7r/4, 
which is to say that v e and v (Jl mix maximally. 

To understand the exact nature of this maximal mixing, let us write 
down the eigenvalues of H. The results are 



JX.1 



Ed 



„ 1 _ m^ 

E -T2 GFnn + ™^ 



(5.69) 



where 



™2 __ x 



(ro? + m 2 2 + A) =F ^( Am 2 cos 26 - A) 2 + (Am 2 sin 29)' 



(5.70) 

The behavior of m\ and m\ as functions of A are shown schematically 
in Fig. 5.3. These values for effective mixing and masses, shown in Eqs. 
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(5.66) and (5.70), should be used if one wants to discuss neutrino oscil- 
lation in a background medium of uniform density. 

5.5.2 Non-uniform matter background and resonant os- 
cillation 

It was realized by Mikheyev and Smirnov [26] that such density depen- 
dence of effective mass can produce interesting effect if the background 
matter density is non-uniform. To get a feeling for the kind of effects, 
consider a u e produced in a region of high density, like in the core of the 
sun. Assume, for the moment, that 9 is very small. For A — which 
corresponds to the vacuum, the lighter eigenstate v\ is almost purely v e 
whereas the heavier one, v 2 , is almost purely v^. But in the high density 
region where A ^> Am 2 cos 20, 9 — > n/2, which means that the lighter 
eigenstate is almost purely v^ whereas the heavier one is v e to a good 
approximation. Thus, if we follow the effective mass squared values of 
v e and i/ M , as shown by the dotted lines in Fig. 5.3, we see that the ef- 
fective mass squared value of v e starts lower than that of v^ but with 
the increase of A, the difference diminishes until finally v e overtakes v^. 
This phenomenon is known as level-crossing. 

To analyze this phenomenon in detail, we continue using oscillations 
between two flavors of neutrinos only, which we call v e and v^. Recall 
Eqs. (5.53) and (5.54), which give the equation governing neutrino prop- 
agation in matter. Ignoring the terms proportional to the unit matrix 
which are unimportant for the discussion about mixing, we can write 
the equation in the form 




(5.71) 



where [25, 26] 



1 / - Am 2 cos 29 + 2A Am 2 sin 29 

2 I Am 2 sin 29 Am 2 cos 29 



m 2 = ;i 7i •» r;: xiy-i;; > • w) 



In writing this equation, we have put x « t since the neutrinos are 
relativistic. 

The effective mixing angle, which controls the oscillation probability, 
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is given by 

-: n 2 ? fl_ (Am 2 sin 2fl) 2 

S (Am 2 cos 20 - A) 2 + (Am 2 sin 20) 2 * l °' M; 

We see that when A — Am 2 cos 26, the mixing angle is maximal and 
transition from i/ e to v^ occurs. This relation is equivalent to Eq. (5.66), 
but shows more readily that it is a resonance condition, with width 
r« Am 2 sin 20. 

So far, the discussion is no different from that of §5.5.1, where a 
uniform density of matter was assumed. Let us now imagine that the 
density is non-uniform, e.g., like that inside the sun decreases on the 
way out from the core. At any given point, however, the eigenvalues of 
the matrix M 2 in Eq. (5.72) are given by 



~2 1 

m l,2 = o 



A =F /(Am 2 cos 29 - A) 2 + (Am 2 sin 20) 2 



(5.74) 



which is essentially the same as Eq. (5.70) apart from the terms which 
contribute equally to the two eigenvalues. Propagation through matter is 
determined by these two eigenvalues, with the corresponding eigenstates 
v a related to the weak eigenstates as follows: 

(v e \ ( cos0 sinflW^A 

UM-sin0 cosfrJUJ- (5 ' 75) 

The angle is given in Eq. (5.73). The equation of propagation for 
the V a 's can be obtained [27] by using Eqs. (5.71), (5.72) and (5.75), 
remembering that 9 depends on the matter density which varies with 
distance: 




2E 




(5.76) 



Notice that if the density is constant, the off-diagonal terms in this 
matrix vanish, so that the states denoted by v a indeed become the sta- 
tionary eigenstates. 

For varying density, one can define the stationary eigenstates only 
for the Hamiltonian at a given point. To proceed, let us first assume 
the adiabaticity condition to hold. This means that the density varies 
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slowly, so that the off-diagonal elements in the matrix in Eq. (5.76) are 
small. As long as this condition is satisfied, any matter eigenstate v a 
traverses unchanged with their relative admixture of v e and v^ chang- 
ing adiabatically according to the value of electron density at a given 
point. We argued before that terms proportional to the unit matrix 
do not affect oscillation probabilities, so the only physical parameter in 
the diagonal elements must be their difference. Thus the adiabaticity 
condition is 



dd 



dx 



< 



™2 ~2 



m 



77ii 



2E 



(5.77) 



The condition can be rewritten by defining the adiabaticity parameter 

7 = {fkl -^ )/2E , (5.78) 



dO/dx 

which must be large to ensure adiabatic conditions. Obviously, the value 
of this parameter depends on the local density, and is smallest at the 
resonance point, where the mass eigenvalues come closest. Adiabatic- 
ity condition is therefore guaranteed if the value of 7 is large at the 
resonance point, i.e., if 



7res > 1 • 



(5.79) 



Using the resonant value of from Eq. (5.73) as well as the resonant 
density, we find 



Tres — 



Am 2 sin 2 29 
~E~' cos 20 



d_ 
dx 



Inn. 



(5.80) 



res 



The physical meaning of the condition in Eq. (5.79) is the follow- 
ing. The resonance condition A = Am 2 cos 26 is approximately satisfied 
within the half-width T, i.e., for a range of electron density 

r 



8n E « 



(5.81) 



2y/2Gj?E 

Denoting Sn e = \dn e /dx\ Tes 8x and using T = Am 2 sin 29, we see that 
the resonance condition is approximately valid in a distance 

Am 2 sin 20 



8x « 



\dn e /dx\ 2yj2Gi?E 



(5.82) 
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The oscillation length at resonance, on the other hand, is given by 

-kres = -T o • ofl ' (5.83) 

Am 2 sin 20 

following the definition in Eq. (5.10). The ^-fraction of the wave in v e 
has enough time to build if 5x ^ L res , which is precisely the resonance 
condition of Eq. (5.80). 

To see the essence of resonant matter oscillation (or MSW effect, 
as it is called after Mikheyev, Smirnov [26] and Wolfenstein [25] who 
played pivotal roles in discovering this effect) we recall that [28] when the 
adiabaticity condition is satisfied, v a remains unchanged. Let us assume 
f e 's are produced at a point where the electron density is infinite. Then 
from Eq. (5.66), we find 0o = 7r/2, where the subscript '0' denotes the 
production point of the neutrino for the rest of this section. Eq. (5.75) 
then implies that \>i corresponds to u e . As the beam travels to regions 
of gradually smaller density, the v e component in the beam, however, 
decreases continuously, since at a general point, vi — i/ e sin0 + z/ M cos0, 
and decreases with decreasing density. Suppose finally the neutrino 
beam comes out of matter so that n e = 0, and equals the vacuum 
mixing angle 0. Thus, the probability of finding the v e component of 
the beam decreases from almost unity to the final value of sin 2 0. This 
is the resonant conversion phenomenon, which is most dramatic if is 
very small, so that the u e beam is almost totally depleted. 

Let us now generalize to the more realistic case where the adiabaticity 
condition still holds, but the density at the production point is not 
infinite. Eq. (5.75) now shows that the produced neutrinos are either v\ 
or i>2, with probabilities cos 2 9q and sin 2 0o respectively. If the neutrino 
is produced as v\ % it will travel as £j, and will be detected as v\. At 
the detection point, the effective mixing angle by 0, which means the 
probability of detecting v e is cos 2 9. In the other case when the neutrino 
is produced as £2, a u e is detected with probability sin 2 9. Adding these 
two cases, we obtain that the survival probability in the adiabatic case 
is given by 

pW = cos 2 0o cos 2 9 + sin 2 9 Q sin 2 9 

= - [l + cos 20o cos 20] . (5.84) 

There is of course an interference term as well, since we should have 
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added the amplitudes, not the probabilities, but this interference term 
turns out to be negligible in matter of practical interest. 

□ Exercise 5.6 Assuming that the propagation of neutrinos is adiabatic, 
show that the survival probability of u e 's is given by 



p(ad) = I 



;2 ^;2\l 



1 + cos 20 o cos 2d + sin 20 o sin 20 cos ( f dx' Uh mi 



2E 

(5.85) 



In the more general case when the adiabaticity condition is not nec- 
essarily satisfied, there is a probability that the eigenstate v\ will "jump" 
to the other eigenstate i/2, and vice versa. This probability of jumping 
from one eigenstate to another is called the Landau- Zenner-Stuckelberg 
probability or jumping probability and will be denoted by i\zs- I n case 
no jump occurs, which has a probability 1 — i^zs> the survival proba- 
bility will be the same as the adiabatic survival probability given in Eq. 
(5.84). On the other hand, a neutrino which would have ended as a v^ 
in the adiabatic case would end as a v e if a jump occurs. Combining the 
two possibilities, we find the survival probability to be [29] 

iVe = (1 " itzs)P£2 + PLl&Pftl 

= - [l + (1 - 2iiz S ) cos 20 o cos 20J , (5.86) 

□ Exercise 5.7 If a neutrino is produced in the far half of the sun so 
that it undergoes resonance twice before it reaches the earth, once on 
the way towards the core and once on its way out, show that 

P VeVt = - [l + (l - 2iizs) 2 cos 20 o cos 20] . (5.87) 

It now remains to calculate the jump probability JF^zs • In the semi- 
classical approximation which is valid if 7 is not very small, this is done 
by using Landau's method of complex trajectory [30], which gives 

1 f^* dA / \ 

lnJta = - f Im/ 4n jm^{^ ~ fhl) , (5.88) 

where Ar is the value of A at resonance, and A* is the value of A for 
which rhi = fh\. This condition, of course, is satisfied for complex 
values of A, viz A* = e ±2, "Am 2 , and that is why the method is called 
the method of complex trajectory. 
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The final result depends on the nature of the density variation. If 
the variation is assumed to be linear, i.e., dA/dx is constant, one obtains 



Plzs = exp - -Tres • (5.89) 




Different expressions, valid for exponentially varying density [31] as well 
as in regions where 7 < 1, [32] have been worked out in the litera- 
ture [30]. 

D Exercise 5.8 Supply the missing steps between Eqs. (5.88) and (5.89). 

This phenomenon of level crossing proved crucial in understanding 
the neutrino flux from the Sun, a detailed account of which appears in 
Ch. 6. In view of this importance, there has been a great deal of work in 
this field [33]. Several authors have analyzed matter effects with three 
generations of neutrinos instead of two [34]. A rigorous field theoretic 
derivation of the effective mass matrix has been performed as well, the 
details of which will be presented in Ch. 16. 



Chapter 6 



Solar neutrinos 



Neutrinos are an essential part of the process of stellar evolution. The 
sun shines because of the energy production in the following nuclear 
fusion reaction in its deep interior core: 

4p -> a + 2e+ + 2v e + 28 MeV . (6.1) 

This reaction represents in a compact form a series of successive re- 
actions and is at the core of the whole new field of neutrino astronomy. 
The released 28 MeV binding energy of the a-particle diffuses out of the 
core, getting degraded in frequency in the process to appear as sunlight. 
Our concern here is with the neutrinos which have energies roughly in 
the range of a few MeVs, depending on the details of the nuclear re- 
action. Since the density of a typical stellar core is roughly 100 g/ cm 3 
and typical u e e scattering cross section is about 10 _43 cm 2 , the mean 
free path of a neutrino is of order 10 17 cm, which is much larger than 
the radius of the sun and of typical stars. Thus, neutrinos escape the 
sun and stars. From the observed solar luminosity, one can determine 
that the flux of neutrinos from the sun is about 6 x 10 10 cm -2 s _1 on 
the earth. These neutrinos carry away about 2-3% of the total energy 
emitted by the sun. Thus neutrinos from stars are another messenger of 
physics information in addition to the usual electromagnetic radiation. 
An advantage of neutrinos over electromagnetic radiation is that they 
carry information about the core and therefore detailed study of stel- 
lar neutrinos is bound to provide useful information on stellar interior 
as well as validity of existing theoretical models for the structure and 
evolution of the sun and other stars. With these motivations, in the 
early sixties Bahcall and his collaborators and Davis and his co-workers 
pioneered a detailed program of studying the solar neutrinos: Bahcall 
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its theoretical aspects and Davis, the experimental detection [1]. 

6.1 Source of neutrinos in the sun 

As mentioned earlier, neutrinos are an essential byproduct in the hydro- 
gen burning process responsible for energy generation in the sun. The 
main process responsible for helium production is the so-called pp-chain 
described below [2]. 86% of the neutrinos are produced in the pp-I chain: 

ppl : p + p -> d + e + + u e (< .42MeV) 

p + e" +p -> d + i/ e (1.44 MeV) 

d + p -> 7 + 3 He 
3 He + 3 He -> 4 He + p + p. (6.2) 

Here and elsewhere in this chapter, the number in the parentheses after 
each v e denotes the energies of the neutrinos emitted. 

The 3 He produced in the above chain leads to the following chains, 
called hep chain which contributes only a small fraction (~ 10 -7 ) of 
the neutrino flux and pp-II chain which contributes about 14% of the 
neutrino flux. 

hep: 3 He + p -> 4 He + e + + u e (< 18.77 MeV) 

ppll: 3 He + 4 He -> 7 Be + 7 

7 Be + e~ -> 7 Li + v e (0.861 MeV) 
7 Li + p-> 4 He + 4 He. (6.3) 

Finally, there is the pp-III chain which is responsible for a fraction 1.5 x 
10~ 4 of the total neutrino flux. Despite the smallness of this fraction, 
it is of direct interest to us since these are the neutrinos detected in the 
Kamiokande experiment, and also constitute the major source in the 
experiment of Davis to be described below. It uses the 7 Be produced in 
the pp-II chain: 

pp-III : 7 Be + p-J" 8 B + 7 

8 B -> 8 Be* + e + + v e (< 14.06 MeV) 
8 Be* -> 4 He + 4 He . (6.4) 
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Figure 6.1: Fluxes on the earth's surface of neutrinos emitted from the sun in 
various reactions. For the continuous spectra, the unit is cm -2 s -1 MeV -1 . For 
the discrete lines, the plot represents the number of neutrinos received per cm 2 
per second. (From the internet page http://borex.lngs.infn.it/) 



There is also the CNO cycle, originally proposed by Bethe [3], which 
is responsible for the production of neutrinos. 



CNO cycle 



12 C+p-> 13 N + 7 

13 N _> 13 C + e + +]/e (< 1.2 MeV) 



13 C+p 

14 N+p 



14 N + 7 
15 + 7 



i5 _> 15 N + e + + u& (< 1.73 MeV) 

15 N+p-> 12 C + a 
15 N+p-> 16 + 7 
16 0+p -> 17 F + 7 

17 F -> 17 + e + + u e (< 1.74 MeV) 
17 0+p-> 14 N + a. 



(6.5) 



This cycle dominates over the pp chain only if the temperature exceeds 
1.8 x 10 7 K. For the sun, this condition is not met and therefore, this 
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Table 6.1: Flux of solar neutrinos from various reactions [4]. 



Chain 


Reaction 


Flux on earth 
in cm -2 s _1 




PP 


5.95xl0 10 




pep 


1.40xl0 8 


PP 


hep 


9.3 xlO 3 




7 Be 


4.77xl0 9 




8 B 


5.05xl0 6 




13 N decay 


5.48xl0 8 


CNO cycle 


15 decay 


4.80xl0 8 




17 F decay 


5.63 xlO 6 



contributes only 1.5% to neutrino production. 

The calculation of solar neutrino flux for these various chains depends 
on many factors such as the solar temperature, relative abundance of el- 
ements, nuclear reaction rates as well as the hydrodynamics of the solar 
interior. This calculation was pioneered by Bahcall and co-workers and 
subsequently done by other groups as well. On the basis of these calcula- 
tions, a standard solar model has now been established. We summarize 
the most recent results [4] of the calculations in Table 6.1. As is seen 
from the table, the main flux comes from the pp reaction. Since two 
neutrinos share the total 4 He binding energy of 28MeV, a back of the 
envelope calculation gives a rough order of magnitude of the neutrino 
flux as 

(Luminosity) 



$ = 



4nd 2 x | (Binding energy of 4 He) 

4 x 10 33 erg/ s 
4tt x (1.5 x 10 13 cm) 2 x 14MeV 
6 x lO^cm^s" 1 . 



(6.6) 



6.2 Solar neutrino detection techniques 

A number of experiments have detected neutrinos coming from the sun, 
using various techniques. Here, we will give a short summary of the 
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techniques involved, pointing out the advantages and disadvantages for 
each method. 

6.2.1 Radiochemical detection 

In the radiochemical method, the detector chemical X, on interaction 
with neutrinos, converts into a radioactive isotope of another element 
Y with half-life of a few weeks. In a typical run, the detector is left to 
absorb neutrinos for a few weeks. Then the few atoms of the radioac- 
tive end product, accumulated within the run time, are extracted and 
counted by using chemical techniques. This count measures the neutrino 
flux. 

Nuclei which have been used for such experiments are listed in Ta- 
ble 6.2, where we have also listed the capture rates, the half-life of the 
daughter nucleus, the threshold energy of each experiment. In addition, 
we have shown how some of the key reactions for neutrino production 
contribute to the flux detected in any given experiment. The unit for 
capture rates is SNU, or the solar neutrino unit. It is a convenient unit 
for these experiments, which represents the number of captures occur- 
ring per day in 10 36 atoms in the detector. 

The earliest solar neutrino detection experiment, led by Raymond 
Davis, used the radiochemical method [5]. The detecting material was 
perchloroethylene, a dry-cleaning fluid rich in chlorine, kept under the 
Homestake mines in South Dakota, USA. Interaction with neutrinos 
initiate the inverse beta-decay reaction 

i/ e + 37 Cl->e-+ 37 Ar. (6.7) 

The product 37 Ar is radioactive, and is used for the detection in a manner 
stated above. 

Another element suitable for this purpose is Gallium [6]. In the early 
1990s, two radiochemical experiments started producing results using 
Gallium as the active element in the detector. The experiment carried 
out in Italy's Gran Sasso Laboratory by the GALLEX collaboration 
uses 30 tons of liquid gallium chloride. The other one, conducted by 
the SAGE group and located in the Baksan mountains in the Caucasus 
region of Russia, uses 60 tons of metallic gallium. Several other possible 
detector materials are: 7 Li, 81 Br [7], 127 I [8], but they have not been 
used in any experiment yet. 
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Table 6.2: Reactions employed for radiochemical detection of solar i/ e 's. All 
reactions are of the form v e -f- X -4 e~ + Y for suitable nuclei X and Y which 
are listed. The rates are given from Ref. [4]. The total capture rate also includes 
contributions from neutrinos from the CNO cycle, which are not shown separately 
here. 



Nuclei 


Eth 
(MeV) 


r 
(days) 


Capture rates in SNU 


X 


Y 


PP 


pep 


'Be 


8 B 


Total 


37 C1 
71 Ga 


37 Ar 
71 Ge 


0.814 
0.233 


35 
11.4 


0.00 
69.7 


0.22 
2.8 


1.15 
34.2 


5.76 
12.1 


7.6«;? 
1281? 



Based on the same principle, various geochemical experiments have 
also been suggested, which would use the abundances of naturally oc- 
curring elements and therefore require end products with long half-lives 
(~ 10 6 ) yrs. One such suggestion uses 205 T1, which turns to 205 Pb for 
a threshold neutrino energy of 0.062 MeV. Thus, it can detect the pp 
neutrinos and the capture rate is expected to be high, about 263 SNU. 
Other suggestion include 97 Mo, 98 Mo, 81 Br etc. However, there has not 
been any experiment employing these suggestions. 

The main advantage of the radiochemical method is the low thresh- 
old energy of the neutrinos detected. As seen from Table 6.2, Gallium 
detectors have a threshold energy of 0.233 MeV, which enables the de- 
tection of the pp neutrinos. Because of this, the capture rate is quite 
high in Gallium detectors. The threshold energy for Chlorine detectors 
is somewhat higher, but it still allows detection of pep neutrinos, 7 Be 
neutrinos, and some neutrinos from the CNO cycle. Chiefly, however, it 
detects neutrinos produced in the decay of 8 B, as seen from Table 6.2. 

There are of course several disadvantages of the radiochemical 
method. One cannot determine the energy of the neutrino or the di- 
rection that it came from. It is also impossible to determine the time 
when a neutrino was trapped in the detector. 



6.2.2 Water Cerenkov detection 

This technique has been used in the Kamiokande collaboration [9], and 
their reincarnation called Super-Kamiokande. The technique is useful 
also for detecting neutrinos with much larger energies, e.g., in the GeV 
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range. 

The detector material is water. The neutrino comes and hits the 
atomic electrons in hydrogen and oxygen atoms. Since the neutrinos 
have energies in the range of MeVs, the atomic binding energies are 
negligible and the scattering can be treated as elastic scattering of neu- 
trinos off free electrons: 

v + e->v + e. (6.8) 

As a result, the electron acquire some energy from the neutrino. If the 
final electron is energetic enough, it will move at a speed which is larger 
than the speed of light in water. In such situation, Cerenkov radiation is 
emitted from the electron. Detection of this light constitutes an indirect 
detection of the neutrino. 

This method has some advantages over the radiochemical method. 
For example, the Cerenkov radiation has a forward peaked angular dis- 
tribution within an angle 



•~v5- (6 - 9) 

Extrapolating the cone in the backward direction, one can verify whether 
the neutrino is in fact coming from the sun. Moreover, such detection 
can be done in 'real-time', i.e., the neutrinos can be detected as soon 
as they arrive in the detector. It should also be noted that this method 
can detect even v^s and u T 's. However, the efficiency of detection is not 
the same as that of ^ e 's since the cross-sections are different, as shown 
in §2.3. 

However, the method has a big disadvantage as well. The incoming 
neutrino must be energetic enough to induce Cerenkov radiation from 
electrons. This sets a natural lower limit on the energies of neutrinos 
detected. In fact, near this theoretical lower limit, the background is very 
high, so in practice the method can be employed for quite high energy 
neutrinos. The Kamiokande and super-Kamiokande collaborations used 
a threshold of 5 MeV in their experiment. This means that they could 
detect only neutrinos coming from the 8 B decay, as can be confirmed 
from Fig. 6.1. 
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6.2.3 Heavy water detection 

A novel detection technique was employed at the Sudbury Neutrino 
Observatory (SNO) in Canada, which released its first results in 2001. 
In fact, it employs a combination of detection techniques, as we describe 
now. 

The detecting material is heavy water. There are of course electrons 
in the atoms, and they can be used to detect neutrinos via Cerenkov ra- 
diation, just like water detectors. However, the presence of the deuteron 
nucleus allows detection in some other ways. First, the incoming neu- 
trino can undergo a charged current reaction with the deuteron: 

v e + d^p + p + e~. (6.10) 



Once again, the resulting electron can be detected via its Cerenkov radi- 
ation, which gives information about the neutrino energy and direction. 
Second ; the incoming neutrino can also undergo a neutral current 
reaction with the deuteron, breaking the nucleus: 



v + d-tv + n + p. (6.11) 



Detection of the resulting neutron confirms the occurrence of this pro- 
cess. 

Needless to say, the availability of three different modes of detection 
is a great advantage, because things can be cross-checked easily. More- 
over, it should be noted that the three methods have different sensitiv- 
ities towards the neutrino types that enter the detector. The charged 
current process can detect only i/ e 's, just like radiochemical detectors. 
The electron scattering process can also detect i^'s and *Vs, but with 
lower efficiency, as already discussed in the context of the water detec- 
tors. However, the neutral current process of Eq. (6.11) is remarkable 
because it does not contain any charged lepton, and therefore has the 
same cross-section irrespective of the neutrino flavor. Detection through 
this channel has had far-reaching implications on the study of solar neu- 
trinos, as will be discussed later in the chapter. 
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6.3 History of solar neutrino detection 

6.3.1 The solar neutrino puzzle 

As already mentioned, solar neutrino detection experiments were pio- 
neered by Davis and collaborators [5]. Their experiment uses the ra- 
diochemical method with 37 C1 as the detecting material. Data taking 
started around 1970 and is still ongoing. Since the earliest runs, the 
data showed a considerable shortage of neutrinos compared to the solar 
model calculations. 

The calculation of the capture rate for this reaction, in its own turn, 
has gone through some dramatic turns. Bahcall and his collaborators 
began their calculations in the mid-1960s. Gradually, they improved 
their calculation and by 1988 arrived at a capture rate of [10] 7.9 ± 
0.9 SNU for the Chlorine detector, where the uncertainty quoted is at the 
lcr level. However, in the same year, another calculation from a group 
in Saclay [11] indicated a much lower capture rate of 5.8 ± 1.3 SNU. It 
was later pointed out that the Saclay group used a cross-section for the 
7 Be+p reaction which was much too low, and over-corrected some of the 
opacity calculations existing in the literature. Once these factors were 
taken into account, their results became quite close to those of Bahcall's 
group. Meanwhile, Bahcall and Pinsonneault [12, 13] improved on the 
earlier calculations [10]. In their recent versions, they have included the 
effects of diffusion of different elements produced in the sun. Since no 
other group has taken these effects into account yet, we will accept the 
results of this version [4] to be the standards, which we show in Table 6.2. 

All experiments carried out till the year 2000 detected neutrino fluxes 
which were much below the values predicted by these calculations. There 
were, in fact, four detectors at that time: the Chlorine detector of Davis 
and collaborators, the water Cerenkov detector used by the Kamiokande 
group which was later upgraded to the super-Kamiokande detector, and 
the Gallium detectors used in the two experiments by the GALLEX and 
the SAGE groups. The cumulative results of these four experiments are 
shown in Table 6.3. 

As already said, the results of all these experiments were lower than 
the prediction of the standard solar model. This came to be known as 
the solar neutrino puzzle. Moreover, different detectors saw different 
suppression ratios compared to the standard solar model, which adds 
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Table 6.3: Results of solar neutrino experiments. The column called Type' 
gives the type of reaction used in detection: CC for charged current, NC for neutral 
current, and ES for neutrino-electron scattering. In the column for results, the first 
error is statistical, and the second one is systematic. The unit CGS used in this 
column refers to 10 6 CGS units of flux, i.e., 10 6 cm _2 s _1 . The other unit is SNU, 
explained in the text. In the last column, comparison has been made with the flux 
calculated in the model by Bahcall, Pinsonneault and Basu [4]. 



Experiment 


Type 


Ref. 


Result (la) 


Result 
BP SSM 


Homestake 


CC 


[14] 


2.55 ±0.17 ±0.18 SNU 


0.27 ±0.03 


Kamiokande 


ES 


[15] 


3.0 ±0.41 ±0.35 CGS 


0.44 ± 0.06 


SAGE 


CC 


[16] 


7o.sti 6 2 i:li SNU 


0.553 ± 0.034 


Gallex 


CC 


[17] 


74.1 ± 5.4±23 SNU 


0.579 ± 0.037 


SNO 


CC 

ES 
NC 


[18] 

[18] 
[19] 


1.75_£$ ± 0.09 CGS 
2.39lg"||±0.12 CGS 

c nq+0.44+0.46 prjc 


0.349 ± 0.021 
0.473 ± 0.052 
1.008 ±0.123 



another shade to the puzzle. Of course this does not mean that the 
results are mutually inconsistent because different detectors are sensitive 
to different energy regions of the solar neutrino spectrum. However, this 
does mean that whatever is the mechanism for the suppression of the 
u e flux coming from the sun, the suppression is energy dependent. A 
proper understanding of the puzzle must incorporate this feature into 
it. 

6.3.2 Reflections on the puzzle 

From an astrophysical point of view, it might be tempting to think that 
this puzzle may be an indication of some hitherto unknown property of 
the sun. After all, in calculating the neutrino flux from the sun, many 
properties about the sun are needed as input. Table 6.4 summarizes 
some of these properties. The principal assumptions that go into the 
calculation of these parameters are the following [1, 2]: 

• Hydrostatic equilibrium of the sun, which is known to be an ex- 
cellent approximation. 

• Energy transport by photons, which requires knowledge of sun's 
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Table 6.4: Properties of the sun. 



Luminosity 


3.86 x 10 33 erg/s 


Baxyon number 


~10 57 


Radius 


6.96 x 10 10 cm 


Approximate thickness of the 
convective zone 


1.8 x 10 10 cm 


Age 


4.5 x 10 9 yr 


Surface temperature 


5772 K 


Core temperature 


1.56 x 10 7 K 


Approximate core density 


148 g/ cm 3 



opacity. 

• Energy generation by nuclear fusion, which should also be an ex- 
cellent approximation. 

• Relative abundance of different elements is determined solely by 
nuclear reactions. 



Of course, any of these assumptions could be faulty. For instance, if there 
are some new kinds of particles which participate in energy transport 
(such as weakly interacting massive particles or WIMPs), this would af- 
fect the flux predictions. This is because the assumption about energy 
transport by photons only would not be true any more. The temperature 
of the solar core would be lower. To see how this can affect the neutrino 
flux prediction, we note that the 8 B neutrino flux depends on core tem- 
perature as T c 18 . As a result, only about 10% lowering in temperature 
of the core would explain the deficit in the chlorine and Kamiokande 
experiments. But the pp neutrinos have an inverse dependence on core 
temperature : $(pp) ~ Tc" 1-5 . Although the dependence is weak, this 
makes the Gallium results look more puzzling than before. 

The calculation of neutrino fluxes from the sun has also been criti- 
cized [20] because the standard solar model does not take many things 
into consideration, e.g., solar rotation, magnetic fields, turbulent dif- 
fusion, and also does not satisfactorily account for the abundances of 
various nuclei, most notably 7 Li. 
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In spite of these criticisms and skepticisms, a strong argument was 
advanced [21] to the effect that modifications of the solar model alone 
could never solve the solar neutrino puzzle. The argument goes roughly 
like this. No matter what is the spectrum and flux of neutrinos emitted 
from the sun, if they all arrive at the detectors, the Chlorine detector 
should detect more than the Kamioka one, since the former has a lower 
threshold. However, the results are the opposite, so it suggests that 
there is an energy-dependent suppression of the neutrino flux on its way 
from the solar core to the detectors. 

A more quantitative solar model independent analysis along this line 
was carried out by various groups [22] who have shown that if the neu- 
trino absorption cross-sections in the various detectors were not different 
from what was assumed in the various analyses, then the constraint of 
solar luminosity along with the Chlorine, Gallium and Kamiokande data 
implied that the 7 Be neutrino flux must be negative, which is clearly un- 
acceptable. In fact the conclusion could be reached by taking any two of 
the three different kinds of detectors. It was therefore clear, even from 
these first four experiments, that one needed to consider another alter- 
native for the resolution of the solar neutrino puzzle, viz, new properties 
of neutrinos beyond those given by the standard model of electroweak 
interactions. 

6.3.3 New light on the puzzle 

A new era of solar neutrino detection was ushered in by the Subdury 
experiment results. As described above in §6.2, they measured the neu- 
trino flux through three different reactions. In their first paper [18], they 
published the results from two channels only — charged current (CC) 
and electron scattering (ES). The results are given in Table 6.3 (p 116). 

Even the results from these two channels established a striking fact. 
Note that the flux obtained from the CC detection is substantially lower 
than that obtained by the ES method. Recall now, from the discussion 
in §6.2, that the CC method detects only iVs, whereas the ES method 
also detects v^s and v T } s with a lower efficiency. The mismatch between 
the two results then indicates that the neutrino flux detected has a v^ T 
component. 

Both CC and ES methods were employed by earlier detectors as 
well. However, no one experiment used both methods. Different ex- 
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periments have different thresholds, different methods of analysis and 
different systematic errors. Therefore, it is not possible to compare data 
from different experiments. Here, on the other hand, the same exper- 
iment used two different methods. That is why a direct comparison 
was possible between the two methods, and one could establish that the 
neutrinos detected are not all i/ e 's. 

This was confirmed by the neutral current (NC) data published later 
[19], which detected all neutrino flavors with the same efficiency. More- 
over, the total flux detected by the NC method is completely consistent 
with the prediction of the solar model calculations. 

The situation, then, can be summarized as follows. The sun produces 
only z/ e 's. However, by the time these neutrinos are detected on the 
earth, we find that some of the i/ e 's have been converted to other flavors 
of neutrinos. This is certainly not possible if we stick strictly to the 
standard electroweak model. We must go beyond the standard model 
to understand this phenomenon. 



6.4 Solar neutrino flux and neutrino oscillations 

In Ch. 5, we have discussed that massive neutrinos, in analogy with 
massive quarks, can undergo oscillations from one flavor to another. This 
would then be the most natural explanation for the non-i/ e component in 
the solar neutrino flux obtained on the earth. Indeed, much before the 
non-k'e component was experimentally established, theorists advanced 
this as the possible solution to the solar neutrino puzzle. Newer data only 
helped constrain the parameters used in the solution. In this section, 
we give an outline of this solution. 

6.4.1 Vacuum oscillations 

The general formula for oscillation is determined by the form of the neu- 
trino mass matrix. The nature of the mass matrix is in turn determined 
by whether the neutrino propagates in vacuum or in matter, as discussed 
in Ch. 5. We first disregard matter effects and try to see whether the 
solar neutrino puzzle can be resolved by the vacuum oscillation phe- 
nomenon. 

For this, we can use the results of Ch. 5. The fraction of v e 's that 
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survives as v e can be written, from Eq. (5.33), as 



P„ el/e (x) = 1- sin 2 20 fdE$(E) sin 2 (^r=rx\ , (6-12) 



where $(E)dE is the fraction of neutrinos with energies between E and 
E -f dE among the captured neutrinos, with f dE$(E) = 1. For x, we 
can use the earth-sun distance, which gives 



Ar?r / Am' 



x = 



Am 2 \ ZlMeV\ „ ,„ n , 

AE~ VleV^J (-B-J • 1 " 9 X 10 ■ (613) 

Since the energies of neutrinos detected are roughly in the 1 to 10 MeV 
range, we see that if Am 2 > 10~ n eV 2 , the integral gives a value \, 
so that the survival probability is always greater than \. This cannot 
explain the results of the Chlorine experiment. Careful analysis shows 
[23, 24] that fit to the first four experiments can be obtained for a range 
of values with Am 2 ~ 10 _11 eV 2 , and sin 2 20 almost equal to unity. 
However, the Sudbury experiment data seems to have ruled out these 
allowed regions [25], so that vacuum oscillation can no more explain the 
solar neutrino fluxes observed in experiments. 

6.4.2 Resonant oscillation in solar matter 

Resonant neutrino oscillation in matter [26, 27] was discussed in §5.5.2. 
In Eq. (5.86), we found that the survival probability of a beam of neu- 
trinos is given by 



1 r 



p — 1 
2 



VeVe. 



l + (l-2iizs)cos2§ocos20] , (6.14) 



where 9q is the effective mixing angle at the production point and JPlzs 
is the Landau-Zener-Stuckelberg jumping probability. As in §5.5, we 
will use the subscript '0' to refer to quantities at the production point. 
To see how it might help us in understanding solar neutrino fluxes, 
we need to pay attention to two conditions. First, since the electron 
density decreases on the way out, the resonance is never reached unless 
the neutrino is produced at a region where the density is higher than the 
resonant density, i.e., unless Aq > Am 2 cos 20, where A = 2\/2GFn e E 
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Figure 6.2: Survival probability for v e 's as a function of Am 2 /E, using Eq. 
(6.14). The horizontal lines corresponding to survival probabilities of 0.2 and 0.4 
have been drawn to aid the explanation in the text. 



as defined in Eq. (5.67). Most neutrinos are produced at the solar core, 
where the electron density is roughly 

n «6x 10 25 cm~ 3 . (6.15) 

This gives the following condition for the occurrence of the resonance: 

Am 2 



E 



cos 20 < 1.5 x 10~ u eV = m 



res 



(6.16) 



The second condition is that of the onset of adiabaticity as given 
in Eq. (5.80). To use it in the present context, note that the electron 
density in the sun (except for the inner 10% of the radius) , can be given 

by 

n e {x) = 2n e- 10 */* (6.17) 

where R® is the solar radius given in Table 6.4. Using Eq. (5.80), we 
thus find that the adiabaticity condition is satisfied if 



Am 2 sin 2 26 10 
E ' cos 26 > R Q 



-15 „XT =- 



3 x IO" 10 eV = m ad 



(6.18) 
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The importance of these two numbers can be understood from 
Fig. 6.2. For large values of Am 2 /E, conditions are adiabatic so that 
we can put i\ Z s « 0. Near the right end of the graph, Am 2 /E is 
so large that the resonance condition of Eq. (6.16) is not satisfied. As 
a result, the v e flux is not reduced by resonant oscillation: matter ef- 
fects are negligible, the survival probability equal to what it would have 
been in the vacuum, which is always bigger than \. The resonance is hit 
when Am 2 /E becomes roughly equal to the quantity m res denned in Eq. 
(6.16). For smaller values of Am 2 /E, the survival probability is close to 
sin 2 0, as argued in §5.5.1. The fall from the high to this small value of 
survival probability is very sharp, characterized by the resonance width 
of Am 2 sin 20. As seen in Fig. 6.2, the fall is very sharp when is very 
small, and becomes more and more gradual as 6 increases. 

□ Exercise 6.1 If Am 2 /E » m res and adiabatic conditions prevail, 
show that the survival probability obtained from Eq. (6.14) coincides 
with the vacuum result given in Eq. (5.14) when the latter is averaged 
over a wide range of energies. 

Things would have stayed like this if the adiabaticity condition had 
been obeyed all along, but it does not. As Am 2 /E becomes much 
smaller, Eq. (6.18) fails to be satisfied. The jumping probability then 
becomes appreciable, and the survival probability rises slowly. This is 
seen in the left part of Fig. 6.2. 

Imagine now a situation where one performed an experiment and ob- 
tained the survival probability to lie between 0.2 and 0.4, corresponding 
to the two horizontal lines in Fig. 6.2. If tan 2 6 = 0.01, we will obtain two 
different ranges of Am 2 JE to be consistent with the result. One is in the 
high range which will be very narrow, its width governed by the width 
of the resonance. The other will be in the non-adiabatic region with 
a larger range, somewhat separated from the previous high range. The 
part in the middle will not be allowed because the survival probability in 
the flat basin is lower than the range of probabilities encountered in the 
experiment. If tan 2 is increased to 0.1, we will still have two regions, 
except that both regions are now a bit wider and further separated. If 
is even larger, say tan 2 = 0.5, a large continuous region of Am 2 /E 
will be allowed, because Fig. 6.2 shows that the entire basin lies within 
the specified range of survival probabilities. 

Let us now try to look at the same things from a different angle. We 
consider a beam of neutrinos of some average energy E. For the sake 
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Figure 6.3: Contours of equal survival probability for v e 's, using Eq. (6.14). 
Starting from the innermost one, the survival probabilities are 0.1, 0.3 and 0.5. 



of simplicity, we consider the range of energies to be small enough so 
that we can treat the beam as monochromatic, but large enough so that 
the interference term of Eq. (5.85) can be ignored. This time, we seek 
for the values of Am 2 /E and 9 which will give a particular value of the 
survival probability Pq < 0.5. 

D Exercise 6.2 Consider the expression for adiabatic survival probabil- 
ity in Eq. (5.85), which contains the interference term. Argue that, when 
one integrates over different energies of neutrinos, the interference term 
is negligible if Am 2 » 10 -10 eV 2 in case of real experiments where the 
neutrino energies span a range of at least a few MeV's. 

In Fig. 6.3, we have shown such contours of equal probability cor- 
responding to three different values of Pq. Clearly, each contour has 
roughly three sections: a horizontal part, a vertical part and a diagonal 
part. The nature of these different parts can be understood from what 
we have learned from Fig. 6.2, which is what we do now. 

Consider a equal probability line in Fig. 6.2, which would be a hor- 
izontal line through the figure. For small angles, this horizontal line 
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will cut the survival probability curve at two points: one in the reso- 
nance region, and one in the non-adiabatic region with a smaller value 
of Am 2 /E. The horizontal parts of the equal probability contours of 
Fig. 6.3 correspond to the value of Am 2 /E in the resonance region. As 
long as 6 <C 1, this value stays fixed at m re s as dictated by Eq. (6.16). 
This is why this part of the contour is horizontal. 

□ Exercise 6.3 In the region where Am 2 /E < m a d and 6 < 1, show 
that the survival probability is essentially equal to the jumping proba- 
bility. 

Consider now the other solution, which is in the non-adiabatic re- 
gion. For 6 <C 1, the survival probability here is essentially equal to 
the jumping probability Pizs- Using the expression for the jumping 
probability from Eqs. (5.89) and (5.80) and the electron density profile 
from Eq. (6.17), we find that the non-adiabatic solution [28] given by 
the condition 

9 2 Am 2 /E = _101n^ (6 lg) 

7rit© 

This is the diagonal solution in Fig. 6.3. 

In addition, we will have a large angle solution for which the entire 
basin of the survival probability curves shown in Fig. 6.2 will have the 
probability Fo- This will correspond to the vertical parts of the equal 
probability contours shown in Fig. 6.3. 

Thus, taking all three branches together, we see that any equal prob- 
ability line in the plot is roughly of the form of a triangle, with a hor- 
izontal, a vertical and a diagonal branch. Of course, near the vertices, 
the triangle is a little rounded since the extreme assumptions that we 
took do not apply there. The three branches have different energy de- 
pendences, which we now discuss. 

We argued before that as long as the condition Am 2 cos 26 < 
Em Tes = Aq is satisfied for some energy, the resonance condition will 
be reached somewhere in the sun. In the horizontal branch, for the 
most part, cos 26 « 1. Thus, for a fixed value of Am 2 , virtually all 
neutrinos having an energy greater than a certain value are converted 
to Vp and only the less energetic neutrinos survive. The lower the value 
of Am 2 , the smaller the v e flux because lower and lower energies can 
satisfy the resonance condition and are converted to v^. 
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In the vertical branch, cos 20 is small enough that even very low 
energy neutrinos satisfy Eq. (6.16) and undergo resonant conversion. 
The survival probability, sin 2 0, is practically the same for neutrinos 
with all energies, as is obvious by looking at the basins of the curves in 
Fig. 6.2. 

Finally, the slanted branch denotes the range of values where non- 
adiabatic oscillation can produce the required depletion through Eq. 
(6.14). This can occur only if i\ zs is large, i.e., the energies of the 
neutrinos are large. Thus, in this branch, the higher energy neutrinos 
survive whereas the low energy ones are depleted, in contrast to the 
horizontal branch. 

The strategy for fitting experimental data is easy to understand. 
First, one needs to integrate over the spectrum of energies relevant for 
any given experiment. Second, one can take into account the distribution 
of production points of the neutrinos in the sun, but this sophistication 
does not have much impact on the result. Third, one can use a better 
density profile for the sun which is valid even for the core. One such 
profile is given by [29] 

n e (x) = n exp f - -~— j , (6.20) 

where z = x/Rq, a = 11.1 and b = 0.15. Since any experiment gives 
a range of probabilities because of finite error bars, the allowed region 
in the plane of Am 2 vs sin 2 29 is in the form of a band whose limiting 
curves have roughly the shape of a rounded triangle, somewhat similar 
to those in Fig. 6.3. 

All these regions allowed by the data of Davis, Kamiokande, and the 
two Gallium experiments can be marked out in a plot similar to the one 
in Fig. 6.3. The allowed region for each experiment shows clearly three 
branches, a horizontal branch, a vertical one and a slanted one. Prior to 
the publication of the SNO data, there were two distinct regions [23, 30] 
which were allowed by the existing experiments: one with small mixing 
angle (SMA), and another with large mixing angles (LMA). A further 
third region, with very small values of Am 2 corresponding to the bot- 
tom of the triangular regions shown in Fig. 6.3, was also allowed at a 
very large confidence level. The SNO data [18, 19] further restricted the 
parameter space by ruling out the small mixing angle solution and con- 
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straining the other ones. The resulting allowed regions in the parameter 
space [25] are shown in Fig. 6.4. 

In fact, without going through the detailed calculations, there is 
an easy way to guess that the LMA solution is preferred to the SMA 
solution. The radiochemical detectors cannot determine the energies of 
the neutrinos, as we have remarked earlier. But the other experiments 
can. And by now, there is a sizeable amount of data from these other 
experiments. These show that the depletion of v e flux, roughly speaking, 
is independent of energy. The LMA solution is energy independent, the 
SMA solution is not. Hence the LMA solution, which, from Fig. 6.4, 
appears in the region 



Am% = 2 x 10" 5 to 3 x 10~ 4 eV 2 , 
tan 2 Q = 0.25 to 0.90 , 



(6.21) 



where the subscript '0' stands for the sun. Interestingly, the allowed 
region in the 10~ 3 to 10 -4 eV 2 range has a huge overlap with the region 
allowed by the terrestrial experiment KamLAND, whose results were 
discussed in Ch. 5. 
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6.5 Other factors that might affect solar neu- 
trino flux 

Besides neutrino oscillations, there are other mechanisms which can af- 
fect the flux of solar f e 's detected on the earth. Indeed, they were consid- 
ered with great seriousness in the days when the detected flux always fell 
short of the calculated flux, hoping that these alternative mechanisms 
can provide an explanation for the mismatch. Since the Sudbury neutral 
current results have been published, it seems likely that neutrino oscil- 
lations hold the key to the puzzle. However, these other effects might 
still produce minor modifications of the flux, and so are included here 
for the sake of completeness. 

6.5.1 Neutrino decay 

If the electron neutrino is unstable and decays in flight from the sun to 
the earth, this would explain the deficit of solar neutrinos observed on 
earth [31]. At the time this idea was proposed there was no plausible 
particle physics scenario available for v e — )■ v'+$. With the introduction 
of the massless pseudo-scalar boson, Majoron [32], this proposal was 
revived [33]. This required a lifetime of the neutrino E Ve r Ve jm Ve < 500 s. 
This scenario is, however, already ruled by observation of neutrinos from 
SN1987A, which implies a v e lifetime of at least 160,000 years, since 
it took that long for neutrinos to reach from SN1987A on earth. A 
combination of decay and oscillation, discussed in §5.4, might be able 
to explain the depletion of the v e component in the solar neutrino flux 
[34]. Since the survival probability in the case of fast decay is cos 4 0, as 
shown in Eq. (5.49), we need 6 ~ 45° in order to agree with experimental 
data [35]. 

6.5.2 Neutrino magnetic moment 

If the neutrinos have a non-zero magnetic moment £i„, they can undergo 
spin flip vl — > vr when they pass through the magnetic field in the sun. 
Since the right-handed neutrinos have extremely weak interactions with 
matter, they will escape detection, thereby explaining the depletion of 
the observed neutrino flux on earth [36, 37]. 

To discuss this phenomenon quantitatively, let us assume that the 
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mass of the vl produced in the weak interactions is m^,, whereas the 
mass of the vr is ttir. (We will discuss later why we keep these different 
for the time being.) Then the propagation of these states are governed 
by the equation 

m 2 L /2E \x v B 
H U B m 2 R /2E 

Thus, in an original beam of left-handed neutrinos, the survival proba- 
bility of i/£,'s after a distance x is given by 

p v LVL {x) = \{vl{x) I ^l(0)}| 2 = 1 - sin 2 /3 sin 2 ftz:, (6.23) 

where fi, and (3 are defined by the relations 

Arri^R = mi — m R = 4EQ, cos , 

/vB = fisin/3. (6.24) 

D Exercise 6.4 Show that the solution of Eq. (6.22), apart from a pos- 
sible overall phase, is given by 

(*) ) = [cos fix - i{a 3 cos0 + <?i sin/3) sin Ox] ( ^ L ® j , (6.25) 

where 03 and <7\ are the usual Pauli matrices. From this, deduce Eq. 
(6.23). 

Eq. (6.23) immediately shows two important points. First, in order 
to have a noticeable modification to the survival probability, one must 
have P > 1, i.e., 

Am 2 LR < 4E^B . (6.26) 

Otherwise, the magnetic field will be too weak to cause spin flip. The 
implication of this constraint will be discussed later. 

Second, we should have Six > 1, i.e., the neutrino should traverse a 
non-trivial distance before the flip becomes noticeable. In view of Eq. 
(6.26), this condition can be written as 

VvBx > 1 . (6.27) 

Since the path length x cannot be larger than the solar radius, and edu- 
cated guesses about the magnetic fields in the sun are B ~ 10 3 to 10 G, 
one needs 

//„ ~ (0.1 to 1) x 10- 1( Vb (6.28) 



VR 
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to satisfy Eq. (6.27), where ^b = e/2m e is the Bohr magneton. In 
Ch. 13, we discuss that such a value is not ruled out by direct terrestrial 
experiments. Using Eq. (6.28) together with the estimates of B discussed 
earlier, we obtain from Eq. (6.26) the constraint 

\Am\ R \ < HT 7 eV 2 . (6.29) 

In principle one should take into account the matter-induced terms in 
the matrix of Eq. (6.22) but it has been shown that they do not change 
the conclusions [38]. 

For a single Dirac neutrino, it seems that this condition is trivially 
satisfied since Am^ = 0. But it is not so, since one must use the 
effective masses in the medium. Using the results of §5.5, we can write 
m 2 L = m 2 + 2E(V CC -f V nc ) where m is the mass in the vacuum, and 
m 2 R = m 2 since the u R does not have any weak interaction. This implies 

n e --n n < 10 22 cm -3 . (6.30) 

which can be satisfied in the convective zone of the sun, i.e., in the outer 
part. 

Despite this, direct magnetic moment cannot play an important role 
in the modification of solar neutrino flux for various reasons. Firstly, 
spin-flip would produce vr which would escape detection, causing a 
shortfall in the neutrino count. But the neutral-current data of the 
SNO experiment observe, within the error bar, the flux predicted by the 
standard solar model. Secondly, although magnetic moments such as in 
Eq. (6.28) are allowed by terrestrial experiments, there are supernova 
constraints discussed in Ch. 17 which imply much smaller values. 

The only way that a magnetic moments might be important at all is 
if there is a transition magnetic moment between two different neutri- 
nos, i.e., the spin-flip also changes the flavor of the neutrino. This kind 
of interaction is free from supernova as well as nucleosynthesis bounds. 
To work out this possibility in detail, one needs to consider a 4 x 4 
matrix involving the left and right chiralities of both flavors of neutri- 
nos involved and find out oscillation probabilities corresponding to that 
matrix. This process has been named spin-flavor oscillation. Ignoring 
matter effects, then, the condition for oscillation for this case is given 
by 

W Vl -m 2 V2 \ < 10" 7 eV 2 , (6.31) 
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using Eq. (6.29), where the transition moment is between two neutri- 
nos vi and v<l . Matter effects in this case have also been discussed. 
Once they are taken into account, one can allow [39] Am 2 < 10 _4 eV 2 . 
Moreover, notice that the oscillation probabilities are energy dependent, 
as seen from the energy dependence of fi and (5 in Eq. (6.23), so it is 
conceivable that different experiments would give different suppressions 
in flux. Detailed calculations, using some plausible magnetic field dis- 
tribution in the convective zone of the sun, has been carried out [40]. 
Theoretical models [41, 42] for such scenarios generally imply that v t 
and vi (£ = \x or r) pair up to form a Dirac neutrino with practically no 
Majorana mass entry to a high precision. However, it should be realized 
that KamLAND data disfavors the resonant spin-flavor oscillations and 
therefore this whole mechanism can play only a subdominant effect. 

6.5.3 Violation of the equivalence principle for neutrinos 

The weak equivalence principle of general relativity has been tested to 
about 1 part in 10 11 for ordinary matter. It has been shown [43] that a 
violation of this principle for neutrinos at the level of 1 part in 10 14 can 
be responsible for a depletion of the solar neutrino flux. 

In a gravitational field, the Dirac equation for the neutrinos give rise 
to the following Klein-Gordon equation: 

{9\p + f a h Xp )d X d p + m 2 a ] v a (x) = , (6.32) 

where g\ p is the flat-space metric, h\ p is the part responsible for grav- 
itation, and f a is a coefficient with which the neutrino eigenstate v a 
interacts with the gravitational field. In the general theory of relativity, 
f a = 1 for any particle. Thus, differences between different / a 's measure 
the violation of the equivalence principle. 

Now, assuming spherical symmetry and taking the weak field approx- 
imation to write h\ p = 2<p6\ p where <p is the Newtonian gravitational 
potential, the time-independent Klein-Gordon equation can be written 
as 



[G 



-*i-m 



r£ = 0, (6.33) 



where £ is the radial part of the wave function, and 

,2 
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K(r) = yjE 2 [l + 4/v>(r)] - m 2 « E - — + 2fE<p(r) , (6.34) 
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where E would have been the energy of the neutrino in absence of mass 
and gravitational field. 

So far, we considered a single flavor of neutrino. For two flavors, 
discarding terms which are proportional to the unit matrix, the Hamil- 
tonian can be written as 



where 



Q{r) = Am 2 -idf E 2 ip{r) , (6.36) 



where 6f = f% — /i gives the measure of violation of the equivalence 
principle. 

Level crossing will now occur if there is a region of high gravitational 
field where Q(r) < 0. This can induce oscillation if there is already some 
mixing in the vacuum. Denoting the vacuum mixing angle by 6 as before, 
we see that, in the flavor basis, the evolution equation is still of the form 
given in Eq. (5.71), with 

2= /-±Qcos20 + A iQsin20\ 

V §Qsin20 \Qcos29) ^ m6t) 

Most of the analysis of §6.4.2 now applies with Am 2 replaced by Q. How- 
ever, notice that the energy dependence of the 8f term is very different 
from that of the weak interaction term, so this effect can be distinguished 
from the effect described in §6.4.2. 

The strength of the effects mentioned here can be parameterized by 
the relative importance of the two terms in Q(r) in Eq. (6.36): 



7) = 



46fE 2 <p{r) 



Am ; 



(6.38) 



For an order-of-magnitude estimate, one can take the density of the sun 
to be uniform, at the value of the mean solar density. Then, for r -C i?©, 
one finds [43] 



E \ 2 



** 10 Wl X VlMeV J ' (6 ' 39) 

assuming Am 2 w 10 -4 eV 2 , which are values relevant for the solution of 
the solar neutrino puzzle. Thus, a violation of universality at a level of 
1 part in 10 14 will affect the conventional MSW effect. 
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6.6 Implications and outlook 

Extensive studies of solar neutrinos from both experimental and theoret- 
ical perspectives have revealed a wealth of information about neutrinos 
and consequently about new physics beyond the standard model. We 
now know that neutrinos have mass and they mix among themselves 
thanks to the solar neutrino experiments. The Kamland experiment 
added valuable new information which provides a confirmation of these 
conclusions. The current favorite for understanding all the solar neutrino 
observations after the Kamland experiment appears to be the large an- 
gle MSW oscillation. All other proposals advanced as alternatives to 
matter oscillations for understanding solar neutrino observations have 
pretty much been relegated to subdominant status. The oscillation pa- 
rameters appear to be [44] Am,Q ~ 7.3*jj'g x 10~ 5 eV 2 and mixing angle 
tan 2 Q ~ 0.42±g;gl . 

This raises new issues that must be tackled as we move into the next 
era in solar neutrino physics. Two obvious issues that must be clarified 
are as follows. 

• While the LMA solution provides a good "global" description of 
all data, one could find small discrepancies in finer details. For 
example it has recently been stressed[45] that the LMA solution 
predicts an Ar production rate in the Homestake Chlorine experi- 
ment which is higher than what is observed. 

Similarly, LMA solution also generally predicts a higher value for 
the 7 Be neutrinos than the small angle solution. Thus measure- 
ment of the 7 Be neutrinos will provide a check on the LMA solu- 
tion or can indicate some new physics. The Borexino experiment 
is expected to measure the 7 Be neutrinos. 

• The second issue is to improve the precision of the mass difference 
responsible for oscillation as well as the mixing angles, the precise 
values of which are immensely important for checking the theories 
implied by present neutrino data. For instance, it has been em- 
phasized that [44] a precision in the pp neutrino data to 3% level 
can shrink the uncertainty in the tan 2 612 by more than 15%. 

Another important point [44] is that many of the implications for neu- 
trino physics derived from solar neutrino experiments depend strongly 
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on the results of the Chlorine experiment and yet this experiment has 
not been directly checked by any other solar neutrino experiment. In 
fact, since so far the 7 Be neutrinos are only present in the Chlorine data, 
inclusion or exclusion of Chlorine results from the full solar neutrino data 
set significantly alters the observational constraints on the 7 Be neutrino 
flux. 

On a different level, the details of thermonuclear processes respon- 
sible energy generation in the Sun can also be tested by more precise 
measurements of the solar neutrino flux at different energies. 

Thus solar neutrino observations have opened, a new chapter in both 
particle physics and astronomy — in the former by providing the first 
evidence for physics beyond the standard model and second by providing 
a new way to probe directly into the core of stellar objects. This has 
raised major anticipation of new science as well as new astronomy and 
promises to make the twenty-first century as exciting as the previous 
one for physical sciences. 
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Chapter 7 

Neutrino mass in SU(2) L X U(1) Y 
models 

7.1 Introduction 

The standard model itself is based on the gauge group SU(2)l x U(\)y- 
But this fixes only the gauge bosons of the model. The fermions and 
Higgs contents have to be chosen somewhat arbitrarily. In the standard 
model, these choices are made in such a way that the neutrinos are 
massless, as discussed in Ch. 2. The masslessness is maintained to all 
orders in perturbation theory, and even after non-perturbative effects 
are included, as pointed out in §2.5. 

But neutrinos are massive, and so one must have to incorporate 
neutrino mass in a realistic model of particle interactions. First, one 
might ask whether the inclusion of quantum gravity effects into the 
standard model might explain neutrino masses. 

Clearly, as long as we treat gravity in perturbation theory, the sym- 
metry arguments presented in §2.5 hold since all gravity coupling respect 
B — L symmetry. However, once non-perturbative gravitational effects 
like black holes and worm holes are included, there is no guarantee that 
global symmetries will be respected in the low energy theory. The intu- 
itive way to appreciate the argument is to note that throwing baryons 
into a black hole does not lead to any detectable consequence except 
through a net change in the baryon number of the universe. Since one 
can throw in an arbitrary number of baryons into the black hole, an ar- 
bitrary information loss about the net number of missing baryons would 
prevent us from defining a baryon number of the visible universe. Thus 
baryon number cannot be an exact symmetry in the presence of a black 
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hole. Similar arguments can be made for any global charge such as 
lepton number in the standard model. A field theoretic parameteriza- 
tion of this statement is that the effective low energy Lagrangian for 
the standard model in the presence of black holes and worm holes etc 
must contain baryon and lepton number violating terms. In the context 
of the standard model, the only such terms that one can construct are 
non-renormalizable terms of the form il>L<fol>L<l>/Mpi 1 where tpi is the 
lepton doublet, <j> is the Higgs doublet, and Mpi is the Planck mass, de- 
fined through Newton's gravitational constant by Mp\ = 1/VGn- After 
gauge symmetry breaking, they lead to neutrino masses. However these 
masses are at most of order v^ k /Mpi ~ 10 -5 eV [1]. But the solution of 
the atmospheric neutrino problem requires masses at least three orders 
of magnitude higher, as discussed in Ch. 5. 

Thus one must seek physics beyond the standard model to explain 
observed evidences for neutrino masses. This does not necessarily mean 
going beyond the gauge group of the standard model, which fixes only 
the gauge bosons of the model. The fermions and Higgs contents have to 
be chosen somewhat arbitrarily. Even with the same gauge group as the 
standard model, one can conjecture extra fermions or Higgs bosons in 
the model so that the model predicts massive neutrinos. In this chapter, 
we will discuss some such simple modifications of the standard model. 

7.2 Models with enlarged fermion sector 

One of the peculiarities of the standard model, as commented before, is 
that it contains left and right chiral projections of all fermions except 
the neutrinos. This looks almost contrived. 

To remedy this, let us add right-handed neutral fields N^ corre- 
sponding to each charged lepton I. Like the other right-handed fields, 
they are assumed to be SU(2)i singlets. The definition of electric charge 
in Eq. (2.8) then implies that they also have Y = 0. We can summarize 
these statements as: 

N m : (1,0). (7.1) 

Thus, the A^r fields are singlets of the entire gauge group. In other 
words, they have no interaction with the gauge bosons. However, they 
affect the model non-trivially because of their other properties. 
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7.2.1 A simple model with Dirac neutrinos 

The first non-trivial thing to notice is that the presence of these right- 
handed fields imply new gauge-invariant interactions in the Yukawa sec- 
tor: 

-Se'y = 52 fttMNtR + h.c. , (7.2) 

where fw are new coupling constants, and ipn is the lepton doublet of 
Eq. (2.10). The Higgs multiplet, 0, is the same as that appearing in the 
standard model. With a vev v/y/2 as in Eq. (2.3), this gives rise to the 
following mass terms: 

-^mass = 52 //*-7=^ l JV>r + h.C. . (7.3) 

/,* v2 
This is a mass term for neutrinos if we identify the fields A^r as the 
right-handed components of the neutrinos, i.e., N^r = i^r. In the flavor 
space, it corresponds to a matrix with elements 

M iV = -j=fa . (7.4) 

Such a matrix is called a mass matrix. In general, this matrix is not 
diagonal so that the fields v^ A^r do not correspond to the chiral 
projections of physical fermion fields. 

To obtain the physical fields, one has to find the eigenvectors of the 
matrix M. In general, this can be done by diagonalizing M with a 
biunitary transformation: 

U^MV = m, (7.5) 

where m is diagonal matrix. Thus, defining new states by the relations 



a 



N iR = 52^aR , (7.6) 



a 



the terms in Eq. (7.3) can be rewritten as 

--^mass = 52 V aLrn a V a R + h.C. , (7.7) 



a 
.,th 



where m a is the a th diagonal element of the matrix m. This equa- 
tion shows that the fields v a are fields with definite masses m Q and are 
therefore physical particles. 
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7.2.2 Neutrino mixing 

The simple model above shows one of the major consequences of generic 
neutrino mass terms. The charged current interaction between the W 
bosons and the leptons is given by 

^E Z L7^LW- + h.c, (7.8) 

where vn is the field which appears in the same SU(2)l doublet as the 
charged lepton L 

Using Eq. (7.6), we can rewrite this in terms of the physical fields v a 

as 

~% E E ti-fUtaVoiW- 4- h.c. . (7.9) 

This shows that in general all neutrinos can have charged current inter- 
action with a given lepton I (unless, of course, some particular element 
of U vanishes). This is in parallel to mixing in quark sector where mix- 
ing arises due to the matrix of Eq. (1.4). In the present case, this is 
appropriately called neutrino mixing. 

An immediate consequence of neutrino mixing is that the genera- 
tional lepton numbers like L e , L^ and L T are no more good global sym- 
metries even at the classical level. This is because any mass eigenstate 
is a mixture of v e , v^, v T etc. At the classical level, the only global 
symmetry remaining in the leptonic sector is the total lepton number 
L e + Ln + L T . This feature would give rise to various flavor violating 
processes, e.g., \i — » cy, y, + e — > t + e and so on. These comments are 
true not just specifically for the present model, but for any model with 
neutrino mixing. 

7.2.3 Shortcomings of the model 

The model described above is very simple in the sense that it treats 
neutrino mass on exactly the same footing as the masses of other 
known fermions. The neutrinos are Dirac particles just like all other 
known fermions, which makes life easier because calculations with Dirac 
fermions are quite familiar to us. However, the model does not answer 
some questions. 
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First, the matrix /^, defined in Eq. (7.2), is completely arbitrary. 
Without any knowledge of its elements, we have neither any idea of 
its eigenvalues, i.e., the neutrino masses, nor about the magnitudes of 
neutrino mixings. In the context of this model, these are then completely 
arbitrary parameters which should be determined by experiments, to 
which the model does not provide any guideline whatsoever. 

Secondly, it also provides no answer to the question about the light- 
ness of neutrinos. Of course, if the coupling constants /#» are very small 
compared to the corresponding coupling constants which generate lepton 
or quark masses, the neutrinos will turn out to be lighter, in agreement 
with experimental bounds. But there is no good reason why fu> must 
be small in this model. 

In addition, the model is incomplete in a sense, which is discussed 
next. As we will see, this brings in new issues, absent in the simple 
model. 

7.2.4 The complete model with right handed neutrinos 

So far, we have considered only one type of term involving the right- 
handed neutrinos, viz., the Yukawa interaction of Eq. (7.2). But there 
can be more. Since the N^ fields are invariant under SU(2)l x U(1)y , so 
must be their conjugate fields Nn. Thus, one can form gauge invariant 
bare mass terms 

"i^bare = \ £ B ie >N iL N ilR + h.C. . (7.10) 

1,1' 

These terms must be present if we write down the most general gauge- 
invariant Lagrangian involving the particles in the model. Of course, 
such terms violate B — L, but B — L is a global symmetry that appears 
automatically with the particle content of the standard model and we 
are not obliged to impose it in the extended models for any fundamental 
reason. If one chooses to impose B—L anyway, these terms are untenable 
and we go back to the model with Dirac neutrinos discussed earlier. 

In the general case, the bare mass terms in Eq. (7.10) are allowed 
and add to the contributions of Eq. (7.3). Using the identity 

vtLN t , R = N VL V m , (7.11) 
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we can write all the mass terms in the Majorana basis introduced in 
§4.5. We obtain 

-*-- i(* S)^ ;)(£)+!-. (T.13) 

where M and £? are frf x A/* matrices for A/" generations of fermions, 
and Nr, v\_ etc are A/" element column- vectors containing fields from M 
generations. Notice that the mass matrix is symmetric, as it should be 
according to the discussion of §4.5. 

Upon diagonalization of the mass terms, one now obtains 2jV Ma- 
jorana neutrinos in general. To see this, consider the simple case of a 
single generation, i.e., M = 1. Then the mass matrix in Eq. (7.12) can 
be written as 




M = „ d (713) 



where now M and B are simply numbers. Moreover, for the sake of 
simplicity, let us assume that both M and B are real and B > 0. Now 
choose an orthogonal matrix 

~ /cos0 -sin0\ /m« A \ 

°= [ ■ o a > ( 7 - 14 

\sin0 cos0/ 

with 

tan20 = 2M/£. (7.15) 

Then 



OMO^f'™ 1 ° 
V m2 



(7.16) 



a diagonal matrix, where 

mi, 2 = i (v^ + W 2 ^ 5) . (7.17) 

Since mi^ > 0, we still have a little problem, viz, the elements of the 
diagonal matrix in Eq. (7.16) are not all non-negative and therefore 
cannot be interpreted as the masses of physical fields. So let us write 
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where m contains the positive mass eigenvalues and K 2 is a diagonal 
matrix of positive and negative signs. Then 



M = T mK 2 



(7.19) 



Now, if we define the column vectors 



,"2L 



= 



and 



( UlR )^K 2 
\n 2 R/ 






"R 



the mass terms reduce to 



cos 9 — sin 9 
sin# cos# 



)U) 



— cos 9 sin 9 \ ( vr 
sin0 cos^y \N R 



(7.20) 



(7.21) 



'-^mass = ""H™1L™1R + ™2™2L™2R + h.C. 



(7.22) 



Thus, for a single generation, we obtain two eigenstates. Furthermore, 
from Eqs. (7.20) and (7.21), we see that 

n i — ™il + ™1R = cos0(i/[_ - Pr) - sin0(JV|_ — Nr) 

™2 = n 2 L 4- n 2R = sin% L + Or) + cos 0(JV L + N R ) . (7.23) 

Since Vr is the conjugate of v\_ and N|_ of ATr, this immediately proves 



n\ — —n\ 



ni — n 2 



(7.24) 



so that both n\ and n 2 are Majorana particles. For M generations, one 
obtains 2J\f Majorana particles in general. 

Alternatively, one can also diagonalize by using the unitary matrix 
U = KO, with K = diag (i 1). In this case, we can write Ai = U T mU 
instead of Eq. (7.19). The definition of mass eigenstates in Eq. (7.20) 
and Eq. (7.21) change in this case, but the physical implications are the 



same. 



□ Exercise 7.1 Will Eq. (7.24) be valid if we take U = KO as indicated 
above? If not, show that the CP eigenvalues of the neutrino states come 
out to be the same in either formulation. 
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One redeeming aspect of this model is that it can provide a reason for 
the smallness of neutrino masses. To see this, refer to the one-generation 
model once again. In the mass matrix, the quantity M arises from <p- 
coupling and therefore it is natural to assume that it is of the same order 
as the masses of other fermions in the same generation. Let us suppose 
B > M. Then the eigenvalues in Eq. (7.17) reduce to 

M 2 
mi ~ — — , rri2 =: B . (7.25) 

B 

Since B 3> M, it follows that m\ <C M, which means that the neutrino 
is much lighter than the charged fermions. Of course, there is another 
neutrino whose mass, B, is much larger than the charged fermion masses. 
This mechanism of making one particle light at the expense of making 
another one heavy is called the see-saw mechanism [2]. 

But one point must be noticed here. Cosmological arguments restrict 
the mass of any stable neutrino to be less than about 1 eV [see Ch. 18 for 
details]. Thus, if even v T has to be lighter than this bound, Eq. (7.25) 
demands, with M ~ m T , 

B > 5 x 10 9 GeV . (7.26) 

Thus, successful implementation of this model requires a mass scale 
much larger than the weak scale, which is of order 10 2 GeV. In gen- 
eral, models with such widely disparate scales suffer from the theoret- 
ical problem of maintaining the mass scales. The point is that even 
if the classical solution of the vacuum has two widely different scales, 
the quantum corrections tend to merge them. This problem, called the 
hierarchy problem, plagues grand unified theories necessarily, but there 
one achieves unification at the cost of hierarchy problem. In the present 
context, the hierarchy problem makes the model unattractive unless we 
embed it into a grand unified theory or there is an extra gauge symmetry 
such as for example B — L whose scale can be associated with B. 



7.3 Models with expanded Higgs sector 

If we do not add any new fermion to the particle content of the stan- 
dard model, we have, in each generation, only two degrees of freedom 
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corresponding to uncharged fermions, viz, v^\_ and i^r. Thus, in what- 
ever way they pick up mass, the mass must always be Majorana type, 
i.e., the mass terms must violate B — L. Thus, we are motivated to 
introduce new Higgs bosons which can violate B — L symmetry in their 
interactions. Also, the neutrino masses must somehow be induced by 
the Yukawa couplings. With these two considerations in mind, we ex- 
amine what are the fermionic bilinears that have a net B — L quantum 
number. 

For this, we can combine some lepton field with some antilepton field. 
The leptonic fields are given in Eq. (2.10). Their antiparticles are given 
by 

$ R =KCer L : (2,1), 
4 = loCt R : (1,2), 

where e = ir<i is the 2x2 antisymmetric matrix. Note that in the first 
equation here, we have to take the conjugation with respect to two sets 
of indices. For the spinor index, this is done as in Eq. (4.10), and for 
the SU(2)l index as in Eq. (2.15). It is now easy to see that one can 
obtain two fermion bilinears which have a net B — L quantum number: 

^r~(2,1)x(2,1) = (1,2) + (3,2), 
44 - (1, -2) x (1,-2) = (1,-4), (7.28) 

where in parentheses we have put the transformations under SU(2)l x 
U(1)y- The Higgs multiplets that can directly couple to these bilinears 
to form gauge invariant Yukawa couplings are as follows [3]: 

• a triplet A : (3,-2), 

• a singly charged singlet : (1, —2), 

• a doubly charged singlet : (1,4). 

We now see how the introduction of these scalars, one at a time or in 
combinations, can give rise to neutrino masses. 
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7.3.1 Adding a triplet A 

With the value of Y equal to —2, the electric charges of the components 
of the triplet A are as follows 




(7.29) 

/ 

and we have an additional Yukawa coupling outside the ones in the 
standard model: 

-& Y = Y, Mn-^T ■ A^r + h.c. (7.30) 

where r denotes the Pauli matrices. Note that the fermion bilinear 
combination involving the Pauli matrices is just the symmetric (i.e., 
triplet) combination of the two doublets ipn and V>^r, whose dot product 
with the triplet A gives an SU(2)l singlet interaction in Eq. (7.30). 

The Higgs potential now involves both A and the usual doublet 4>. 
Let us assume that the parameters in this potential are such that, at 
the minimum, 

(<M = ^ , (Ao>-^- (7-31) 

In that case, after symmetry breaking, Eq. (7.30) produces Majorana 
mass terms for neutrinos 

-^mass = X>*lM^r + h.C. (7.32) 

where 

Mo, - ^fuf . (7.33) 

In Ch. 4, we proved that any mass matrix in the Majorana basis must 
be symmetric. To see that the statement is true here, we will have to 
show that fw is symmetric under the generation indices. To this end, 
we rewrite Eq. (7.30) in the following way, using the definition of the 
conjugate field from Eq. (4.27): 



--2y = £ ftt$eRC- l c-j=T • A# R + h.c. . (7.34) 

i,t' 
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Written this way, it is clear that it is a bilinear involving ^r twice, 
and therefore it must obey Fermi statistics. The SU(2)l indices are 
contracted by the er matrix, which is symmetric. The spinor indices 
are contracted by the matrix C" 1 , which is antisymmetric because C is 
antisymmetric, as shown in Eq. (4.26). The only other indices are the 
generation indices, and they must be symmetric in order that the entire 
combination is antisymmetric. Thus, /#/ = fpi, which shows that the 
mass matrix is symmetric. 

The diagonalization gives the mass eigenvalues and eigenstates. 
However, since the couplings /#» are unknown, one cannot predict any 
pattern of neutrino mixing, just as in the model of §7.2.1. But, unlike 
that model, a different vev (viz, that of the triplet) is responsible for 
neutrino masses than for other fermion masses. Thus, one explanation 
for the lightness of the neutrinos could be forwarded here, viz, that the 
neutrinos could be light because v% <Cu2> 

Indeed, V3 has to be somewhat smaller than V2 from another consid- 
eration. Since Ao couples to the W and the Z, its vev contributes to the 
masses of these gauge bosons. Instead of the standard model formulas, 
we now obtain 

M 2 W = \ 9 2 (v\ + 2«|) 

Ml = \(g 2 +9 l2 )(vl + ivl), (7.35) 



so that 



M * - L+M/A (7.36) 



H M 2 z cos 2 d w ' 1 + 4^/^2 • 
Using the experimental bounds on p from Eq. (2.34), we obtain 

— <0.07. (7.37) 

To provide an explanation of why neutrino masses are at least six orders 
of magnitude smaller than charged fermion masses in the same genera- 
tion, t>3 in fact must be quite a bit smaller than this upper limit. We 
will discuss theories where such smallness can arise naturally. 

□ Exercise 7.2 Verify Eq. (7.35). 
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□ Exercise 7.3 In this model, identify the quadratic terms of the form 
W^d^H- coming from the covariant derivative terms after symmetry 
breaking. This H-, properly normalized, would then represent the un- 
physical Higgs boson eaten up by W- . Show that 

H- = V ^- + 2 ^f-. (7.38) 

An important question that arises is that of the global quantum 
number B — L. It must be somehow broken in the model since Major ana 
neutrinos have resulted. The Yukawa coupling of Eq. (7.30) as such does 
not imply B — L violation. Although the Higgs boson in this case couples 
to a fermion bilinear whose B—L number equals 2, we can assign a B—L 
value of —2 to A and then the Yukawa coupling is B — L invariant. 
However, once this quantum number is carried by A, it is broken when 
Ao acquires a vev. In fact, it breaks B — L by 2 units, which is exactly 
what is necessary for the generation of Majorana mass terms. 

7.3.2 Model with a singly charged singlet 

This model was proposed by Zee [4]. He introduced an SU(2)i singlet 
particle /i_ in the Higgs sector. The Yukawa coupling of this particle is 

-S?y = £ fu>Me*b- + h -c- ■ (7-39) 

The coupling constants $a< must be antisymmetric because of Fermi 
statistics. 

As in the previous model, we can assign a B — L quantum number 
of —2 to the field h-. Since h has electric charge, its vev must vanish in 
a physically acceptable ground state, because otherwise electromagnetic 
gauge symmetry would be spontaneously broken. So, in order to gener- 
ate Majorana masses for the neutrinos, one must have some alternative 
sources of B — L violation. 

This can now only come from the Higgs potential, since kinetic en- 
ergy terms and gauge interactions do not violate any (7(1) quantum 
number. In the Higgs potential, if apart from /i_ we have just one 
doublet (f) as in the standard model, it is impossible to write down any 
B — L violating term. Consequently, neutrinos are massless just as in 
the standard model. 
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Figure 7.1: Self-energy diagrams giving neutrino masses in Zee's model. 

The situation changes if there are more than one doublets in the 
theory. For example, let us say we have a doublet </>' in addition to the 
standard model doublet <j>. If <f>' couples to quarks and leptons in the 
same way as <f> does, it must have a vanishing B — L quantum number. 
In that case, the trilinear coupling 

li(j) T e<t)'h- + h.c. (7.40) 

violates B — L by 2 units. Such a coupling cannot exist with just one 
doublet because <£ T e0, being the antisymmetric combination, vanishes. 

There are now three different singly charged scalars in the theory: 
4> + , <f>' + and h + . At the symmetry breaking, some combination of the first 
two of these will be eaten up by the W + gauge boson. So the physical 
spectrum will contain two charged scalars S and 5". Each of these would 
be mixtures of /i + and the <f>+, <p' + . Therefore, these physical scalars are 
not eigenstates of B — L. Thus, neutrinos will obtain Majorana masses 
at the one-loop level from the self-energy diagrams, shown in Fig. 7.1, 
involving these physical scalars S and S'. 

By a naive power counting, one might be tempted to say that the 
diagram in Fig. 7.1 is divergent, so that it gives an infinite contribution 
to neutrino masses. This is not true because of the renormalizability 
of the theory, which requires that all infinities arising in the calculation 
can be absorbed into the definitions of the parameters in the classical 
Lagrangian. In this case, the tree- level Lagrangian does not have any 
neutrino mass term. So, if Fig. 7.1 gives an infinite mass term, we cannot 
absorb it in any tree-level term. However, the renormalizability of the 
model is guaranteed by the general proof of 't Hooft. Therefore, Fig. 7.1 
must give finite masses. 

The mass terms are particularly simple if we assume that only one 
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of the two Higgs doublets couples to leptons [5]. A straightforward 
calculation shows [see also §7.4] 

Mu> = Aftt (mj - mj, ) (T.41) 

where A is a constant. Since /#< = —ft't, as commented before, M^» is 
symmetric like any mass matrix in the Majorana basis. 

Unlike the models described before, this model gives a pattern of 
neutrino masses and mixings. To see that, let us define [5] 

f.._ / rr 2 
tana 




<r = ^-icosa. (7.42) 

fer mf 

Neglecting the electron mass which is tiny compared to the masses of 
the muon and the tau, the mass matrix of Eq. (7.41) can be rewritten 
as 

/ a cosa\ 

M = m I 0" sina J . (7.43) 

\cosa sina / 

where mo = AmJ/ re / cos a. If we assume that there is no large hierarchy 
among the couplings /#» , it follows that ff«l because of the factor 
m^/m 2 .. Then the diagonalization of the matrix M gives the eigenvalues 

miK 2 = — mo(l — -crsin2a) , 

ii 

1712K2 = mo(l + -crsin2a) , 

mzK\ — - mo<7sin2a, (7.44) 

correct upto first order terms in a. Here m Q are positive, and K 2 is 
4-1 or — 1, depending on the signs of crsin2a and mo. To eliminate 
the negative eigenvalues, we can again choose a matrix K described in 
§7.2.4 appropriately, so that m Q is the mass of the physical eigenstate. 
Eq. (7.44) now shows that there must be two physical neutrinos whose 
masses, mi and m.2, are very close, whereas the other mass 7713 is much 
smaller. However, the combination of masses and mixings obtained in 
this model is not consistent with present observations from the oscilla- 
tion data. We discuss this in detail in Ch. 11. 
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Figure 7.2: 2-loop diagram in Babu's model, giving rise to Majorana masses of 
the neutrinos. 



7.3.3 Model with doubly charged singlet 

The doubly charged singlet can have Yukawa couplings like 

-&v = Y. *i* «l«r*-h- + h.c. (7.45) 

This assigns a B — L quantum number of 2 to the field k++ . In order to 
generate Majorana masses for the neutrinos, we need B — L violation. 
This is not possible with any number of doublet Higgs bosons, since there 
can be no trilinear coupling like the one involving the singly charged 
Higgs bosons, as shown in Eq. (7.40). Thus, neutrinos are massless in 
all orders of perturbation theory [3]. 

The situation changes, as was pointed out by Babu [6], if the model 
contains the singly charged scalar h- of §7.3.2 alongwith the k+±. Due 
to their Yukawa couplings, both h + and fc++. carry 2 units of B — L 
quantum number. With just one doublet 0, the trilinear <jxj)h coupling 
vanishes, as discussed in the previous section. However, there is one 
trilinear coupling, viz, 

Hh^h-k^. +h.c. (7.46) 

which breaks B—L. Thus, neutrino masses can be generated from 2-loop 
diagrams as shown in Fig. 7.2. It gives a mass matrix of the form 

mie = fyi ^ rn h mi 2 f ai F h i 2 fifi 2 I tl £ 2 (7.47) 
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Figure 7.3: A graphic representation of how fermion masses arise. 

where 



T _ f d *P f d ^ l 1 

ht2 J (2tt) 4 J (2tt) 4 p 2 - m\ q 2 - m\ 



P 2 -ml q 2 - m\ (p - q) 2 - m 2 



(7.48) 



Notice that the eigenvalues of m are naturally small here because of the 
suppression factors that appear in the 2-loop integration. This provides 
a rationale for the smallness of neutrino masses. 

Another interesting prediction of this model is that, since the cou- 
pling matrix / is antisymmetric, the determinant of the matrix m van- 
ishes if there are three generations. Thus, there must be one zero eigen- 
value. 

This does not exactly mean that there will be a massless neutrino, 
because the expression for mie has corrections coming from higher loops. 
Such corrections should be smaller than the 2-loop contribution in the 
perturbative regime. Nevertheless, they will modify the eigenvalues by 
small amounts. But in any case, we expect one eigenvalue to be much 
smaller than the other two. 



7.4 The method of flavor diagrams 

In calculations for obtaining physical quantities like the <S-matrix el- 
ements, it is most convenient to use Feynman diagrams, where the 
external lines correspond to physical particles. However, in order to 
understand questions regarding mass and symmetry breaking, it is of- 
ten beneficial to use another basis, which we call the flavor basis. The 
method and its advantages will be clear from the examples below. 
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Figure 7.4: The flavor diagram for neutrino masses in Zee's model. 

In this method, we draw Feynman-like diagrams using the fields that 
appear in the gauge-invariant Lagrangian. For the fermions, it means 
that we talk of the left- and right-chiral fields separately. For the Higgs 
field <f>, we use the original classical field which appears, say, in Eq. 
(2.2), and not the quantum field that is obtained by the fluctuation of 
this classical field from its vev. Since the charged fermions are mass- 
less before symmetry breaking, the generation of mass after symmetry 
breaking can be represented as in Fig. 7.3. The blob at the end of the 
4>q line represents its annihilation into the vacuum, which manifests the 
fact that (f>Q has a vev. The figure now is a graphical illustration of the 
fact that a charged fermion mass is given by its Yukawa coupling with 
(j), multiplied by the vev of 0o> &s expressed algebraically in Eq. (2.17). 

If neutrinos are Dirac particles and obtain their mass through their 
coupling with <f) as in the model of §7.2.1, then neutrino masses are 
also represented by Fig. 7.3, and we get no new insight. However, if the 
neutrinos get Majorana masses as in Zee's model described in §7.3.2, we 
can see the power of the method of flavor diagrams by trying to derive the 
neutrino mass matrix. In this case, we should draw, instead of Fig. 7.1, 
the neutrino mass diagram as in Fig. 7.4. Notice that here we use the 
neutrino states v^\_ and P^r which couple to one flavor of charged lepton 
via charged current interactions. The blob on the internal fermion line 
is a shorthand for Fig. 7.3 representing the mass of the charged lepton. 
The introduction of the mass is necessary on the internal fermion line 
to flip the helicity of £ ( , without which we cannot obtain a right-handed 
particle on the right end of the diagram. 

For the sake of simplicity, let us assume that the Yukawa couplings of 
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<fi' are much smaller than those of </», so that charged lepton masses come 
mainly through their coupling with <j>. In this case, just a cursory look 
at Fig. 7.4 tells us that its contribution to m#/ must have the following 
features: 

1. it has a factor of /## from the vertex with h-\ 

2. it has a factor of mi from the mass insertion; 

3. it has a factor of v' from the vev of </>q; 

4. it has a factor of the Yukawa coupling of I with 0, which is mi/ v. 

Taking all these factors together, we obtain a contribution of fu>rnf, 
apart from factors which do not depend on fermion generations. Simi- 
larly, there would be one flavor diagram where the 0_ attaches to the 
right end of the fermion line, and the h- line attaches to the left end. 
This gives a contribution proportional to finrrif,. Using the antisymme- 
try of /, we now obtain the form of the mass matrix given in Eq. (7.41), 
which shows the power of the method. 

The flavor diagrams are also useful for examining the breaking of 
global quantum numbers. For example, if we compare Fig. 7.1 and 
Fig. 7.4, it is much easier to tell from the latter that B — L is violated 
at the hcfxp' vertex. Because of this, we use this method extensively in 
the next section and later in the book. 

□ Exercise 7.4 By drawing flavor diagrams, show that the neutrino 
mass matrix in the model of §7.3.3 contains two factors of charged lep- 
ton masses, as shown in Eq. (7.47). Verify it by evaluating the Feynman 
diagrams for neutrino masses. 

7.5 Models with spontaneous B — L violation 

In all but one models of neutrino mass discussed in this chapter, the 
mass is of Majorana type, arising out of B — L violation. One might 
therefore wonder as to how exactly these models violate B — L. There 
are two ways to break global B — L symmetry: i) by including explicit 
B — L breaking terms in the Lagrangian; ii) by making the vacuum 
non- invariant under B — L symmetry. The latter case, which was pro- 
posed by Chikashige, Mohapatra and Peccei (CMP) in 1980, implies the 
existence of a massless pseudo-scalar particle called the Majoron which 
we will denote by the symbol J. Even though a priori the existence of 
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the Majoron would imply long range forces between particles to which it 
couples, it was pointed out [7] that only spin dependent forces between 
matter arise in the non-relativist ic limit from Majoron exchange. The 
laboratory limits on such forces are very weak, implying that the scale 
of B — L breaking could be low. This is very interesting because, new 
physics associated with B — L breaking could then be accessible to on- 
going experiments. Low energy manifestations of the Majoron of course 
depends on its transformation property under the weak SU(2)l group. 
Three classes of Majoron models have been discussed in the literature. 
The original Majoron of CMP transforms like an isosinglet and is dubbed 
the singlet Majoron. Subsequently, a Majoron model was proposed by 
Gelmini and Roncadelli [8] using the triplet Higgs field. This is known as 
the triplet Majoron. Several models also have been constructed where 
the Majoron has doublet transformation property [9, 10]. Below we 
discuss the present status of these models. 

7.5.1 Constraints on Majoron models 

The phenomenological constraints on Majoron models derive from 
known upper bounds of flavor changing currents in the leptonic sector. 
For example, in a model with Majoron, one expects the muon decay 
mode 

li ->• e + J (7.49) 

at some level. Experimental results on this mode is [11] 

%->e+J)<3x 10" 4 . (7.50) 

There are similar bounds from r-decays but they are in general much 
weaker. Another class of bounds come from the absence of Majoron 
bremsstrahlung from final states particles in physical processes. For 
example, analysis of leptonic decays of kaons and pions [12] imply that 
the Majoron coupling to neutrinos must be smaller than about 10" 2 or 
so. 

In practice, the strongest constraints on Majoron models come from 
astrophysical considerations. The point is that Majorons can be pro- 
duced in stars through the process 

7 + e-»e + J, (7.51) 
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Figure 7.5: Photoproduction of Majoron. 

and they can come out of the star, carrying some energy out. This thus 
contributes to the energy loss mechanism of stars and one should be able 
to put bounds on the process from known values of stellar luminosities. 
Here we give a very simple derivation of the quantitative bound. The 
process in Eq. (7.51) occurs, at the tree level, through the diagrams in 
Fig. 7.5. For stellar core temperatures satisfying T < m e , the cross- 
section of this process is easily seen to be 

{eg eJ ) 2 uj 2 



— 19 4> ( 7 - 52 ) 

127T vn!\ 

where uj is the incident photon energy and g e j is the coupling of the 
electron with the Majoron J. The number of occurrences of the pho- 
toproduction reaction per unit volume per unit time is given by n e n 7 cr, 
where n e and n 7 are the number densities of the electron and the photon 
respectively. As a rough order-of-magnitude estimate, we can put u) ~ T 
and rij ~ T 3 . Since at each occurrence, we obtain a Majoron of energy 
a/ of order T, the amount of energy going into Majorons per unit time 
per unit mass, I> ma jo> is given by 

n e n 7 <7o/ _ ag 2 eJ n e T 6 
i. majo _ p _ ^ , ((.M) 

where p is the mass per unit volume. For a rough estimate, we can 
neglect the contribution of neutrons to the mass and write the proton 
contribution as p ~ m p n p . For T <£ m e which is the case of present 
interest, no positrons are present. Therefore, the proton number density 
n p must equal n e since the stellar core is electrically neutral. Thus we 
finally obtain 

imajo = |^ ■ (7.54) 

6mjm p 
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Let us assume that all this energy is coming out of the star, the 
Majoron being so weakly interacting that its mean free path is larger 
than the stellar radius. Then the stellar energy loss per unit time per 
unit mass because of Majoron emission is given by the last expression. 
For the sun, for example, the core temperature is T ~ 15.7 x 10 6 K. In 
the standard model of the sun, the energy loss rate per unit mass at 
the center is calculated [13] to be 17.5 erg s -1 g -1 . Since the standard 
model works quite well, we can quite conservatively demand that the 
energy loss due to any new mechanism like Majoron emission is smaller 
than the above amount. This gives the bound [14] 

9eJ < 10- 10 . (7.55) 

For red-giant stars which have higher core temperature, one obtains a 
more stringent bound, 

9eJ < KT 12 , (7.56) 

although it is less certain than the solar bound since the dynamics of 
the red giants is not as well understood as that of the sun. Observation 
of neutrinos from the supernova SN1987A puts bounds on Majoron cou- 
pling to neutrinos as well [15]. These bounds severely constrain many 
Majoron models, some examples of which follow. 

7.5.2 Majoron in the model with right-handed neutrinos 

We start with the complete model with right-handed neutrinos, de- 
scribed in §7.2.4. In the model, the couplings of the doublet <j) con- 
serves B — L, but the bare mass terms of Bq. (7.10) break B — L by 
two units and give rise to Majorana neutrinos. If B — L breaks that 
way through the explicit occurrence of the bare mass term, we do not 
expect any Majoron. However, consider an alternative situation where 
the model contains a gauge singlet, spin-0 field 5 having the following 
Yukawa coupling: 

-iff = £ bee>Nt L N t , R S + h.c. . (7.57) 

If S develops vev, neutrinos obtain mass just as in §7.2.4, where 

Bte = bee (S) . (7.58) 
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Figure 7.6: Majoron coupling with charged fermions in the singlet Majoron 
model. 



The difference with the earlier model is that here all terms involving 
fermions conserve B — L provided we assign 2 units of B — L quantum 
number to S. In the scalar potential also, let us forbid any term that 
violates B — L. Then B — L would be a global symmetry of the entire 
Lagrangian. But since the scalar S carries this quantum number, B — L 
will be broken spontaneously if S develops a vev. As a result, we will 
obtain a Majoron [7] J. In the simple case when all vevs are real, J 
would simply be the imaginary part of the complex field S. At one- 
loop level, couplings are induced through the diagrams of Fig. 7.6. From 
these flavor diagrams, we can identify the following characteristics of the 
effective coupling g e j: 

• it must involve a factor of Gp from the propagator and the cou- 
plings of the W or the Z; 

• it must be proportional to m e which is necessary to get a helicity 
flip on the electron line; 

• it should involve two powers of M from the neutrino coupling to 
<f) and the associated vevs. 

Since the heavy mass in the loop is of order B, it provides the damping 
scale, so that we can write 

1 M 2 1 

■GFm e m u , (7.59) 
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Figure 7.7: Flavor diagram for neutrino decay via a Majoron emission. 

which easily satisfies the astrophysical bound of Eq. (7.56) for any ac- 
ceptable value of neutrino masses. With such small effective couplings 
with charged fermions, rates for /i — > e + J etc are also very slow. 

However, as we discussed before, the model is unattractive because 
of the presence of hierarchy of mass scales provided the neutrinos are 
stable. One can, however, question the stability of neutrinos in this 
model, since all but the lightest of the neutrinos can decay through a 
Majoron emission: 

v->v' + J. (7.60) 

Naively, from the flavor diagram of Fig. 7.7 one might expect that the 
amplitude for this process is proportional to two powers of the mixing 
between the light v and the heavy N states, i.e., goes as (M/B) 2 . A 
detailed analysis shows that there is an accidental cancellation of the 
(M/B) 2 term [16]. This cancellation persists even if one considers loop 
effects [17]. The leading non-vanishing term in the amplitude [18, 17] 
goes like (M/B) 4 . This makes the process so slow that the lifetime, for 
all allowed values of v^ and v T masses, exceeds the age of the universe 
by many orders of magnitude. Thus, in the time-scale of the age of 
the universe, the light neutrinos are indeed stable in this model and the 
model has the hierarchy problem built in it. 

7.5.3 Majorons in models with extended Higgs sector 

If neutrinos obtain mass through their coupling with a triplet Higgs A, 
as discussed in §7.3.1, the triplet must carry 2 units of B — L quantum 
number and develop a vev at the minimum of the scalar potential. In 
that case, B — L is spontaneously broken if it were a symmetry of the 
classical Lagrangian. 
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The latter condition is not satisfied if we insist on writing down the 
full gauge-invariant potential involving <p and A, which contains a term 

A<p T er • A<j) + h.c. (7.61) 

that breaks B — L explicitly. However, if we forbid this term by imposing 
B — L, then v^, the vev of Ao, produces a Majoron J. This variant of the 
triplet model, proposed by Gelmini and Roncadelli [8], has interesting 
consequences, since the Majoron can mediate v-v scattering at tree level 
and therefore gives a large cross-section. 

In the model with /i_ of §7.3.2, the trilinear coupling </> T e0'/i_ of Eq. 
(7.40) breaks B — L only if we assume that <j>' is neutral under B — L 
just as (f> is. However, one can also contemplate that, since h- carries 2 
units of B — L, $ carries —2 units and the trilinear coupling conserves 
B — L. One then will have to forbid other possible B — L violating terms 
like (4>^(f))(4>^(j)) in the scalar potential. If that is done, then the vev v' 
of </>q breaks B — L spontaneously and a Majoron results [10]. 

Both these models fall in a general class in the sense that in both 
models, the Majoron carries non-trivial quantum numbers of the gauge 
group SU(2)l x U(1)y- This fact has interesting consequences, some of 
which rule out such models with present experimental data. 

To show that, let us specialize to the model of Gelmini and Ron- 
cadelli. In this model, the vev of the field Ao breaks B — L sponta- 
neously. But the same vev also contributes to the mass of the Z, so 
the unphysical Higgs eaten up by Z is a linear superposition of Ao and 
<po, the latter being the component of the usual doublet. In fact, the 
combination eaten up by Z is 

v 2 Im (j) Q + 2v 3 Im A . 

— , (7.62) 



J 



assuming vi and ^3 to be real. The Majoron must be an orthogonal 
combination, and therefore is given by 

2t; 3 Im0 o -t; 2 ImAo 2v 3 
J = , ~-ImA H Im<i>o, (7.63) 

where in the last step we have used the fact that vz/v2 < 1, as argued 
in Eq. (7.37). Thus J contains a small part of <fo and therefore couples 
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Figure 7.8: Majoron coupling with electron in no-hierarchy Majoron model. 

directly to charged fermions. Since the 0-coupling to the electron is 
\/2m e /v2, the coupling of J is 

y/2m e 2v 3 
9eJ = ■ (7.64) 

V2 V2 

The astrophysical bound of Eq. (7.56) then gives 

vz/v 2 < 10~ 6 , (7.65) 

which gives v$ % 20 keV. 

With such a small vev, the mass of the field containing mostly Re An 
would be naturally of order ^3. In that case, Z can easily decay into the 
Majoron and Re An. This decay mode contributes twice as much to the 
total width of Z as a pair of neutrino and antineutrino does [19]. For the 
doublet Majoron model, the same argument can be used to show that 
v'/v < 10 -6 . Here, Z can decay to the Majoron and the Re0Q, and the 
rate is half of that of a neutrino antineutrino pair. Measured widths of 
the Z-boson does not have any room for these particles. So, both these 
models, although interesting at the time they were proposed, have been 
ruled out by now. One can, of course, make more complicated viable 
Majoron models where the Majoron is a mixture of, say, a doublet and 
a singlet. 

□ Exercise 7.5 Calculate the decay width of the Z boson decaying to 
the Majoron and the real part of the same multiplet when the Majoron 
transforms like a n-dimensional representation of SU(2)l- Compare this 
with the rate of Z ->• vv derived in Exercise 2.4. 

In contrast, if we want to break B — L spontaneously in the model 
involving h- and A++, we can introduce a gauge singlet Higgs field s 
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whose important interaction is a quart ic coupling 

A/i_/i_fc-H-5 + h.c. , (7.66) 

which assigns a B — L number 2 to s. The Ims appears as the Majoron 
when Re s develops a vev [20]. The implication for neutrino mass is the 
same as in Babu's model of §7.3.3 if we identify 

fi = X(s), (7.67) 

where fi is the coupling constant defined in Eq. (7.46), associated with 
the trilinear scalar interaction of Babu's model. Thus, neutrino masses 
are small because they arise at 2-loop level. On the other hand, in 
absence of right-handed neutrinos in the model, s does not couple to 
any fermions at tree level. The coupling to electrons is generated at the 
2-loop level through the diagram in Fig. 7.8 which can easily satisfy the 
astrophysical bound even if (s) is of the same order as the weak scale. 
Thus, this model does not suffer from any hierarchy problem. 



Chapter 8 

Neutrino mass in Left-Right symmetric 
models 



An attractive extension of the standard model which may manifest itself 
in the nmlti-TeV (or perhaps higher) range of energies is the left-right 
symmetric model of weak interaction. As the name implies, in this model 
the left and right chiralities of fermions are assumed to play an identical 
role prior to symmetry breaking (or at high energies above all symmetry 
breaking scales). It therefore follows that in the symmetric phase of 
this model, weak interactions conserve parity [1], a property already 
shared by electromagnetic, strong and gravitational interactions. This 
is perhaps closer to the spirit of unified theories than the standard model. 

Left-right symmetric treatment of weak interactions requires that all 
left handed fermions must have a right handed partner in the spectrum. 
Thus, an immediate consequence of these models is the existence of a 
new particle, the right handed neutrino, denoted by vr or sometimes by 
Nr . This model therefore obeys complete quark-lepton symmetry in its 
spectrum and automatically leads to massive neutrinos. 

The smallest gauge group that implements the hypothesis of left- 
right symmetry of weak interactions is SU(2)l x SU(2)r x U(1)b-l- 
In the original versions of the model [1], it was not realized that the 
generator of the U(l) symmetry is indeed B — L. It was appreciated 
subsequently [2] , when it was pointed out that the electric charge formula 
for these models acquires a rather attractive form: 

Q = hL+hR + ^^, (8-1) 

which looks quite similar to the Gell-Mann Nishijima relation for electric 
charge in the case of strong interactions. A number of very important 
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implications of parity symmetry breaking can be deduced from this equa- 
tion [3]. For instance, at an energy scale where SU(2)l is unbroken but 
SU(2)r is broken, one finds from Eq. (8.1) that 



M 3R = ~A(B-L). (8.2) 



This equation, for purely baryon number conserving interactions (i.e., 
A£ = 0), implies that |AL| = 2 |AJ"3fl|. If symmetry breaking is chosen 
so as to give AI^r = 1, we find AL = 2, which implies Majorana neutri- 
nos and neutrinoless double beta decays. Even if A^^ = ^, Majorana 
neutrinos can arise in higher orders. Similarly, for purely lepton num- 
ber conserving interactions, this implies violation of baryon number by 
two units, leading to processes such as neutron-antineutron oscillation 
[3, 4]. Our concern in this chapter will be neutrino masses in left-right 
symmetric models. 



8.1 The gauge sector 

8.1.1 Symmetry breaking 

In the left-right symmetric models, the quarks and leptons are assigned 
to the following irreducible representations of the gauge group SU(2)lX 
SU(2) R x U(1)b-l: 



QL=[ U d [)- (2,1,1/3), qR=(2 ) : (1,2,1/3) 



(8.3) 



As in §7.2, we write the right handed neutrino with a different symbol 
than the left handed one to keep open the possibility that they might 
end up being parts of two different Majorana particles. 

The gauge invariant Lagrangian for the quarks and leptons leads to 
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the following gauge boson interactions with fermions: 



J& 



gauge 



9L 


9l7 M 2^l + ^l7^ 


^L 


■W£ 


+gR 


9r7/x2 9R + ^R^2^ r 


"■wg 


+/ 


g97/«9 - 2^>^ 


B V 





(8.4) 



where W£, Wg and J5 M are the gauge bosons corresponding to the 
groups SU(2)l, SU(2)r and U(1)b-l respectively, whereas gi, Qr and 
g' are the corresponding gauge coupling constants. We now require that 
the theory be invariant under parity operation V under which various 
fields transform as follows: 



V'l^V'r, qi^qn, w L ^w fl 



(8.5) 



This requires gi — gn = g, reducing the number of arbitrary gauge 
coupling constants to two as in the standard model. As in the standard 
model, we can parameterize g and g' in terms of two parameters: the 
electric charge of the positron, e and the Weinberg angle, 9w, defined 
by 



g = e/&m$ Wl 



(8.6) 



which then leads to 



9 = 



>/cos 29\y 



(8.7) 



□ Exercise 8.1 For any gauge theory, if the electric charge operator is 
given by the combination Q = "Yj n a n T n , where T n are generators and 
a n are numerical coefficients, show that the electric charge is given by [5] 



1 = V-£il 



(8.8) 



where g n is the coupling constant accompanying T n . Use this equation 
to derive Eq. (8.7) from Eqs. (8.1) and (8.6). 

Let us now consider the breaking of this gauge symmetry. In order 
to maintain left-right symmetry, we must choose Higgs multiplets which 
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are left-right symmetric. The first candidate for this purpose seems to 
be 

* = (?£) : (2 ' 2 - 0) - (8 - 9) 

which can couple to the fermion bilinears g L <7R and ipiipR. Thus, after 
symmetry breaking, non-zero vevs of the electrically neutral components 
of $, 

(8.10) 

can give masses to quarks and leptons. However, these vevs are not 
sufficient to break the gauge symmetry. Since $ is neutral under B — L, 
U(1)b-l is not broken by the vevs of $. Moreover, from Eq. (8.1), we 
see that the electrically neutral components of $ have I^l + hit — 0. 
Thus, the gauge symmetry is broken to U(1)i 3L+ j 3R x U(1)b-L) and not 
to U(1)q as observed in the real world. One must then introduce more 
Higgs multiplets to obtain the desired symmetry breaking pattern. 

There are various ways to achieve this goal. In the early days of 
the development of the left-right symmetry, the breaking of the gauge 
symmetry [1, 6] was implemented by choosing the Higgs multiplets 

XL : (2,1,1) , XR ■ (1,2,1). (8.11) 

Later, it was shown that in order to understand the smallness of neutrino 
masses, it is preferable to introduce the following set of fields [7]: 

A L : (3,1,2) , A R : (1,3,2). (8.12) 

The choice in Eq. (8.11) implies Dirac neutrinos whereas the choice in 
Eq. (8.12) leads to Majorana neutrinos. We first discuss the Majorana 
neutrino alternative and comment later on the Dirac neutrino case. 

The gauge symmetry breaking proceeds in two stages. In the first 
stage, the electrically neutral component of A#, denoted by A^, acquires 
a vev vr and breaks the gauge symmetry down to SU(2)l x U(1)y where 

\ = hR+^-^-. (8.13) 
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The parity symmetry breaks down at this stage. In the second stage, 
the vevs of the electrically neutral components of $ break the symmetry 
down to U(1)q. Experimental constraints force the relation that k,k' <^ 
vr, as we will see later. Here we take k and «' real for simplicity. Making 
them complex leads to an interesting model of CP-violation. 

At the first stage, the charged right handed gauge bosons denoted by 
Wft and a neutral gauge boson called Z' acquire masses proportional to 
vr and become much heavier than the usual left handed W^ and the Z 
bosons which pick up masses proportional to k and «' only at the second 
stage. In general the different gauge bosons mix and lead to a 2 x 2 mass 
matrix describing the Wl-Wr system and a 3 x 3 mass matrix describing 
the neutral gauge bosons Wsl> W$r and B. The charged gauge boson 
mass matrix turns out to be 

\ 9 2 (k 2 + k' 2 + 2v 2 l ) 9 2 kk' \ 

9 2 kk' \g 2 {K 2 + K ,2 + 2v 2 R )) ■ l *' 14) 

Here vl denotes the vev of A^ which is assumed to be much smaller 
than k,k' . The eigenstates of this matrix are 

Wi = W L cos C + Wr sinC 

W 2 = -W L sinC + V^cosC, (8.15) 

where 

2kk' 
tan2( = -2 2". (8.16) 

V R ~ V L 

In what follows, we will assume that k' -C «, although strictly speak- 
ing it is not required from phenomenological considerations. With this 
assumption, £ is small, i.e., the physical charged gauge bosons W\ and 
Wi are the same as Wl and Wr to a good approximation. The masses 
of these gauge bosons can be obtained from the relations 

r2 -^ »>r2 „^„2 /■ I ]i/r2 „:«2 



Mfo L ~ Mw t cos z C + Mfo 2 sin z £ 
§r R ~ M\f x sin 2 C + M^ 2 



Ml ~ Ml sin 2 C + Ml cos 2 C , (8.17) 



where Ml and M^ are the diagonal elements of the mass matrix 
in Eq. (8.14). The charged current weak interactions can be written, 
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suppressing generation indices for the sake of clarity, as 

^cc = -^[(«l7/i4 + vn»ei)w£ 

+(ur7^r + N Rlfl e R )W£\ + h.c. . (8.18) 

It is clear that for My/ L 4C Mw R , the charged current weak interac- 
tions will appear nearly maximally parity violating at low energies. Any 
deviation from the pure left-handed (or V — A) structure of charged 
weak current will constitute evidence for the right-handed currents and 
therefore for a left-right symmetric structure of weak interactions. 

For the discussion of neutral currents and gauge bosons, it is conve- 
nient to define the following basis: 



A = sin w (W iL + W 3R ) + Vcos29^B 

Z — cos 6 wWzl — smd w t&xiOwWzR — tan 9\y \/cos 29 w B 

Z' = ^^W 3R -t^0 w B. (8.19) 

COS 9\y 

Here, A is the photon, which remains massless after symmetry breaking. 

□ Exercise 8.2 Write the mass matrix for the neutral vector bosons 
when the symmetry is broken by the vevs of $, Aj, and A R . Show that 
the photon eigenstate given in the text is indeed a zero-mass eigenstate 
of this mass matrix. 

D Exercise 8.3 Show that when xl and \R are use d instead of Az, 
and A/* for symmetry breaking, the photon is still given by the same 
combination. 

The two massive neutral gauge bosons can be called Z\ and Z2, which 
are mixtures of Z and Z'-. 

Z x = Zcos£ + Z'sin£ 

Z 2 = -Zsin£ + Z'cos£. (8.20) 

so that the masses of these gauge bosons can be calculated from the 
relations 

M\ = M\ cos 2 i + Mf 2 sin 2 £ 
M\, = M 2 Zl sin 2 i + M 2 Z2 cos 2 £ . (8.21) 
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Here, 

2 cos 2 9\y 

2 

M z> = ~ — t^A ^r-(4v|?cos 4 ^ 

z 2 cos 2 6 W cos 2d w 

+{k 2 + k' 2 ) cos 2 26 w + iv 2 L sin 4 0^) , (8.22) 

and the mixing angle £, neglecting vi and using k 2 + k' 2 < v^, is given 
by 

tan 2^ ~ (C ° S2 ^ )% ?-^- a 2v^2^Ml/M|, . (8.23) 
a cos ^vv /? 

Obviously, as u.r -> oo, £ -> 0, so that M\ -> M§. In this limit, 
neglecting v^, the masses of W\ and Zi satisfy the standard model 
relation Mw x = Mz x cos#iy. The interaction of V^i and Zi also reduce 
to those of the standard model in this limit. The l/v 2 R corrections to 
the four-Fermi interactions can be obtained by considering the neutral 
current Lagrangian: 

^ = J^[ K ^ + ^m^ ewK ^ +cos20wK ^^ 
= J^{{ K "~7dm( sin2ewK+c, * 2$wK $} Zi >' 

+ , qs w {sin 2 By/Kl + cos 2 9 w ifg} Z 2 J , (8.24) 

where 

*L = £ 7V 1 [^L - Q sin 2 ^] / , (8.25) 

/ 

and Kr can be obtained by replacing I^l by I 3 r and changing the sign 
of 75. 

□ Exercise 8.4 In the four-Fermi limit, find the leading-order correc- 
tions to the neutral current parameters gy and g^ defined in Eq. (2.28). 
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8.1.2 Constraints on the masses of the gauge bosons 

We axe now ready to discuss the bounds on the masses of the gauge 
bosons W2 and Z2 as well as the left-right mixing parameter £. The 
most model-independent limit is on the mass of the Z2 boson. This is 
obtained by analyzing neutrino neutral current data, where one searches 
for deviations from the predictions of the standard model. The present 
experimental accuracy in the neutral current data implies that [8, 9] 

M Z2 >389GeV. (8.26) 

A Z2 with leptonic couplings given in Eq. (8.24) and mass in the hun- 
dreds of GeV range should also be detectable in pp collider experiments. 
Analysis of these data leads to a somewhat more stringent bound [10] of 
445 GeV on Mz 2 - The implication for future e + e~ machines have also 
been studied extensively [11]. 

To obtain limits on Mw 2 an d C> & n obvious thing to do is to look 
for deviations from the predictions of the V — A theory for muon decay. 
However, since right-handed leptonic charged currents involve the right- 
handed neutrino field, one needs the mass of the right-handed neutrino in 
order to carry out the analysis. Since, as discussed in Ch. 4, the neutrinos 
can be Majorana particles, the Ar can have a different mass than the v\_. 
For right-handed neutrinos to contribute to muon decay, Afo mass must 
satisfy tun C m^. Assuming this to be true, the muon decay parameters 
were analyzed [12] using existing data to obtain bounds on A% 2 and £• 
Subsequently, more refined experiments have been carried out. The 
most stringent limits at this moment come from the measurement of the 
^-parameter in ^-decay [13] using 100% stopped polarized muons. The 
limits are 

M Wi > 432 GeV for arbitrary ( 

C < 0.035 for M W2 -> 00 . (8.27) 

In general these two bounds are correlated and one gets elliptical re- 
gions in the Mw 2 -C, plane which give the allowed and forbidden values 
for the above parameters. In Fig. 8.1, we have summarized the various 
constraints on M\y 2 and (. 

For values of right-handed neutrino mass close to or bigger than 
the mass of the muon, the above analysis does not shed light on the 
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Figure 8.1: Various constraints between the heavy charged gauge boson mass 
Mw 2 and the gauge boson mixing angle (. For each line, only the region towards 
the origin is allowed by a particular experiment. The constraints come from the 
following sources (see Ref. [14]): (a) endpoint spectrum in muon decay; (6) asym- 
metry parameter in the £J-decay of 19 Ne; (c) electron polarization in Gamow-Teller 
type P decay; (d) Michel parameter p in muon decay; (e) neutrinoless double 
beta decay and vacuum stability; (/) Kl-Ks mass difference; (g) relative lepton 
polarization in Fermi and Gamow-Teller decays; (h) unitarity; (i) direct collider 
search. 



strength of the right-handed interactions and one must look at weak 
processes involving only hadrons. The most stringent bound arises from 
consideration of Kl-Ks mass difference, where one finds [15] 



™K°->K 3 



2 V A l^ A 2/SM 



1-430 



M, 



w L 



M2 w R 



(8.28) 



where the short distance contribution calculated in the standard model 
has been denoted by the symbol (Am K o_+ K oj . The standard model 
contribution can account for the bulk of the observed mass difference 
and gives the right sign as well. Thus, Eq. (8.28) implies 






< 



430' 



(8.29) 



or M Wr > 1.6 TeV, which is the most stringent bound on M Wr . The 
original derivation of this result, though important, was incomplete in 
three ways: (a) the effect the intermediate £-quark was not taken into 
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account; (6) the Higgs boson effects, which are part of the complete left- 
right models, were not included; (c) the diagrams on which the analysis 
was based did not form a gauge invariant set. These issues were exam- 
ined in subsequent papers [16, 17]. For the case of equal mixing angles 
in the left and right handed fermionic sectors, it is by now accepted 
that Mw R > 1.6 TeV. These bounds have been further strengthened by 
nearly a factor of 2 by the inclusion of higher order QCD effects [18]. 
It has been noted that if the neutrinos are Dirac particles or if they are 
Majorana particles with mjv R < lOMeV, observation of the neutrino 
signal from the supernova SN1987A provides a lower limit [19] on M\\r R 
and <: M Wr > 22 TeV and < < 10 -5 . 



8.2 Majorana neutrinos 

8.2.1 The see-saw mechanism 

It has been pointed out in §7.2.4 that a simple way to understand the 
smallness of neutrino mass is to assume it to be a Majorana particle and 
use the see-saw mechanism [7, 21]. 

In the left-right model, the see-saw mechanism appears as follows. 
We work with the Higgs multiplets [7] $ along- with the triplets intro- 
duced in Eq. (8.12). The most general Yukawa couplings involving the 
leptons are given by 



a, b 

+/ a 6 [pliC^er ■ A l V&l + {L -+ R)] + h.c. , (8.30) 

where $ = T2$*t 2 , and a, b now label different generations. It 
is then clear that at the first stage of symmetry breaking, we have 
(A 1 ^) = vr 7^ 0, leading to a heavy Majorana mass for the right-handed 
neutrinos, given by the matrix f a b v R- At the second stage, once the neu- 
tral components in $ develop non-zero vevs as in Eq. (8.10), we obtain 
the following form for the mass matrix of the neutrinos: 

%?"), (8-31) 
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where 

m D =/i (/) K + £ ( V. (8.32) 

For AT generations of fermions, Eq. (8.31) gives a 2J\fx2J\f matrix, where 
all the elements shown are M x M blocks. One can block diagonalize 
this matrix by a similarity transformation using the orthogonal matrix 

[20] 

l ~H P \ ? T )• (8-33) 

where p = mpf -1 /vr. This diagonalization is correct up to terms 
smaller than of order p 2 and one obtains the mass matrix for the light 
neutrinos to be 

m iight = _ JL m D f- l m J D . (8.34) 

vr 

Of course, this matrix needs further diagonalization to obtain the light 
neutrino eigenvalues and eigenstates. If we ignore mixing between gen- 
erations in the first approximation and assume that mu — Tn^, where mi 
is the mass of the charged lepton, we obtain from Eq. (8.34) the relation 

m„ t * Jg- (8.35) 

where M^ L is the mass of the heavy right-handed neutrino. If M^ t is 
assumed to be generation independent, one gets the following quadratic 
mass formula for neutrino masses: 

m Ve : m U(i : m Vr = m 2 : m 2 ^ : ml . (8.36) 

Here and elsewhere, when we talk about the "mass" of v e , for example, 
we imply the mass eigenvalue of the physical state which contains mostly 
the v e component, assuming mixings are small. It is clear from Eq. (8.34) 
that as vr -> 00, m v — > 0. Therefore the smallness of the neutrino mass 
is connected to the suppression of V + A currents in this scenario [7, 21]. 
While the above expression in Eq. (8.34) provides a natural expla- 
nation of why neutrino masses are small, without further assumption, 
it does not give us any idea about the real magnitudes of the masses 
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nor about the value of the right handed scale given certain values for 
them. The reason is that without further assumptions, we do not know 
the value of the Dirac mass term in Eq. (8.34). 

For instance, if we take the see-saw expression in Eq. (8.34) literally 
(i.e. mo ~ rn<e)> then a TeV scale Wr will lead to a spectrum an eV- 
keV-MeV type spectrum for neutrinos. In other words, if m Ve « 1 eV, 
one gets m^ « 40keV and m Vr « 12MeV. This kind of a spectrum 
is now definitively ruled out by data. In fact, present neutrino data 
seems to have have clearly established that all neutrino masses are in 
the eV to sub-eV range. The question then is: is a TeV scale right 
handed symmetry ruled out by neutrino data? The answer is of course 
'no' since it could very easily be that the the Dirac mass of the neutrino 
could arise as a loop effect and therefore be of order mjy ~ am q ^/4tt. 
If this is the case, then with a TeV scale vr, the neutrino spectrum 
becomes roughly 10 -6 x (eV : keV : MeV). This is in fact completely 
consistent with observations. 

The usual assumption is however that the Dirac mass terms for the 
neutrinos arise at the tree level and are proportional to either the quark 
masses or the charged lepton masses. The first possibility occurs in 
grand unification models based on the SO(10) symmetry group, and the 
second in some models based on the group Eq, which are discussed in 
Ch. 9. Such scenarios for Dirac masses would then imply that the scale 
of right handed symmetry is in the range of 10 12 to 10 15 GeV. This 
would push most aspects of the left-right models beyond the range of 
observability. 

Below we discuss the implications of both the TeV scale vr models 
as well as those with super high values for the vr. 

8.2.2 Implications of TeV scale W R models for leptons 

If it turns out that neutrino masses do allow one to maintain a TeV scale 
for the Wr, then there are several interesting implications for leptonic 
physics which are independent of the model details used to make the 
Dirac masses of neutrinos small. We give a sample of those results 
below. 

A low Wr scale allows new decay modes for the heaviest neutrino 
in addition to the conventional Wl induced decay v^ — ► i/^^t + 7. The 
decay arises from the exchange of the neutral member of the Higgs triplet 
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Figure 8.2: Tree-level diagrams for (a) u 2 -> 3i/i and (b) \i -> 3e in the 
left-right model. 



Al,o (see Fig. 8.2a). The decay rate via this mode can be written as 

I\, 2 -).3i/ c = ( J -TFT L I i no_3 • (8.37) 



Af2 i 1927T 3 



In order to estimate the lifetime for 1/2, we need some idea about the 
couplings fij and the mass of the A triplet. The following discussion 
gives some idea about them. The same set of couplings / that give 
rise to neutrino decay also give rise to fi~ — >■ e~e~e + (commonly called 
fj, -> 3e) decay [26] via the diagrams shown in Fig. 8.2b. The upper limit 
on this decay rate is very stringent: 



-12 



B{ja -> 3e) < 1.0 x 10 



The rate for \x ->■ 3e derived from Fig. 8.2b is 



(8.38) 



/i->3e 



. . » 2 5 

/ee/e" » m < 



'e/u 



Ml ++ / 192tt 3 ' 



(8.39) 



where M a -h- is the mass of the lighter doubly charged particle. The 
bound of Eq. (8.38) now implies 



/ee/eju ,., 1 n _6 



< lO -6 ^ . 



(8.40) 



'A++ 



Since the Z-decay modes do not reveal the existence of any neutral 
scalar triplet, A£ must be heavier than 45GeV. On the other hand, 
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since A° L and Aj 4 " belong to the same SU{2)l multiplet, their mass 
difference should be of order the SU(2)l breaking, i.e., a few hundred 
GeV at most. With these constraints, the masses of A° L and Aj" 1 " must 
be within a factor of about 10 of each other. Thus, for example, the 
\i ->■ 3e rate might be suppressed if, say, / ee < 10 -6 . In any case, using 
Eq. (8.39) for fi -> 3e decay, we estimate r V2 ~ 10 39 years for m<i ~ 1 
eV. 

There are two other interesting physical processes mediated by the 
exchange of A \ and Aj" 1 ". The A \ exchange leads to an anomalous 
muon decay of the following type: 

\i~ -> e~ + v e + £ M . (8.41) 

Note that the conventional muon decay is \i~ -» e~ + V e + t> M . The 
A^ 1 " exchange, on the other hand, leads to muonium to antimuonium 
transition: 

/i+e - -> n~e + . (8.42) 

The rates of these processes are given in terms of the following effective 
couplings: 



G 



Jeejuu 
*1 



CW^- e+ -#^. (8.43) 






The present experimental upper limits for these processes are at the level 
of IQ~ 2 G F and KT 3 G F respectively [28, 29]. 

8.3 Physics involving right-handed neutrinos 

The left-right symmetric model with Majorana neutrinos has several 
interesting implications on the properties of neutrinos, which we dis- 
cuss below. To understand these properties, it is useful to restrict our 
attention only to one generation. In this case the quantities mo and 
M = fvR, appearing in the matrix of Eq. (8.31), become just numbers. 
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8.3.1 Flavor changing neutral currents 

The diagonalization of the mass matrix was discussed in §7.2.4. The 
eigenvalues of the matrix are found to be 

m v ~ m 2 D /M and m N ~ M , (8.44) 

where v and N denote the light and heavy Majorana neutrinos corre- 
sponding to a given generation. 

The coupling with the Z-boson can be written in the flavor basis as 

9 Z»V eLl(1 v el , (8.45) 



2 cos 9w 

since the iV e -field does not couple to the Z-boson. Recalling Eq. (7.20), 
we can write this coupling in terms of the mass eigenstates as follows: 

• Z" cos 2 Qvijuu + sin 2 BNy^LN 



2 cos 0w 

■f cos 9 sm9(N^lu + vj^LN) 



(8.46) 



where 9 is the mixing angle, given in Eq. (7.15). Since myv > mc, we 
can approximately write 

9 ~ -— ~ . 8.47) 

M \m N ) 

For Z coupling to a single Majorana fermion, the vector part of the 

coupling vanishes and only the axial vector part contributes. However, 

Eq. (8.46) shows that Z can also couple to two different fermions. In 

other words, Z has flavor changing neutral currents (FCNC) so far as 

its coupling to neutral fermions are concerned. This is unlike the case 

in the standard model. For m^ < Mz> this will lead to the following 

decay width for Z — > vN: 

Y(Z -> vN) « 9 2 ■ 165 MeV . (8.48) 

If we assume mp ~ m e as in the previous section, we get m^ > 800 GeV 
if we take the m Ul < 0.2 eV. From Eq. (8.47), this implies 9 <5x 10~ 7 . 
Thus the v-N mixing is small in the see-saw limit. If, however, the see- 
saw limit is relaxed, one could get bigger values for 9, which would then 
lead to an appreciable decay width of the Z through Eq. (8.48). This 
decay mode has a distinctive signature since, as we will see below, decay 
modes of N\ can involve charged leptons or hadrons which can be easily 
detected. 
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Figure 8.3: Diagrams for the decay N -» u -f e + + e . 

8.3.2 Decay of the right-handed neutrinos 

In the see-saw picture, the right-handed neutrino mass is in the tens 
of GeV range. If we give up the see-saw picture, its mass could be 
arbitrary. It is therefore important to know its decay properties so that 
one could restrict its mass and coupling from observations discussed in 
this section. If we consider only one generation, we find that N has the 
following possible decay modes if we restrict the discussion to modes 
having not more than three particles in the final state: 



N -> < 



' v + e + 4- e~ 
v + 7 
^ + 7 + 7 

e^ + hadrons 



(8.49) 



The hadronic decay becomes predominant above the pion threshold, i.e., 
for rriN ^ 140 MeV. For masses below that threshold, the only decay 
modes are leptonic and radiative. Let us first discuss these non-hadronic 
modes. 



• N -> v + e + + e~ 

This decay proceeds via the Wl-Wr mixing graph shown in Fig. 8.3a 
and the flavor changing neutral current graph in Fig. 8.3b. The partial 
decay width of JV into this channel is given by 



Gim 



5 



nN ^u + e + +e-)^^-K 2 + e 2 A) 



(8.50) 
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N a W v a > 
Figure 8.4: Diagrams for the decay TV -» u -f- 7. 

where A = \ — sin 2 9\y + 2 sin 4 0vv- 

• iV -> 1/ + 7 

This decay is absent at the tree level and is induced at the one loop level 
via the Wl-Wr mixing graph of Fig. 8.4. The decay amplitude for this 
process can be written as 

Vo>»(a + b lh )Nq p el , (8.51) 

where e^ is the polarization and q is the momentum of the photon. Con- 
sider the simple case of CP-conserving theories. The Majorana neutrinos 
have specific CP eigenvalues in this case. If, for example, the CP eigen- 
value of N and v are opposite, one obtains a = in the above equation. 
Detailed calculation, described in §13.3.3, shows that 

b = - -~ £ m t U lv V tN , (8.52) 

where U and V are the mixing matrices in the left and right handed 
sectors respectively. Due to the presence of the factor rri£ in Eq. (8.52), 
decay into the v T mode is likely to dominate and we find [32] the width 
to be 

r( iV^ I , r + 7 )^8xl0- 22 C 2 « e 2 T ( T ^) MeV, (8.53) 

where 9 eT stands for the mixing. 
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This decay proceeds through the flavor changing Z-exchange graph sim- 
ilar to that in Fig. 8.3b and leads to the following decay width: 

T(iV -> 3u) ~ ^ 9 2 m% . (8.54) 

Using Eq. (8.53), we find the relative branching ratios 

E(JL±M ~ 2 x 10-» f gW mN V f8 55) 

• AT — ► e ± -/- hadrons 

This decay mode occurs for m^v > 150 MeV or so [33]. Due to the 
Majorana nature of N, one obtains 

T(N -4 e + 4- hadrons) = T(iV -4e" + hadrons) (8.56) 

Depending on the value of mjv, one or two generation of quarks will 
contribute. If only the first generation contributes, we get 

T(N - e+ + hadrons) = J^ ■ 9m % (<^)\ (8.57) 

For M\y R — 2TeV, if the charm threshold is open, we get 

-~ L -) GeV. (8.58) 
5GeV/ 

8.4 Naturalness of the see-saw formula 

The see-saw picture discussed in §8.2.1 has a problem of naturalness 
associated with it. The neutrino mass matrix written in Eq. (8.31) is 
derived from the Eq. (8.30) on the assumption that the Higgs field Al 
has got a zero vev. However, an actual analysis of the Higgs potential 
does not bear out this result. To see this, let us write the full Higgs 
potential involving $, A^ and A#. For this purpose, it is useful to 
introduce the matrices A^ = er • A L and a similar matrix form of A#. 
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Along- with the matrix $ denned in Eq. (8.9), we can write the potential 
now: 

V(*, A L , A fl ) = - £ ^Tr sfo - M 2 (Tr A* L A L + Tr A^A*) 

^[(TrAlA^^ + fTrAW) 2 ] 

+p 2 [(Tr A J- A l A[A l ) + (Tr A^A* A^A*)] 

+p 3 (TrA{,A L )(TrA} l A i i) 

+ P4 [(Tr Aj, Al)(Tr A L A L ) + (Tr A^A^Tr A* A*)] 

+ ^ oy(Tr ^(Tr a£a l + Tr A^A*) 

+ £ A; 1 * [ $ !^( A W + * W)] 

+ 5>zjTr a£*< A«*t + h.c] , (8.59) 

ij 

where the sums over i, j, fc and / always runs from 1 to 2, with $1 = $ 
and $2 = e<£*e. In the presence of the jij terms, minimization of the 
Higgs potential leads to an equation [7] 

VL = ( ^ ) fl , ( 8 .60) 

where vl = (A°) and we have assumed k' <C « for simplicity. We thus 
see that i>l ~ Jk 2 /vr, leading to no n- vanishing entries in the upper left 
corner of the mass matrix of Eq. (8.31). To see the implications of this 
term, let us restrict our attention to the case of one generation. We then 
see that the light neutrino mass is given by 

m„~ 7 ^-^. (8.61) 

This formula, which is different from the conventional see-saw formula 
in Eqs. (7.25) and (8.34), will be called the type II see-saw formula. 

First point to realize is that, as vr — > 00, the light neutrino mass goes 
to zero. Thus, the analytical connection between vanishing of neutrino 
mass and the absence of V -I- A interactions is preserved. However, 
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Figure 8.5: One-loop diagram giving rise to a non-trivial correction to the tree 
level value of 7^. 



if we look at the magnitude of the neutrino masses, we see that, for 
vr ~ lOTeV and / ~ 10 -2 or so, we require 7 < 10 -7 to get m„ e in 
the electron-volt range. This clearly requires a fine tuning of parameters 
and we ought to look for ways to avoid this unpleasant situation. 

Let us ask ourselves what happens if we set 7^- = in the tree level 
potential. One finds that it is induced by the diagram of Fig. 8.5 which 
is logarithmically divergent and therefore one must introduce tree level 
counterterms to absorb this infinity. Thus, setting it to zero at the 
tree level does not solve our problem. It is however interesting that the 
diagram of Fig. 8.5 involves only Yukawa couplings and if we assume that 
the theory has a natural cutoff at A ~ Mpi, we estimate the magnitude 
of the one-loop corrections to be 7i-i 00 p — (f 2 h 2 /16n 2 ) \n(A/Mw R )- 
Assuming the third generation to make the dominant contribution, we 
get 7 ~ 10 -7 for our choice of parameters, as required. Thus, choosing 
such a small value of 7 is not as bad as it might appear. 

There is however a more natural way to solve this problem [34] if 
we introduce a parity odd real scalar field a into the theory [35]. In 
the presence of this particle, the Higgs potential acquires the following 
terms in addition to those already presented in Eq. (8.59): 

V a = -filer 2 + A<7 4 + m <j(lr A[ A l - Tr A R A R ) + ... (8.62) 

Minimization of the full potential V 4- V a gives 

(cr) = M p ^ . (8.63) 



§8.5. Dirac neutrinos 183 

Since a is parity odd, its vev breaks only the discrete parity symmetry 
but keeps the gauge symmetry intact. If M p ^§> Mw R , then one finds 

k2v R (Q ka\ 

VL ~ 1 ~M? r ( ' 

instead of Eq. (8.60). Thus, for example, if M p > 10 a vr, this makes 
the v\i>\_ mass term in the see-saw matrix very small, helping to restore 
naturalness of the see-saw picture. In Ch. 9, we will see that this mech- 
anism of decoupling parity and SU(2)r breaking scales has a smooth 
realization in the 50(10) model of grand-unification. An important phe- 
nomenological consequence of this idea is that the A^-triplet acquires 
masses of order M p and therefore cannot play any role in neutrino decay. 
Thus, some new mechanism for neutrino decay must be introduced into 
the theory in order to avoid cosmological problems [36]. 

8.5 Dirac neutrinos 

In the original version of the left-right symmetric models [1, 6], though 
the neutrinos were considered to be Dirac particles, the smallness of 
their mass was not understood. More recently, a version of these models 
have been developed [37, 38] wherein the neutrino mass vanishes at the 
tree level but arises at one or two loop level, thus making it naturally 
much smaller than the charged fermion masses. An interesting feature of 
these models is that the neutrino masses scale linearly with the charged 
fermion mass and one has a mass formula of the type 

m Vl ~ 10~ 7 m^ , (8.65) 

ignoring generational mixings. These models are inherently different 
from the class of left-right models that lead to small Majorana masses 
for neutrinos. We provide a brief sketch of these models in this section. 
These models use heavy, vectorlike singlet quark and leptons in their 
construction and use the see-saw mechanism for quarks and charged lep- 
tons instead of the neutrino. The idea of using partial see-saw mecha- 
nism for down-type quarks and charged leptons was already discussed 
(e.g. in [39]). But later it was proposed [40] that the entire fermion 
spectrum be generated via the see-saw mechanism by postulating the 
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following heavy fermions in the left-right symmetric models in addition 
to the already existing light fermions of Eq. (8.3): 

Wl,r(1,1,^), 2>l,r(1,1,-|), 
£ L - R (1,1,-2), < R (1,1,0). (8.66) 

An advantage of these models is their simple Higgs structure. Only one 
pair of Higgs doublets xl,r an d a parity odd real singlet scalar (needed 
to generate the left-right asymmetry) are sufficient: 

XL (2,1,1), XR (1,2,1), <x(l,l,0). (8.67) 

The most general gauge invariant coupling is given by 



-#Y = 



h d q L XLV R + h u q L x L U R + ^ l Xl£r 



+h v 1> L XLK + (L^R) 



+ h.c. 



+W(/w + iwfu) U + V (fv + iwfv) v 

+^ Ue- + iwf' E - )E~ + & (f E o + i-y 5 crf' E o) E° 

+ (El T C~ l M L El + El J C~ l M R El + h.c.) . (8.68) 

where we have dropped the generation indices for the sake of clarity. At 
the minimum of the Higgs potential, one has {xl,r) — vl,r, leading to 
the charged lepton and quark mass matrices of the form 

It is clear from this that the light quark masses are given by 

""Might ~h 2 v L v R /M. (8.70) 

The interesting aspect of the above quark and charged lepton mass for- 
mula is that, if we chose vr/M ~ 10 _1 and h ~ 10~ 2 , one can under- 
stand small masses of the first generation fermions. This ameliorates 
somewhat the severe finetuning problem of the standard model. A very 
exciting development is that within this scenario, a mechanism has been 
proposed [41] wherein the mass and mixing patterns among quarks and 
leptons receive a very plausible explanation. 
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^ W L V4 flR/ ^* VR 



Figure 8.6: 2-loop diagram giving rise to Dirac neutrino masses. 

Turning now to the neutrino sector, one can use [40] a generalized 
see-saw mechanism for neutrino masses leading to Majorana neutrinos. 
But to understand the smallness of neutrino masses, one needs the scale 
of new physics (i.e., the singlet quark masses, the right handed scale etc) 
to be in the range of 10 10 GeV or so. However, if the E° is omitted from 
the heavy fermion sector, the neutrino mass vanishes at the tree level 
and arise only at the two loop level [37]. A typical relevant two loop 
graph is shown in Fig. 8.6. This graph leads to small and finite Dirac 
neutrino masses and leads to a linear mass formula given in Eq. (8.65) 
for Mw R — lOTeV. In this picture, therefore, by increasing the Wr 
scale by one order of magnitude, one may, if one wishes, accommodate 
the matter oscillation solution of the solar neutrino problem [see Ch. 6 
for details]. 

In this class of models, one does not expect any new charged Higgs 
bosons that couple to quarks although there may be charged Higgs 
bosons coupling to leptons in some versions [37]. Furthermore, in this 
model one expects tree level flavor changing neutral current signals such 
as Z — > 6s etc. 



Chapter 9 

Neutrino mass in Grand unified models 

At the present time, neutrino masses and mixings constitute the only 
solid experimental evidence for physics beyond the standard model. Cos- 
mological observations strongly suggest the existence of dark matter in 
the Universe, which could also be taken as evidence for new physics as 
a possible explanation of the matter anti-matter asymmetry in Nature. 

There are however plenty of theoretical arguments for new physics 
beyond the standard model such as understanding the origin of fermion 
masses and mixings or origin of weak symmetry breaking, solution to 
strong CP-problem. etc. Secondly, one can imagine scenarios beyond 
the standard model arising from aesthetic requirements such as the uni- 
fication of all forces and matter at short distances. The latter have been 
a major cornerstone of many theoretical discussions since the 1970s. In 
this chapter, we consider these so called grand unified theories which 
unify strong, electromagnetic and weak interactions, and study the con- 
straints imposed on them by various neutrino observations. It would 
of course be most desirable to have this scenario not only explain the 
smallness of neutrino masses (e.g. via the see-saw mechanism) but also 
the large neutrino mixings which are so different from the mixings in 
the quark sector. 

While these requirements might sound severe, they still allow 
many possible choices. We illustrate them using three popular grand- 
unification groups: 577(5), 50(10) and Eg, and see how detailed con- 
sideration of neutrino masses restrict the choice of Higgs structure, pos- 
sible existence of intermediate scale, sin 2 6\y etc. For other details of 
the grand-unified theories, we refer the reader to existing books on the 
subject [1]. 
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In the S U(b) model [2], the fermions of each generation are assigned to 
{10} and {5} representations, denoted respectively by T and F: 



F = 



d 2 

dz 

e 

\y / 



T = 



(0 


"3 


-u 2 


Ul 


di\ 







«1 


"2 


d 2 









W 3 




dz 


\ 








oy 



(9.1) 



Here u denotes the conjugate state so that ul for instance is the CPT- 
conjugate state of the right-handed helicity states of the up quark. The 
indices 1,2,3 stand for three different colors. The matrix T is antisym- 
metric, so we did not write down the elements below the diagonal. 

The breaking down of the gauge symmetry to SU(3) C x U(1)q is 
achieved by a choice of only two Higgs multiplets: 



H = {5} , $ = {24} 



(9.2) 



The vacuum expectation value of $ is chosen such that it breaks 5Z7(5) 
down to SU(3) C x SU(2) L x U(1) Y as follows 



($) = dmg (v,V,V,-^V,-^ 



Denoting the gauge bosons of the 5C/(5) model by 



(9.3) 
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v— % v-% y—% 
A l A 2 A 3 



% V -% 



4 3 
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J 3 
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T . w- 



10^24 



(9.4) 



we find that 



O 



(9.5) 
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The final stage of symmetry breaking down to U{1)q occurs via the 
non-zero vev of the { 5}-dimensional Higgs field H: 



<jy) = 



/ o \ 
o 





\v/V2) 



(9.6) 



This gives masses: 



M w = 



2 gV 



M z = 



gv 



2cos^v^ ' 



(9.7) 



where d\y is the Weinberg angle. In this case, since there is only one 
gauge coupling constant, Weinberg angle is predicted at the unification 
scale to satisfy 



tan Ow = y 3/5 



(9.8) 



□ Exercise 9.1 Using any one of the representations in Eq. (9.1), show 
that 



Tr [(F/2) 2 ] = ^Tr [(/ 3L ) 2 ] 



(9.9) 



Prom this, deduce Eq. (9.8). 



The unification scale V is obtained from the constraint that the three 
different gauge couplings #3, gi and g\ at low energies unify to a single 
gauge coupling gu above the unification scale. The evolution of the gauge 
couplings with the mass scale fi is given via the renormalization group 
equations for each gauge group which in the one-loop approximation 
looks as follows 



dg n 
cJln/i 



= K 



9l 
16tt 2 



for n = 1,2,3. 



(9.10) 



The coefficient b n is given by |A/" - jn for n = 2,3 if we neglect the 
Higgs contribution and assume that the only fermions are M generations 
of the fields shown in Eq. (9.1). Under the same assumptions, 61 = |A/". 
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The values of the three gauge couplings at the scale Mz have been 
experimentally determined from the LEP and SLC experiments to be: 

ai 1 (M z ) = 58.89 ±0.11; 
a?(M z ) = 29.75 ±0.11 
a 3 {M z ) = 0.121 ± .004 ± .001 . (9.11) 

It is then easy to show that the three gauge couplings of the standard 
model do not unify as they are extrapolated to high scales. To see 
this, let us write down explicitly the solutions to the 1-loop evolution 
equations for the gauge couplings: 



M v 
M z . 



a; 1 (Mz) = as 1 (M u )-^\n( 

^(M^^-^lng); 

ar 1 (M J ) = a 1 - 1 (Af l ,) + ^ln(g). (9.12) 

Unification condition is that ai(Mu) = ay for all i. One can then 
eliminate the two unknowns a\j and ln(Mu/Mz) to obtain the following 
constraint on ai(Mz): 

1.9c^ l (M z ) - 2.9a^ 1 (M z ) + af X (M Z ) = (9.13) 

which is not satisfied by the LEP and SLC data for the gauge couplings. 
Therefore, SU(h) is not acceptable as a viable model of grand unifica- 
tion unless it is "polluted" with extra Higgs bosons, in which case, the 
beauty and predictivity of the model is lost. Regardless of this unfor- 
tunate lack of unification however, the SU(5) is an excellent tool for 
studying many generic properties of grand unified theories. Further- 
more, the lack of unification in the non-supersymmetric SU(5) model 
does not mean that the idea of grand unification is not right. As we will 
discuss subsequently, the 5O(10) model as well as the supersymmetric 
version of the SU(5) model do lead to unification of coupling constants 
in an interesting manner. We therefore turn to the discussion of fermion 
masses in this model and more specifically the neutrino masses. 

□ Exercise 9.2 Write down the evolution equations for a n = 5^/47r, 
beginning with Eq. (9.10). Solve these to obtain Eq. (9.12). 
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9.2 Neutrino masses in SU(5) model 

The most general gauge invariant Yukawa couplings in the SU(5) model 
are given by 

Xy = h^C^F^W + h 2 e^ klm T^C- l T kl H m + h.c. , (9.14) 

where the displayed indices are SU(5) indices. We have suppressed 
generation indices for the sake of clarity. Also, complex conjugation is 
implied by lowering and raising of indices. Thus, for example, F l denotes 
the complex conjugate of F{. 

Once the {5}-dimensional Higgs boson H acquires a vev, Eq. (9.14) 
leads to 

M (d) = M (/) = hlv/y /2 

M^ = h 2 v/V2, (9.15) 

where, as in Ch. 2, M^ and M^ denote the mass matrices of the 
positively and negatively charged quarks respectively, whereas M"> is 
the mass matrix for charged leptons. The neutrinos remain massless. 
To see that it never acquires a mass through radiative corrections, we 
note that ££y is invariant under the global U{X)j: symmetry, if we assign 
T{E { ) = -2/3, F(Tij) = +1/3 and F(Fi) = 1. This combines with the 
U(l)y to generate the B — L symmetry: 

3 2 

B-L= -T - ^=A 24 , (9.16) 

5 >/l5 K 



where A24 is the generator which couples to the gauge boson B24 intro- 
duced in Eq. (9.4). It is easy to see that the Higgs fields developing vevs 
do not have any B — L quantum number. Thus B — L remains unbroken 
even after symmetry breaking. As a result, neutrinos cannot acquire 
any Majorana mass, which requires B — L violation. It cannot acquire 
Dirac mass since there is no right-handed neutrino in the model. Thus, 
m v = in the simple 51/(5) model. 

The simplest way to modify the SU(b) model to generate a massive 
neutrino is to include a { 15 }-dimensional Higgs boson S{j = Sji (sym- 
metric in the SU(5) indices). In the presence of this multiplet, there is 
a Yukawa coupling of the form: 

& Y = fF?C- l FjS ij + h.c. (9.17) 
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The multiplet 5 under SU(S) C x SU(2) L x C/(l)y contains an 
isotriplet Higgs boson A L used in §7.3.1 for extending the standard 
model to generate neutrino mass. If we assign !F(S) = 4-2, then the 
model has exact B - L number symmetry. By assigning a non-zero vev 
to S55, i.e. 

(Sss) = -j= , (9-18) 

the global B — L symmetry is spontaneously broken, leading to a triplet 
Majoron [3]. Measurements of the Z- width [4] have ruled out this model. 
Let us therefore consider a variation of this model where B — L is ex- 
plicitly broken in the Higgs potential by the following term: 

V = n s HiHjS ij + h.c. . (9.19) 

This breaks U(l)? symmetry and therefore the B — L symmetry explic- 
itly. The vev of 5 in this case is determined to be 

(*.) = ^ = ^. (9.20) 

Even if /Z5 is chosen to be of order V, we get u ~ 10~ 12 u ~ 10 -1 eV. 
Thus, in this model, smallness of neutrino mass arises naturally, and the 
neutrino is a Majorana particle. 

This model of course has the same problem as the minimal SU(5) 
model as far as unification is concerned. It is, therefore, phenomenolog- 
ically not viable. Yet we presented it to illustrate the techniques and 
ideas connected with generating neutrino mass in grand-unified theories. 

9.3 SO(10) 

The next higher symmetry useful for grand-unification of particle inter- 
actions is 50(10). An interesting aspect of 50(10) is that it contains 
the left-right symmetric gauge group SU(2)l x SU(2)r x SU(4)c and, 
therefore, it automatically contains the right-handed neutrino. Since 
it has quarks and leptons in the same irreducible representation, the 
mechanism responsible for generating quark lepton masses automati- 
cally makes the neutrino massive. Thus, unlike the SU(5) model, in 
5O(10) model massive neutrinos arise naturally. Below we will describe 
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ways to understand their smallness and study the kind of constraints 
they impose on the details of 50(10) grand-unification. 

D Exercise 9.3 Show that the generators of an orthogonal group are 
antisymmetric matrices. For the SO (2n) groups, the generators in the 
fundamental (i.e., 2n-dimensional) representation can be chosen to be 
the matrices T a b, whose elements are given by 

{T a b) pq = -i{8apdbq ~ SbpSaq) • (9.21) 

Deduce the algebra of SO (2n) groups from this. Show that the mutually 
commuting generators are Tu, T34, T^ 6 — 

To begin with, the two maximal continuous subgroups of 50(10) 
are: 

• 224 = SU{2) L x SU(2) R x SU(4) C \ 

• 5 = SU(b) x U(l). 

The spinor representation [5] of 50(10) is {i£}-dimensional and decom- 
poses under O224 and G5 as follows: 

2 24 : {16} D (2,1,4) + (1,2,4) 
5 : {16}D{10} 1 + {J}- 3 + {l} 5 . (9.22) 

From the 517(5) content of the spinor representation, it is clear that all 
the known fermions of a single generation can be fitted into the spinor. 
The SU(5) singlet piece of the spinor can be identified with the right- 
handed neutrino. 

Let us first discuss the symmetry breaking of 50(10) down to the 
standard model. Since 50(10) has rank 5, there are many possible 
chains of symmetry breaking including one in which 5£/(5) appears at 
an intermediate scale. Since 5£/(5) is ruled out as a grand-unification 
symmetry, we will focus on the more interesting chains which contain 
the left-right symmetric group SU(4)c x SU(2)l x SU(2)r as an inter- 
mediate symmetry. It is important to realize that the actual maximal 
subgroup of 50(10) is [6]: 

50(10) D SU(4) C x SU(2) L x SU(2) r x D , (9.23) 

where D is a discrete symmetry under which fi — > /&, i.e., it inter- 
changes the (2, 1, 4) and the (1, 2, 4) sub-multiplets of the 50(10) spinor. 
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Figure 9.1: Some interesting chains of symmetry breaking from 50(10) down 
to the standard model group which includes the left-right symmetric group as an 
intermediate stage. The representation whose vev can induce a certain breaking 
has also been shown. 



It essentially plays the role of charge conjugation, at least on the fermion 
fields. This symmetry was called D-parity [6] and it plays an important 
role in understanding neutrino mass, as already alluded to in Ch. 8. 
Besides, it also has important bearings on the question of baryon asym- 
metry and domain wall problem in 50(10) models [7]. Two of the 
important implications of D-parity are: a) it implies gj_, = gn and b) it 
requires rjg = rfg where tjb is the number of baryons in the universe. 



□ Exercise 9.4 Show that the following identification of the generators 
of the subgroups of the 50(10) grand-unification group satisfies the al- 
gebras of the subgroups: 



SU(2) L : i(T 89 + T 70 ), i(T 97 + T 80 ), \(T 78 + T 90 ) 
SU{2) R : 2(^9 - T 7 q), ^(^V - T 8 o), o^ 78 "~ T * Q ) 
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SU(3) C : i(T 23 - T 14 ), i(T 3 i - T 24 ), i(T 12 - T 34 ), 
111 

2 ( r 53 - ?46), r/^( T 12 + T 34 ~ 2T 56 ) 

B - L : oc T12 + T 34 + T 56 . (9.24) 

If we demand the intermediate symmetry to contain an 5£/(2)^ x 5C/(2)jj 
group, then some of the possible symmetry breaking chains are listed in 
Fig. 9.1, where we have also listed the dimensionality of Higgs bosons 
responsible for each stage of symmetry breaking. To appreciate the effect 
of a particular kind of Higgs multiplet on symmetry breaking from G to 
G', we give the decomposition of the multiplets used in Fig. 9.1 under 
the group G'. For instance, for the case of {45}, G — G224 or G224D 
and G' = G$22i- So we give the decomposition of the {^5}-dimensional 
representation of 50(10) under SU(Z) C x SU(2) L x SU{2) R x U(1)b-l' 

{45} ^ (1, 3, 1, 0) + (1, 1, 3, 0) + (8, 1, 1, 0) + (1,1, 1, 0) 

+ (3, 2, 2, |) + (3, 2, 2, -|) + (3, 1, 1, ±) + (3, 1, 1, -|). 

(9.25) 

We see that {45} contains a singlet of the group ^3221- If the multiplet 
develops a vev in that direction, then we obtain G3221 as the unbroken 
subgroup. 

Let us now examine the multiplets which can break the 50(10) sym- 
metry down to G224 or (?224£>- For this, we need the multiplets which 
contains a singlets under the broken symmetries. Note that 

{54 } ^ (2, 2, 6) + (1, 1, 20) + (3, 3, 1) + (1, 1, 1) (9.26) 

{210} ^ (1, 1, 15) + (2, 2, 20) + (3, 1, 15) + (1, 3, 15) 

+ (2, 2, 6) + (1,1,1) (9.27) 

{^}^(3,2,i) + (l,2,-l) + (3,l,-J) + (3,l,?) 

+(1,1, 2) + (1,1,0). (9.28) 

For the {i^^}-dimensional representation, we first give its reduction 
under G224: 

{126} ^ (1, 1, 6) + (2, 2, 15) + (3, 1, 10) + (1, 3, TO) . (9.29) 
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The multiplet responsible for breakdown of G3221 or G224 down to the 
standard model is clearly contained in (1, 3, 10). 

Again, as in the case of 517(5), the gauge bosons contained in the 
quotient group 5O(10)/5£/(4)c x SU(2) L x SU{2) R become massive 
at the first stage of symmetry breaking and contribute to baryon non- 
conserving processes such as proton decay. There also exist detailed 
renormalization group analysis including two loop contributions [7, 8], 
which gives the predictions for sin 2 9w f° r different symmetry breaking 
chains. In contrast with the minimal non-supersymmetric SU(B) model, 
in this model the coupling constants truly unify [8] . 

Two chains important for the discussion of neutrino masses are sum- 
marized here. 

• The first chain is 

50(10) ^ G 2 24D ^ 224 — > R Oaiis ^ C321 ■ (9-30) 

{54} {210} {210} {126} 

In this case, the grand-unification scale My ~ 10 16,6 GeV, M p ~ 
10 14 GeV, M Wr = M c ~ 10 5 -10 7 GeV with M z , < ITeV, leading 
to a prediction of sin 2 9\v — -227. The important aspect of this 
symmetry breaking chain relevant to neutrino mass is the value of 
M Z i (or the scale of B — L breaking) near the TeV scale. 

• The second chain of symmetry breaking is given by 

5O(10) M »=^ M > G 3221 "Jg* G 321 . (9.31) 

{45} {126} 

This chain is highly predictive and implies Mjj ~ 10 15A GeV for 
sin 2 $ w ~ 0.23 and M Wr ~ M B -l ^ 10 12 GeV. 



9.4 Neutrino mass in 5O(10) models 

Let us now discuss fermion masses in 5O(10) theories. To see the Higgs 
bosons which lead to gauge invariant Yukawa couplings, we note that 

{16} ® {16} = {10} e {120} {126} . (9.32) 
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The Higgs bosons that give mass to quarks and leptons must belong to 
{10}, {120} and {126} dimensional representations of 5(9(10). We can 
write the Yukawa couplings as: 

#y= T f fuo}^aBc- 1 r i Mioh + f?i20}tfBC- 1 r i rir k ik{i20} ijk 

a,b 

+fl% 6} ^BC- l VVT k T l T m xl) h {m} ijklm + h.c. (9.33) 

where Tj are analogs of Dirac gamma matrices for 50(10) and B is the 
analog of the conjugation matrix for the spinor of 50(10); a and b are 
generation indices. 

It turns out that {120} couplings are antisymmetric under the in- 
terchange of the {16} fermions, whereas {10} and {126} are symmetric 
under same interchange. Hence, the Yukawa coupling matrices / have 
the following properties: 

xab /6a 

J{10} ~ J{10} 

fab /6a 

J{120} — J{120} 

f{126) = f{%6} ■ (9.34) 

The fermion masses arise when any of {10} h , {120} h or {126} h acquire 
nonzero vev's, with appropriate symmetry conditions satisfied by the 
mass matrices. Let us consider first the case where only one {10}- 
dimensional Higgs boson is used to generate fermion masses. In this 
case, we have at grand-unification scale: 

Mi? = Mj*> = M<<> = M<°> . (9.35) 

When these relations are extrapolated to the weak scale, different cor- 
rections apply to quark and leptons and we get, 

M^ U \M W ) ~ M^ d) {M w ) ~ ZM {t) (M w ) ~ 3M {0) (M W ) . (9.36) 

The degeneracy between up and down quark masses is clearly unrealistic. 
However, if we employ two {.70} -dimensional Higgs bosons, the up-down 
mass degeneracy is split. However, we still have the unphysical relation 

M^ U \M W ) ~ 3M^(M W ) , (9.37) 
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which is clearly unacceptable since it implies Dirac neutrinos with very 
large masses. 

This problem is solved by adding a {1 26} -dimensional Higgs boson 
and assigning vev to the SU(5) singlet component of it. It gives Ma- 
jorana mass to the right-handed neutrino exactly as in the case of the 
left-right symmetric model, leading to a Majorana mass for the right 
handed neutrinos: 

^23— = A'") ' icf) N lC- l N R , (9.38) 

where we have denoted the vev of the SU(5) singlet component of {126} 
by Mbl/q- Again as the case of left-right symmetric theories, an 50(10) 
invariant coupling of the form {126} • {126} -{10} -{10} appears in the 
Higgs potential, which leads to a non-zero vev for the vl^l component 
of {126} and a direct Majorana mass for pl is induced as follows: 



K 2 
-^Maj-mass = X f{126] MBL j g V L C ~ V L , 



(9.39) 



m^ ht 



where k denotes the SU (2) ^-breaking scale. This leads to a neutrino 
mass matrix of the form 

( X f{i26}wt7g \hio} K ] . (9.40) 

\ \f{10}* ${126}M B Llg) 

It gives the following expression for the light neutrino masses: 

K 2 1 K 2 

This formula is very similar to the type II see-saw formula of Eq. (8.61), 
as opposed to the type I seesaw formula of Eqs. (7.25) and (8.34). We 
see that as Mql — > oo, m v — > 0. In models where B — L and SU(2)r are 
broken together, we obtain the analytic connection of m v and suppres- 
sion of V + A interactions as advocated in the context of the left-right 
model [9]. However, the presence of the first term destroys the see-saw 
formula. But since in a minimal Higgs scenario, this term is bound to 
appear, we will first discuss its effect on neutrino masses. 

Looking at the orders of magnitude, it is clear that the ratio of 

f 2 
the second term to the first is 5 « *j° } • But fuo\ 1S proportional 
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to M^ /M\y- Neglecting inter-generational mixings for the moment, 
we expect its value to be a small number of order 10 -4 for the first 
generation, about | x 10 -2 for second generation and \ or greater for 
the third generation. Therefore, if f{i£6} — 10 _1 an d ^ — 10 _1 to 10 -2 , 
we expect that 



{ 



10 5 to 10 6 for the 1st generation, , g .~\ 

10 -2 for the 2nd generation. 



Therefore the first term is likely to dominate in this "minimal" version 
of the 50(10) model. In this case, we expect neutrinos of all three 
generations to be almost degenerate. Their masses however depend on 
Mbl- Existing upper limits [10] on m Ve of 2.2 eV therefore imply Mbl > 
10 10 to 10 11 GeV. If indeed the scale is near that limit, assuming the 
elements of f{i26} to be all of the same order of magnitude, we would 
expect 



m 



Ve ~ m Uti « m„ T « few eV. (9.43) 



Let us next turn to the case where the direct vi Majorana mass 
vanishes (e.g. by assuming A = or by a £>-parity breaking mechanism 
to be described below). In this case, if we ignore quark mixing, we have 
for neutrino masses the following formula: 



1 ml 

m Ue « -g 



9 f{l26}M B L 



2 



1 m c 



9 f{l26}M BL 

9 f{126} M BL 

We have of course assumed the f{i26} coupling to be roughly generation 
independent. An important improvement of the £0(10) model over the 
left-right symmetric model is that here the neutrino Dirac masses are 
predicted to be equal to the up-quark masses of each generation. The 
factor 1/9 is a crude estimate of the effect of renormalization group 
extrapolation down to the weak scale. For more accurate estimates of 
the renormalization effects, see Ref.[ll]. 
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This first of all predicts the following quadratic mass formula for 
neutrinos: 

m v e : rn Vft ■ rn Vr = mj : m 2 : m 2 . (9.45) 

Therefore, using [12] m* = 180 GeV and the upper limit of 18MeV on 
v T mass given in Eq. (3.8), we predict 

m^<1.5keV. (9.46) 

This is to be compared with the existing experimental upper limit of 
170 keV. 

At this stage, depending on the symmetry breaking chain one 
chooses, the neutrino mass spectrum can be different. Some interest- 
ing scenarios are described below. 

Intermediate Mbl scenario [Eq. (9.31)] 

An interesting scenario is the two step 50(10) breaking scenario [13], 
where 5O(10) breaks to the standard model via a left-right intermediate 
symmetry. Here, Mbl — 10 12 GeV from constraints of sin 2 9 W . In this 
case, using Eq. (9.44) we predict 

m Ue « 10~ 7 eV, 
m V(i « 10 _3 eV, 
m UT « 10" 1 eV . (9.47) 

Of course these numbers have to be taken as rough estimates since fii26\ 
is unknown. 

The interesting point about this scenario is that this kind of mass 
spectrum is required to explain the solar neutrino puzzle via an MSW 
type matter oscillation effect, which will be discussed in Ch. 6. This 
model therefore deserves special attention. An additional theoretical 
argument in favor of this model is that £/(l)pQ-symmetry needed to solve 
the strong CP-problem in the class of invisible axion models [14] also has 
a symmetry breaking scale around 10 12 GeV. The models of Ref. [13] 
emphasize this point by identifying the ?7(1)pq symmetry breaking scale. 
The proton lifetime in this model is predicted to be around 10 34 yrs and 
may be within reach of dedicated next generation experimental searches. 



200 Chapter 9. Neutrino mass in Grand unified models 

(16,5) 




(16,1) (16,5) (16,10) (16,1) 

Figure 9.2: Two-loop diagram giving rise to the Majorana mass of right handed 
neutrinos in Witten's model. The notation (16,1) means the SU(5) singlet part of 
the 16 representation of 50(10). 



Loop-induced heavy mass for Nr 

An interesting scenario which does not fall into either of the above cases 
was proposed by Witten [15] where the actual B — L breaking scale is 
high (i.e. perhaps of order Mq) but the effective Nr mass that goes 
into the see-saw matrix is actually much lower. The way that happens 
is that, even though the B — L symmetry is broken at the tree level, it 
can be broken by a properly chosen 5O(10) representation which has no 
Yukawa coupling to the fermions. As a result, no tree level mass for Nr 
will be present. However Nr mass can in general arise from radiative 
corrections and will therefore be much smaller. An explicit realization 
of this idea [15] is to break B — L symmetry by a 16-dimensional Higgs 
multiplet. In this case the Nr mass arises at the two-loop level from the 
diagram of Fig. 9.2. We get 

This leads to M N ~ 10" 6 to HT 7 M G « 10 8 GeV, which in turn yields 
neutrino masses much larger than given in Eq. (9.47). Notice that, since 
the heavy neutrino mass is proportional to the Yukawa coupling fno}, 
the see-saw mechanism now gives light neutrino masses proportional to 
the single power of up quark masses. 

In concluding this section, we mention how the D-parity breaking 
scenario of 5O(10) models helps to restore the see-saw picture for neu- 
trino masses by suppressing the direct ^-Majorana mass term in Eq. 
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(9.40). The basic idea is the same as in Ch. 8 except here we break the 
50(10) symmetry either by a {£i0}-dimensional representation or the 
{45 }-dimensional representation. Writing the {210} dimensional repre- 
sentation as a 4-index antisymmetric tensor {210}ijki, the D-parity and 
5O(10) breaking is achieved by giving the vev 

{{210} 7m ) = Mu/g. (9.49) 

This lowers the 50(10) symmetry to SU(2) L x SU(2) R x SU(4)c- If 
instead we use the antisymmetric rank-2 tensor representation {^5}, we 
can give vev to 

({^}i2> = <{^} 34 > = ({45} 56 ) = Mu/g . (9.50) 

This breaks .D-parity and reduces the 5O(10) symmetry to 5C/(3) C x 
SU(2)l x SU(2)r x U(1)b-l- The consequence of .D-parity breaking 
is that it asymmetrizes the Higgs spectrum: for instance, if we denote 
M p to be the Z?-parity breaking scale, then the masses of Ai and Ar 
in {126} become different, i.e., 

Ml L ~ M 2 p , (9.51) 



whereas 



As a result, we have 



M\ R c M 2 BL . (9.52) 



(Ai) * 



k 2 M B l 




(9.53) 

Eq. (9.42) then implies that HMbl/M p < 10 -3 , the true see-saw picture 
emerges [16]. 

9.5 Predictive 5O(10) scenarios for neutrino 
masses 

In the previous section, we noted that the see-saw mechanism for neu- 
trino masses finds its natural embedding in the 5O(10) models. While 
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this provides a convincing way to understand the smallness of the neu- 
trino masses compared to the corresponding charged fermion masses, it 
falls far short of predicting the detailed mass and mixing patterns for 
neutrinos in general. The reason for this is that, while in the 50(10) 
model the Dirac masses for the neutrinos are related to the up quark 
mass matrix, the Majorana mass matrix for the right handed neutrinos 
involves unknown Yukawa couplings. There is however a class of mini- 
mal 50(10) models where the Majorana mass for the heavy right handed 
neutrino gets related to the quark and lepton masses and therefore gets 
predicted. A model of this sort therefore leads to firm predictions for 
the mixings as well as masses for neutrinos [17]. The model is also con- 
sistent with all other phenomenological constraints and could therefore 
be the first 5O(10) model to be tested by the current generation of neu- 
trino experiments. Let us briefly describe the model and explain why 
it has the predictive power in the neutrino sector. We will present only 
the non-supersymmetric version although a supersymmetric version has 
been constructed [18]. 

The Higgs sector of the model is assumed to consist of a {210}- 
dimensional representation to break the 5O(10) symmetry down to 
SU(2) L x SU{2) R x 5£/(4) c model at the GUT scale. The only 
other Higgs fields of the theory are a complex {10} and a {126} di- 
mensional (denoted by H and A respectively). To start with we 
will assume that as usual the {i£tf}-dimensional multiplet breaks the 
SU(2)l x SU(2)r x 5C/(4) C group down to the standard model gauge 
group. It however turns out that the Higgs potential of this model con- 
sists of terms of the form AAAff . In the G224 decomposition, this 
coupling is of the form (1,3, 10)(1, 3, 10)(2, 2, 15)(2, 2, 1). It is then 
clear that after electroweak symmetry breaking via the {1 ^-dimensional 
multiplet, the (2,2, 15) sub-multiplet of the {126}-Higgs acquires a 
vev. This simple observation has profound implications for the fermion 
masses. To see this, let us further assume that the Yukawa couplings of 
the fermions have only the following terms: 

<&y = Kb^a^bH + f a bMb& (9.54) 

Note that we have not included a coupling of the form tpipH* which is 
forbidden if the model is supers ymmetrized. The same can also happen 
if the model has a Peccei-Quinn symmetry. Now we see that the cou- 
pling f ab plays a role in heavy neutrino Majorana masses after B — L 
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breaking and also contributes to quark and lepton masses due to the 
induced (2,2,15) vev. The important point to note is that the Yukawa 
Lagrangian of the model has a total of twelve parameters which can be 
counted as follows. We can choose a basis so that h is diagonal, so that 
there are three parameters there. The coupling of A, being symmetric, 
has six parameters. As a result the Yukawa couplings give nine param- 
eters. Three parameters come from the four Higgs vev's (two from H 
and two from from A) after the W-mass constraint is used. Note that in 
the fermion sector there are nine masses (up, down and charged leptons) 
and three CKM mixing angles which are known. Thus all parameters 
in the Yukawa sector of the theory are predicted. Thus the / a & which 
give the right handed neutrino masses are now predicted yielding a pre- 
dictive scenario for neutrino masses and mixings. We do not reproduce 
the detailed predictions of the model [17], merely the formulae for the 
fermion masses that arises in this model: 

M u - flK u + fv u 

Md = htid + fv d 
M? = hn u - Zfv u 

M £ = hK d - Sfv d 
M VR = fv R (9.55) 

where K Ui d and v U) d are the vev's of the standard model Higgs doublets in 
{10} and {126} Higgs multiplets. Note that the same Yukawa couplings 
are involved in all mass matrices which is at the heart of the predictive 
power of this model. 

An important consequence of this model is the sum-rule 

kM e = rM d + uZ ku M u U C km , (9.56) 

where M U) d are diagonal matrices. In order to predict neutrino masses 
and mixings in this model, there are two ways to go: (i) use either type 
I seesaw formula (Eq. (7.25)) or (n) type II seesaw formula (Eq. (8.61)). 
Furthermore, in either case, there are several sets of predictions for the 
neutrino masses and mixings depending on the choice of the signs for 
the quark masses and one can then compare those numbers with data. 

Case (i) : For the case of type I see-saw, if one ignores CP violating 
phases in the theory, then the predictions for neutrino masses are 
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found to be in disagreement with data [19]. However, if one in- 
cludes CP phases, one can find solutions for neutrinos that are 
consistent with data [20]. 

Case (ii) : On the other hand, if one uses type II see-saw and works in 
the parameter range where the triplet term dominates, then one 
obtains a sum-rule relating neutrino masses to quark and charged 
lepton masses: 

M v = c{M d - M e ) . (9.57) 

This equation leads in a very natural way to maximal atmo- 
spheric as well as solar neutrino mixings [21] while giving the ratio 
Arag/Amatm in agreement with present data. The key reason for 
this is that the extrapolated values of the b-quark and r-lepton 
masses at the GUT scale are nearly equal, thus enhancing all mix- 
ing angles. 

Several other procedures for predicting the neutrino masses and mix- 
ings in SO (10) models have also been considered in recent literature by 
postulating specific forms for the quark mass matrices and the right 
handed neutrino masses [22]. We do not discuss them here. 

9.6 Neutrino masses in E$ 

In this section, we turn to Eq grand-unified theories and study the neu- 
trino masses. Let us first discuss a few facts about the Eq theories [23]. 
There are several maximal subgroups of Eq: 

( 50(10) x U(l) 
E 6 D I SU(3) x SU(Z) x SU{3) (9.58) 

( 677(6) x SU(2) . 

The fundamental representation of E$ is {27}-dimensional. Under the 
above subgroups {27} decomposes as follows: 

{27} S °^{16} +l9 {10Ue{l} +i 
lS ^ ]S (3,3,1) « (3,1,3)® (1,3,3) 
W( ^f (2, (15,l)e(5,2). (9.59) 
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A look at the 50(10) x U(l) reduction of {27} makes it clear that {27} 
is suitable for assigning the fermion fields. Clearly it contains additional 
fermion fields than are present in the standard model. Their discovery, 
direct or indirect, will provide evidence for Eq grand-unification. We 
will use the [5£7(3)] 3 decomposition and assign the fermions as follows: 

{27} D (3,3,1) © (3, 1,3)© (1,3,3) (9.60) 

El E+ e+ 
E~ d K 
i v 

Among the new fermions required by Eq are: a new color triplet isos- 
inglet quark g and its antiparticle g, and in addition five new leptons: 
25°, E+, Ej, E% and n, the last one being a singlet under 50(10). The 
model has got five neutral leptons in each generation. Therefore its neu- 
tral lepton sector promises to be rich in physics. With so many neutral 
particles in a single generation, we choose to ignore generational mixing 
for the rest of this chapter and consider just the first generation. 

Turning now to the gauge bosons, the adjoint representation of Eq 
is {Tridimensional. Under 5O(10) x U(l) and [5C/(3)] 3 it decomposes 
as follows: 

{78} so{ ~ l % u ^ {45}o © {16}+3 © { J6} ^ © {1} 

{78} [Sl ^ ? (8, 1, 1) © (1,8, 1) © (1, 1,8) © (3,3,3) © (3,3,3) . 

(9.61) 

In order to study neutral lepton masses, let us briefly touch on the 
question of symmetry breaking. 

The breaking of Eq — > 5O(10) can be easily achieved by means 
of a {27}-dimensional Higgs boson. On the other hand to break 
Eq — ► [5f/(3)] 3 , one needs to include {650} dimensional representa- 
tion. It turns out that in superstring inspired models, the flux breaking 
mechanism [24] breaks Eq down to [5£/(3)] 3 automatically. 

Even in a single generation, the neutrino mass matrix in this model 
is a 5 x 5 matrix and is in general very involved. One simple possibility 
is to use {27}-dimensional Higgs boson and {351'} Higgs boson denoted 
by Hi and A respectively. Denoting the {27}-dimensional fermion by 



206 Chapter 9. Neutrino mass in Grand unified models 

ip, we have the following Yukawa couplings: 

J&fy = hWHi + h 2 ij>i)A . (9.62) 

If we give a vev to (n(H)), then it gives a Dirac mass coupling E„Ej 
in Eq. (9.60). If we choose {n(H)) heavy enough, two neutral leptons 
decouple from the low energy spectrum. We may then try to employ a 
see-saw type mechanism to get a light Majorana neutrino. The right- 
handed neutrino Majorana mass can be obtained from the A-coupling 
in Eq. (9.62) if we consider the {126} dimensional representation of 
SO(10) that is contained in the 50(10) x (7(1) decomposition of Eq: 

{351'} so ^ u M {1] _ 8 e {10} _ 2 {7 ^ } _ 5 {54}4 



®{126}-2®{U4h' (9-63) 

The Dirac masses of the neutrinos can be obtained by using another 
{27}-dimensional Higgs H 2 multiplet and giving vev to the following 
components: 

(£2(J? 2 )) = «i , (E%{H 2 j) = K2. (9.64) 

In this case, one has in the symmetry limit the following mass relations: 

m u = mo — fyz^i 
m d — m e = h 2 K 2 . (9.65) 

Then, a see-saw scenario similar to the case of 50(10) emerges. In 
this case, the fifth neutral lepton n remains fully decoupled from other 
matter. 

On the other hand, if the {351'} is not included in the Higgs spec- 
trum, one can use an extra singlet fermion, S and use an extra {27}- 
dimensional Higgs boson Hz whose vev is {£(#3)) = Vbl and whose 
Yukawa coupling with fermions is /13. In this case, at low energies 
[i <^C (n(^2))> we obtain a 3 x 3 neutrino mass matrix [25]: 

m D 

m D h 3 V BL J • (9.66) 

h 2 V BL 
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Since this matrix has zero determinant, one of the eigenvalues must be 
zero. This eigenstate is given by 

v + eV where e ~ — — — . (9.67) 

hzVBL 

The other two eigenvalues must be equal and opposite since the trace 
of the matrix in Eq. (9.66) is zero. In such a case, as was discussed in 
§4.5, they form a Dirac neutrino with mass I^VblI- This is a rather 
interesting scenario that has been used in superstring models. 



Chapter 10 

Neutrino mass in supersymmetric 
models 

10.1 Introduction 

A symmetry between bosons and fermions, known as supersymmetry, is 
one of the fundamental new symmetries of nature that has been the sub- 
ject of intense discussion in modern particle physics. This symmetry was 
introduced in the early 1970's by Golfand, Likhtman, Akulov, Volkov, 
Wess and Zumino. In addition to the obvious fact that it provides the 
hope of an unified understanding of the two known forms of matter, the 
bosons and fermions, it has also provided a mechanism to solve two con- 
ceptual problems of the standard model, viz. the possible origin of the 
weak scale as well as its stability under quantum corrections. The recent 
developments in strings, which embody supersymmetry in an essential 
way, also promise the fulfillment of the eternal dream of all physicists to 
find an ultimate theory of everything. It would thus appear that a large 
body of contemporary particle physicists have accepted that theory of 
particles and forces must incorporate supersymmetry, although no direct 
experimental evidence of such a symmetry has been found yet. This will 
of course have important implications for the physics of the neutrinos 
and the related phenomenon of lepton number violation, which we will 
consider in this chapter. Let us begin with a brief overview of the basic 
notions of supersymmetry. 

There are many ways to introduce supersymmetric field theories and 
we refer to several texts [1, 2] and reviews [3] for more thorough discus- 
sion. Here we will content ourselves with a brief outline only. 

Since supersymmetry transforms a boson to a fermion and vice versa, 

208 
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an irreducible representation of supersymmetry will contain in it both 
fermions and bosons. Therefore in a supersymmetric theory, all known 
particles are accompanied by a superpartner which is a fermion if the 
known particle is a boson and vice versa. For instance, the electron 
(e) super-multiplet will contain its superpartner e, (called the selectron) 
which has spin zero. The photon (7) super-multiplet will contain its su- 
perpartner, 7, known as the photino, which is a Majorana field of spin-|. 
We will adopt the notation that the superpartner of a particle will be 
denoted by the same symbol as the particle with a 'tilde' as above. The 
name of the superpartner of any known fermion will have an extra let- 
ter 's' at the beginning, and known bosons will have superpartners with 
names ending with the letters '-ino'. Furthermore, while supersymme- 
try does not commute with the Lorentz transformations, it commutes 
with all internal symmetries. As a result, all non-Lorentzian quantum 
numbers for both the fermion and boson in the same super-multiplet are 
the same. 

A convenient mathematical way to discuss supersymmetry is to ex- 
tend space-time to a superspace where one augments the normal space- 
time with the addition of anticommuting Grassmannian coordinates de- 
noted by 0, where is a Majorana spinor. As elaborated in Ch. 4, such 
spinors have two independent complex components, or four independent 
real components. Equivalently, one can use the chiral projections &i 
and 0r, each of which has two independent real components. Operator 
valued functions in the superspace will be called superfields and denoted 
by $(x,6i,6r). The Grassmannian property of the 6 coordinates (i.e., 
#i#2 = — #2#i and (Qi) 2 = 0) then implies that an expansion of the super- 
fields $ in the 9 coordinate terminates after a few terms, The coefficients 
of such an expansion will be functions of x only, and are therefore fields 
of the ordinary field theory. Those fields will create and annihilate the 
known particles and their superpartners. The superfields can of course 
have any spin but for the description of the particles of the standard 
model, it is enough to consider only superfields with spin zero. 

There exist three kinds of spin-zero superfields which form irreducible 
representations of supersymmetry: (i) the chiral and anti-chiral super- 
fields, (it) vector superfields and (Hi) linear multiplets. Again for our 
purpose, we only need the first two kinds of multiplets. The chiral (and 
anti-chiral) multiplets contain a spin zero and a spin half particle and 
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will be used to describe matter as well as Higgs fields. On the other hand 
the vector multiplets contain a spin one and a spin half fields and will 
be used to describe gauge fields. It turns out that real vector fields allow 
transformations, which can be identified with the gauge transformations 
as is needed if they are to describe gauge fields. 

10.2 The Lagrangian for supersymmetric field 
theories 

In order to write down the action for a supersymmetric field theory, 
let us start by considering generic chiral fields denoted by $(x,#l) with 
component fields given by ((f), z/>) and gauge fields denoted by V(x, $i, 9r) 
with component gauge and gaugino fields given by (A**, A). The action 
in the superfield notation is 

S = J d A x [d 2 L d 2 $ R &e v $ 

+ I d 4 x f d 2 e L (p($) + w{v)w{v) + h.c.) . (io.i) 

In the above equation, the first term gives the gauge invariant kinetic 
energy term for the matter fields $; P($) is a holomorphic function of 
$ and is called the superpotential; it leads to the Higgs potential of 
the usual gauge field theories. Secondly, W(V) = V 2 VV where V = 
dd — i<r - dx, and the term involving W(V) leads to the gauge invariant 
kinetic energy term for the gauge fields as well as for the gaugino fields. 
In terms of the component fields the Lagrangian can be written as 



J£? = if, + Matter + J?Y ~ V{<f>) (10.2) 



where 



-^matter = \D„(f>\ 2 + tfiD^ 

jf Y = s/2g\^ + MbPab 
V{<t>) = \P a \ 2 + \v a V a (10.3) 

where D^ stands for the covariant derivative with respect to the gauge 
group and V a stands for the so-called £>-term and is given by V a = 
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g$T a (j) (g is the gauge coupling constant and T a are the generators of 
the gauge group). P a and P a & are the first and second derivative of the 
superpotential P with respect to the superfield with respect to the field 
$ a , where the index a stands for different matter fields in the model. 

Several new features of a supersymmetric field theories (as compared 
to a non-supersymmetric one) are evident from the Eq. (10.3). First, 
note that the Yukawa couplings and the first contribution to the Higgs 
potential arise from the same function P($) and therefore their pa- 
rameters are related. The second term in the Higgs potential involves 
only the gauge coupling as the free parameter. Thus the number of 
parameters in a SUSY field theory are expected to be fewer than the 
usual gauge theories. Secondly, there is a new kind of Yukawa coupling 
involving the gaugino, matter fermion ip and the superpartner of the 
matter field with the Yukawa coupling given by the gauge coupling con- 
stant g. These generic features have many important implications for 
the phenomenology of these models. 

To see one immediate phenomenological implication of super symme- 
try, consider a superpotential P($) = m$ 2 . Using Eq. (10.3), it is very 
easy to see that the scalar field (f) and the fermion field ijj both have the 
same mass. This is again a generic prediction of the SUSY models, i.e. 
the particle and its superpartner have the same mass in the supersym- 
metric limit. This is clearly against observations for all known particles 
implying that in a realistic model, supersymmetry must be broken. As 
in the case of other global symmetries, supersymmetry breaking can 
be explicit or spontaneous. In the latter case, the analogs of Nambu- 
Goldstone theorem and the Higgs-Kibble mechanism imply that if su- 
persymmetry is global and is spontaneously broken (i.e., Q S usy(0) ¥" 0)> 
then there must exist a massless fermion in the particle spectrum (to 
be called the Goldstino) and it will obey low energy theorems — the 
analog of Adler's zeros for the pion. Since no particle with these proper- 
ties is known to exist in nature, we have to assume that supersymmetry 
is either explicitly broken or more elegantly, supersymmetry is a local 
symmetry which is spontaneously broken. In the latter case, the ana- 
log of the Higgs-Kibble mechanism for this case leads to the conclusion 
that the Goldstino becomes the longitudinal mode of the gauge parti- 
cle corresponding to the local supersymmetry. A very exciting aspect 
of local supersymmetry is that the corresponding gauge super-multiplet 
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contains the graviton (which has spin 2) and its superpartner called the 
gravitino (which has spin 3/2). The Higgs mechanism for local SUSY 
leads to the Goldstino being the longitudinal mode of the massive spin 
3/2 gravitino. It turns out that in this process, the theory also generates 
SUSY breaking terms involving the matter and other fields [1, 2]. It is 
beyond the scope of this book to provide derivation of these results. 

□ Exercise 10.1 Using the superpotential m<I> 2 -I- A$ 3 for a chiral su- 
perfield $, show that the component scalar field (j> and the fermion field 
t/> both have the same mass. What is the relation between the Yukawa 
coupling and the quartic scalar coupling? 



10.3 Soft breaking of supersymmetry 

One other very important property of supersymmetric field theories is 
their ultraviolet behavior. They have the extremely important property 
that in the exact supersymmetric limit, the parameters of the super- 
potential P($) do not receive any (finite or infinite) corrections from 
Feynman diagrams involving the loops. In other words, if the value 
of a superpotential parameter is fixed at the classical level, it remains 
unchanged to all orders in perturbation theory. This is known as the 
non-renormalization theorem [4]. 

This observation was realized as the key to solving the Higgs mass 
problem of the standard model as follows: the radiative corrections to 
the Higgs mass in the standard model are quadratically divergent and 
admits the Planck scale as a natural cutoff if there is no new physics 
upto that level. Since the Higgs mass is directly proportional to the 
mass of the W-boson, the loop corrections would push the W^-boson 
mass to the Planck scale, destabilizing the standard model. On the other 
hand in the supersymmetric version of the standard model (to be called 
MSSM), in the limit of exact supersymmetry, there are no radiative 
corrections to any mass parameter and therefore to the Higgs boson 
mass which is a parameter of the superpotential. Thus if the world could 
be supersymmetric at all energy scales, the weak scale stability problem 
would be easily solved. However, since supersymmetry must be a broken 
symmetry, one has to ensure that the terms in the Hamiltonian that 
break supersymmetry do not spoil the non-renormalization theorem in a 
way that infinities creep into the self mass correction to the Higgs boson. 
This is precisely what happens if effective supersymmetry breaking terms 
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are "soft" which means they are of the following type: 

1. m^t 4> a , where <f> is the bosonic component of the chiral superfield 

2. mJd 2 e L 0l(APW($) + BPW($)\ where P( 3 )($) and P( 2 )($) 
are the second and third order polynomials in the superpotential. 

3. |ra,\A T C _1 A, where A is the gaugino field. 

It can be shown that the soft breaking terms only introduce finite loop 
corrections to the parameters of the superpotential. Since all the soft 
breaking terms require couplings with positive mass dimension, the loop 
corrections to the Higgs mass will depend on this mass and we must 
keep these masses less than a TeV so that the weak scale remains sta- 
bilized. This has the interesting implication that superpartners of the 
known particles are accessible to the ongoing and proposed collider ex- 
periments [5]. 

The mass dimensions associated with the soft breaking terms de- 
pend on the particular way that supersymmetry is broken. It is usually 
assumed that supersymmetry is broken in a sector that involves fields 
which do not have any quantum numbers under the standard model 
group. This is called the hidden sector. The supersymmetry breaking is 
transmitted to the visible sector either via the gravitational interactions 
[6] or via the gauge interactions of the standard model [7] or via anoma- 
lous U(l) D-terms [8]. There is one particular scenario using gravity 
to transmit the supersymmetry breaking which has been very widely 
discussed and forms much of the basis for the discussion in current su- 
persymmetry phenomenology. This was suggested by Polonyi and is 
based upon the following assumptions: first, the superpotential describ- 
ing the model is a sum of two terms: P = P# + Pvis- The Ph, the hidden 
sector potential consists of a gauge singlet field which we will denote by 
z and P v i s consists of the known fields of the standard model. Let us 
first give Ph- 

P H = li 2 {z + P) (10-4) 

where /i and {3 are mass parameters to be fixed by various physical con- 
siderations. For instance, requiring the cosmological constant to van- 
ish fixes (3 — (2 — \/3)Mpi. Given this potential, supergravity calcu- 
lus predicts that the generic soft breaking parameters m are given by 
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m ~ fJ?/Mpi. Requiring m to be in the TeV range implies that fi ~ 10 11 
GeV. This model also predicts A and B given above. It is also im- 
portant to point out that the super-Higgs mechanism operates at the 
Planck scale. Therefore all parameters derived at the tree level of this 
model need to be extrapolated to the electroweak scale. So after the 
soft-breaking Lagrangian is extrapolated to the weak scale, it will look 
like: 

% SB = m E A\}kM$k + E B ij<l>i<i>j 

+ E l*M\ + E l^aXjC^Xa + h.C. (10.5) 



a 



2 



10.4 Supersymmetric standard model 

We will now apply the discussions of the previous section to construct 
the supersymmetric extension of the standard model so that the goal of 
stabilizing the Higgs mass is indeed realized in practice. In Table 10.1, 
we give the particle content of the model. 

First note an important difference between the standard model and 
its supersymmetric version apart from the presence of the superpart- 
ners: the latter has a second Higgs doublet. This is required both 
to give masses to quarks and leptons as well as to make the model 
anomaly-free. The gauge interaction part of the model is easily written 
down following the rules laid out in Ch. 2. In the weak eigenstate ba- 
sis, weak interaction Lagrangian for the quarks and leptons is exactly 
the same as in the standard model. As far as the weak interactions of 
the squarks and the sleptons is concerned, the generation mixing angles 
are very different from those in the corresponding fermion sector due 
to supersymmetry breaking. This has the phenomenological implication 
that the gaugino-fermion-sfermion interaction changes generation lead- 
ing to potentially large flavor changing neutral current effects such as 
K°-K° mixing, \i — » e-y decay etc unless the sfermion masses of different 
generations are chosen to be very close in mass. 

Let us now proceed to a discussion of the superpotential of the model. 
It consists of two parts: 

W = W x + W 2 , (10.6) 
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Table 10.1: The particle content of the supersymmetric standard model. For 
matter and Higgs fields, we have shown the left-chiral fields only. The right-chiral 
fields will have a conjugate representation under the gauge group. 



Superfield 


Particles 


Superpartners 


gauge 
transformation 


Quarks Q 


(u,d) 


(u,d) 


(3,2, 1) 


Antiquarks U 


u 


u 


(3M,-f) 


Antiquarks D 


d 


d 


(3M,|) 


Leptons L 


(i/,e) 


P,S) 


(1,2-1) 


Antileptons E 


e 


e 


(1,1,2) 


Higgs Boson H u 


(H+,H U ) 


(H£,H° U ) 


(1,2,+1) 


Higgs Boson Ha 


(H° d ,Hj) 


(H%H- d ) 


(1,2,-1) 


Color Gauge Fields 


G a 


G a 


(8,1,0) 


Weak Gauge Fields 


W ± ,Z 


W ± ,Z 




Photon 


1 


7 





where 

W l = hj/EtLjHA + hHQiDjlld + hliQiUjHu + //H u H d , 

W 2 = XijkLiLjEk + X'^LiQjDk + Aj^ftS^* , (10.7) 

i, j, A; being generation indices. We first note that the terms in J^i con- 
serve baryon and lepton number whereas those in W 2 do not. The latter 
are known as the /^-parity breaking terms where imparity is defined as 

R=(-1)% B - L )+ 2S 1 (10.8) 

where S is the spin of the particle. It is interesting to note that the im- 
parity symmetry defined above assigns even .R-parity to known particles 
of the standard model and odd .R-parity to their superpartners. This has 
the important experimental implication that for theories that conserve 
imparity, the super-partners of the particles of the standard model must 
always be produced in pairs. The lightest superpartner, generally called 
the LSP, must therefore be a stable particle. If the LSP turns out to 
be neutral, it is called neutralino, which can be thought of as the dark 
matter particle of the universe. 
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We now embed this model into the minimal N = 1 supergravity 
model with a Polonyi type hidden sector. As a result, we get the mass 
splitting for the squarks and sleptons from the quarks and the leptons. 
We also get trilinear scalar interactions among the sfermions as follows: 

& — m 3/2[A e ,abEaLbHd + ^aftQa-^d^t + A U)a bQ a H u Ub] 

+Bfim 3/2 H u H d + 53 rf^ + E ^CA (10.9) 

i=scalars a 

There will also be the corresponding terms involving the i?-parity break- 
ing terms, which we omit here for simplicity. 

The subject of supersymmetry is now a vast topic which touches 
many areas of particle physics starting from physics just beyond the 
standard model to physics of grand unification and beyond to super- 
strings. In this chapter, we will discuss only those aspects that have a 
bearing on neutrino mass. This discussion can be neatly split into two 
parts: (i) the MSSM with imparity breaking [2] and (ii) supersymmet- 
ric left-right model which leads to automatic .R-parity conservation [9]. 
Both kinds of theories lead to non- vanishing neutrino masses in two very 
different ways. Related lepton number violating phenomena also have 
different complexions as we will discuss in some of the later chapters. 

Before proceeding to the discussion of neutrino masses in the super- 
symmetric models, we wish to point out that one reason for the popu- 
larity of the supersymmetric models is the observation that unlike the 
non-supersymmetric SU(5), in SUSY SU(5) models, the three gauge 
couplings unify at a scale of about 2 x 10 16 GeV. The difference arises 
from the fact that the beta functions receive additional contributions 
from the superpartners of various standard model particles. As a result 
the 6 n 's defined in Eq. (9.10) are now given by 27V + Njj — 3n where N 
is the number of generations and n is the SU(n) group in question and 
Nh denotes the Higgs contribution. It is easy to see that in this case 
the three gauge coupling starting at their values at Mz nicely unify at 
the scale mentioned above. 

10.5 Neutrino mass in MSSM 

It is clear from Bq. (10.7) that in the absence of the .R-parity violating 
superpotential W 2 , MSSM conserves lepton and baryon number to all or- 
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Figure 10.1: One-loop diagrams giving neutrino masses in imparity violating 
MSSM. 



ders in perturbation theory. Therefore as in the standard model, MSSM 
without imparity violation implies m v = 0. Thus any evidence for non- 
vanishing neutrino masses will imply either the presence of JR-parity 
violating terms (either arising from explicit breaking or spontaneous 
breaking via the nonzero vacuum expectation values of the sneutrino 
field {v) ^ [10] or new physics beyond MSSM, such as SUSY left-right 
model or SUSY grand unification. 

□ Exercise 10.2 Suppose the .R-paxity violating terms are absent in the 
superpotential. In this case, the Lagrangian would conserve B — L. If 
one of the sneutrino fields obtain a vev v v alongwith the vevs of H u and 
Hd, B - L will be broken spontaneously and a Majoron will result [10]. 
Identify the Majoron field. 

Within the framework of supersymmetry, there is however no good 
theoretical reason to omit Wi from the MSSM since all symmetries of 
the theory allow it. Once W2 is included, it is clear that both lepton 
and baryon numbers are violated. Thus they lead to non-zero Majorana 
mass for the left-handed neutrinos without the need for a right handed 
neutrino [11]. Indeed such mass terms for neutrinos arise at the one 
loop level from the Feynman diagrams in Fig. 10.1. The contribution of 
Fig. 10.1a to the Majorana mass matrix of left-handed neutrinos can now 
be easily estimated from this diagram. First, notice that both the ver- 
tices are of the A'-type. The blob on the internal fermion line represents 
just the fermion mass, which gives a factor of 771,4- The blob on the in- 
ternal scalar line, however, is somewhat more complicated because it can 
come from two sources. These are shown in Fig. 10.2. The contribution 
in Fig. 10.2a comes from the soft supersymmetry breaking term in Eq. 
(10.9), and this can be written as nia^AdVd, where Vd = (#J)- We will 
denote this contribution by Am^ with a suitably defined dimensionless 
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t t 



*flj tflj 



* -*■---■£■ < ■*■ ►- 

(a) (b) 



Figure 10.2: Two contributions to the blob on the sfermion line which appears 
in Fig. 10.1a. 



constant A. The other contribution, represented in Fig. 10.2b, comes 
from the supersymmetric scalar potential whose general form was given 
in Eq. (10.3). The first term in that equation is \P Q \ 2 , where the sub- 
script meant differentiation with respect to the superfield $ a . Applying 
it to Eq. (10.7), we find one term which is of the form 

h^QiDj + fiHj^ , (10.10) 

which is obtained by taking the derivative with respect to the superfield 
H d . The contribution shown in Fig. 10.2b is the cross term in this 
expression, obtained after putting the vev of H®. This contribution has 
a factor of fi, and is proportional to the down- type quark masses due 
to the first term of Eq. (10.10). However, the vev appearing in the 
down-type mass matrix is v<t, not v u . Thus, denoting v u /vd by tan/?, 
the contribution of this diagram to the blob is /imd tan/?. Collecting 
all the terms together, we can now write 

m ., KjkKkj m dk m dj (A + /xtan/3) 

where M denotes a typical mass of the squarks and the factor of 167T 2 
in the denominator comes from loop integration. 

The contribution of the Fig. 10.1b is given by a similar formula with 
rrid in the above formula replaced by mi of the corresponding genera- 
tion. For a typical supersymmetric theory, we can expect the parameters 
A, fi, M to be in the 100 GeV range. Choosing them to be 100 GeV and 
keeping the dominant contribution from the 6-quark mass, we estimate 

^w-50ev(^^i] . (10.12) 
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Table 10.2: Examples of bounds on the R-parity breaking couplings. 



Coupling 


Upper limit 


Source 


Am 


0.04 x (m^/100 Gev] 


Beta decay and muon 
decay universality 


^13fc,23fc 


0.1 x (Afc/100 GeVJ 


Leptonic tau decay 


^llk 


0.05 x (m~/100 Gev) 


7r — > ev e decay 



The presence of the couplings in Wi leads to corrections to many 
standard model processes as well as processes that are forbidden in the 
standard model. In particular, the couplings Xijk and Aj fc , being lepton 
number violating, contributes not only to Majorana neutrino mass but 
also to other lepton number violating effects such as neutrinoless double 
beta decay, muonium-antimuonium transition etc., some of which will be 
discussed in the later chapters. Present low energy data therefore lead 
to upper bounds on various A^ and X[ fc [12, 13] some typical examples 
of which are summarized in Table 10.2. 

In this table, we have only given a small subset of possible constraints 
on the .R-parity violating parameters, but they are enough to show that 
these couplings must be small. Thus we see that for present upper 
limits for the .R-parity violating couplings, the typical contributions to 
the neutrino masses are in the eV range. One could therefore use the 
limits on neutrino masses to put constraints on the parameters of the 
supersymmetric models. 

□ Exercise 10.3 The presence of the A" term also leads to baryon num- 
ber violation. Show that if A" were nonzero, in combination with A', 
it would lead to rapid proton decay at the tree level. Estimate the de- 
cay rate from this, and use it to show that the present lower bounds on 
proton lifetime imply that A"A' < 10 -24 for squark masses of order 100 
GeV. 



Another point worth emphasizing about the role of .R-parity violating 
couplings in the discussion of neutrino masses is that one can generate 
interesting patterns for the neutrino masses by imposing symmetries on 
the couplings. As an example, if we impose L e — L^ invariance, all A"s 
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vanish and the only nonzero A's are: A123, A131 and A232- Thus in this 
case only Fig. 10.1b contributes and it is easily checked that only m Vl2 ^ 
and all other contributions vanish. In particular, even though we would 
have expected on the basis of lepton number symmetry considerations 
that v r could have a mass, the antisymmetry of the couplings A makes 
it vanish. 



10.6 Supersymmetric Left-Right model 

It is well-known that one of the attractive features of the supersym- 
metric models is its ability to provide a candidate for the cold dark 
matter of the universe. This however relies heavily on the theory obey- 
ing .R-parity conservation. In the MSSM, this is achieved by imposing 
global baryon and lepton number conservation on the theory as addi- 
tional requirements. First of all, this takes us one step back from the 
non-supersymmetric standard model where the conservation B and L 
arise automatically from the gauge symmetry and the field content of 
the model. Secondly, there is a prevalent lore supported by some calcu- 
lations that in the presence of non-perturbative gravitational effects such 
as black holes or worm holes, any externally imposed global symmetry 
must be violated by Planck suppressed operators [14]. In this case, the 
.R-parity violating effects again become strong enough to cause rapid 
decay of the lightest K-odd neutralino so that again there is no dark 
matter particle in supersymmetric theories. It is therefore desirable to 
seek supersymmetric theories where, like the standard model, il-parity 
conservation (hence baryon and lepton number conservation) becomes 
automatic i.e. guaranteed by the field content and gauge symmetry. It 
was realized in mid-80's [9] that such is the case in the supersymmetric 
version of the left-right model that implements the see-saw mechanism. 
We briefly discuss this model in the section. 

The gauge group for this model is SU(2) L x SU(2) R x U(1)b-l x 
SU(3) C . The chiral superfields denoting left-handed and right-handed 
quark superfields are denoted by Q = (u, d) and Q = (u, d) respec- 
tively and similarly the lepton superfields are given by L = (v, e) and 
L = (V,e). The Q and L transform as left-handed doublets with the 
obvious values for the B — L and the Q and L transform as the right- 
handed doublets with opposite B — L values. The symmetry breaking is 
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achieved by the following set of Higgs superfields: </> Q (2, 2, 0, 1) (a = 1, 2); 
A(3, 1, +2, 1); A(3, 1, -2, 1); A'(l, 3, -2, 1) and A^l, 3, +2, 1). Unlike in 
the MSSM, the allowed terms in the superpotential are very limited in 
this case: 

W = KQ<t>aQ + h'MaL + f{LLA + LLA) 

+fi ab Tr <Mb + M{AA + A'A 7 ) (10.13) 

It is clear from the above equation that this theory has no baryon or 
lepton number violating terms and it allows for a dark matter particle. 
In the second paper [9] a subtle point about the model was noted. If 
we take the minimal version of this model, parity violation requires 
that it-parity must be spontaneously violated. However, one can add 
superfields such as <5(3, 1,0, 1) + (5(1, 3, 0, 1) in which case spontaneous 
.R-parity violation is not required to generate a parity violating global 
minimum. Such extra fields are always present if the model emerges 
from a grand unified theory or an underlying composite model. 

The phenomenology of this model has been extensively studied [15] 
in recent papers. The neutrino masses in this model arise from the same 
see-saw mechanism as in the usual left-right models discussed in the 
Ch. 8. The associated phenomenology is quite similar and we do not go 
into it any further. 



Chapter 11 



Large neutrino mixings 



11.1 Introduction 

A puzzling aspect of neutrino mass physics is the mixing pattern among 
neutrinos. It appears to be very different from that among the quarks. 
We see from Eq. (2.20) and Eq. (1.7) that the the mixings among quarks 
are small and are roughly of nearest neighbor type which means that the 
mixing among two adjacent families though small, is still larger than 
among two not adjacent. A convenient approximate parameterization 
for this is the Wolfenstein parameterization [1]: 





Vckm = [ -A 1 AX 2 \ , (11.1) 

-irf) 

where A is roughly equal to sin0 c , 9 C being the Cabibbo angle. The 
parameters A, p and 77 appearing in this matrix are of order 1. 

In order to understand this mixing from a fundamental theory, which 
gives the mass matrices for up-type and down-type quarks, this implies a 
certain pattern for the mass matrices of the quarks. Since a mass matrix 
is in general a basis dependent object, we will choose a particular basis 
by making a unitary transformation. A convenient basis is to choose is 
one in which the mass matrix of the up-type quarks is diagonal. Then the 
above mixing matrix implies that the down quark mass matrix roughly 
has the form 

/A 4 A 5 A 3 
M d = m b [ A 5 A 2 A 2 I (11.2) 

Va 3 A 2 1 
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Attempts to gain a theoretical understanding of quark mixings often 
start with ways to generate mass textures of the above type. Although 
as yet a satisfactory understanding of quark masses and mixings does 
not exist, many useful hints that may go into the final understanding 
have emerged e.g. A « \fm^Jrn s and V c b ~ m s /mb etc. and useful 
strategy is to look for symmetries that connect different families. 



11.2 Hints for understanding large mixings 

Let us briefly discuss the case of quarks which seem to have very small 
mixings. In a sense, in the context of SU(2)l gauge theories, the intu- 
itive expectation would be to have small mixings. The argument goes as 
follows: the gauge boson masses seem to display a custodial symmetry in 
their mass relation in the limit of g' -> i.e. we have M w — Mz as the 
U(l)y couplings g' goes to zero. This relation changes to M\y = O.S8Mz 
in the presence of nonzero U(l)y coupling (a 12% correction). Since up 
and the down quarks are part of the SU(2)l representation, in the limit 
of the custodial symmetry one should expect the mass matrices of the 
up and down quarks to be equal and therefore the quark mixings ought 
to vanish. The custodial symmetry is of course broken not only by the 
U(1)y gauge coupling but also by Yukawa couplings, which would there- 
fore generate the small mixing angles. Thus one could argue that small 
quark mixings are more natural since one would expect M u « kM^. A 
simple realization of this idea can be given using the left-right symmetric 
models [2]. 

Now turning to the neutrino mixings, one could extend the above 
intuitive logic to say that if neutrinos were Dirac fermions they would 
perhaps behave very much like the quark sector and would be accom- 
panied by small mixing angles contrary to observations. However when 
neutrinos are Majorana particles, they could behave very differently. For 
instance the see-saw mechanism itself is a new contribution to neutrino 
masses which is absent for the quarks and could therefore be responsible 
for making the neutrino mass matrices very different from the charged 
leptons. 

To elaborate on this a bit, let us write down the see-saw formula: 

M v = fv L - M D (fv R )- l Ml (11.3) 
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where Mp stands for the Dirac mass matrix for the neutrinos. The 
approximate custodial symmetry argument above would imply that 
Md — M£. However / is a completely new matrix whose presence in 
the above equation is due to the fact that the neutrinos are Majorana 
particles. Thus even if the Md and Mi are very similar in form, the 
flavor structure in / could be responsible for the very different mixing 
pattern among neutrinos. 

One moral of this discussion therefore is that one should seek an 
understanding of the large mixings in the see-saw mechanism and in the 
coupling matrix /. Furthermore since see-saw formula is a high scale 
phenomenon, one could expect more symmetries to manifest themselves 
in the matrix / than in the low scale couplings like the fermion Yukawa 
couplings. A large body of current attempts to understand large neu- 
trino mixings are carried out under assumptions which are some varia- 
tions of this general philosophy [3]. Below we illustrate this with some 
examples. 

11.3 Mass matrices for neutrinos 

11.3.1 Diagonalization of the neutrino mass matrix 

To discuss neutrino mixings, let us denote the the flavor eigenstates by 
the symbol vt as before, where t — e,n,r etc. The mass eigenstates, on 
the other hand, will be denoted by the symbols u a , where a = 1,2,3 
etc. As pointed out in the quark case, it is convenient to start with a 
basis in which the charged lepton masses are diagonal. In this basis, the 
neutrino mass terms can be written as 

--^mass = J] VtlC~ l Mu>Vt>\_ + h.C . (11.4) 

1,1' 
As discussed in Ch. 4, the mass matrix is symmetric, and one can find a 
unitary matrix U such that 

U T MU = D V , (11.5) 

where the matrix on the right hand side is diagonal, with non-negative 
diagonal elements which are identified as the mass eigenvalues. The 
physical neutrino states are then defined through the relation 

V£L=52UtaV a L. (11.6) 



a 
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The matrix U is the mixing matrix, also called the PMNS matrix [4]. 

Of course the form of the mixing matrix depends on the entries in 
the mass matrix M. As shown in Ch. 7, in the CP-conserving case the 
matrix U can be written in the form 



U = OK 



(11.7) 



where O is an orthogonal matrix which diagonalizes M through a simi- 
larity transformation, but the diagonal elements of T AiO are not nec- 
essarily positive. A diagonal matrix K can then produce positive entries, 
which are the physical masses. The amount of mixing between neutrinos 
is really governed by the matrix O. 

Since solar and atmospheric neutrino data tell us that neutrinos have 
large mixings among them, one looks for various special values of the 
angles 8 a p which imply large mixings. For three generation of fermions, 
the following matrices have been widely discussed in the literature: 



O d =\± 



O b = 



\ 



l 

V2 
1 

y/G 
1 

V3 
1 

Y 2 

2 
1 
2 



(11.8) 



(11.9) 



The mixing pattern demonstrated in Od is called democratic [5], whereas 
that in Ob is called bimaximal [6]. Another pattern, called maximal mix- 
ing, will be discussed later. Such simple forms may not represent the 
actual mixing matrix, but they can still be obeyed as a first approxima- 
tion. 

There is a degree of arbitrariness in defining the mixing matrix, which 
should be realized at this stage. The mixing matrix is defined through 
Eq. (11.6). The elements of the mixing matrix thus depend on how we 
order the flavor states vt and the mass eigenstates v Q . The flavor states 
will always be represented by u e , u fi) v T , in that order. However, the or- 
dering of the mass eigenstates is still arbitrary. We fix this arbitrariness 
by adopting the convention that 



Am^i *C Am^ 



(11.10) 
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so that A77132 must be the quantity occurring in atmospheric neutrino 
oscillations, whereas Am^ is responsible for the solar neutrino oscilla- 
tions. 

Present experimental data favors a mixing matrix close to the bi- 
maximal form. This can be seen as follows. For three generations of 
fermions, the general form of the orthogonal matrix was written in Eq. 
(5.20) on page 83, using three angles #12, #13 and #23- In §5.1.2, we 
derived the oscillation probabilities in various limiting cases. For atmo- 
spheric neutrinos, the energies and distances are such that the oscilla- 
tory terms involving Ara^ are effectively frozen, so that we can use Eq. 
(5.19) for the oscillation probabilities. Plugging in the appropriate ma- 
trix elements, we find that the v^ — > v T conversion probability is given 
by 

P^M = 4(^,CT T 3) 2 sin 2 (^jjp- x 

= cos 4 13 sin 2 20 23 sin 2 (^^ x) . (11.11) 

As mentioned in §5.3, the atmospheric neutrino oscillations are consis- 
tent with the maximal case, i.e., 9 aXm = 7r/4 is allowed by data. If 
we assume that these oscillations are indeed maximal, this means that 
cos 4 #13 sin 2 20 2 3 = 1 in Eq. (11.11). This can be ensured by taking 

»13 = 0, 023 = tt/4. (11.12) 

The general mixing matrix of Eq. (5.20) then reduces to the form 



= 



( C12 


-512 


^ 


siz 


C12 


1 


x/2 


^2 


72 


512. 


Oil. 


1 


W2 


V2 


y/2 ) 



(11.13) 



We still have one undetermined angle, #12. But this form already shows 
that the democratic mixing matrix is ruled out if the atmospheric neu- 
trino oscillations are maximal. Moreover, we see that if #12 equaled 7r/4 
as well, we would have obtained exactly the bimaximal form for the 
mixing matrix. However, solar neutrino data discussed in Ch. 6 show 
that this angle, though not small, is not maximal either. Therefore the 
mixing matrix can only be approximately bimaximal. 
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11.3.2 Example of the Zee model 

To see how such forms occur in interesting models of neutrino mass, let 
us take the example of the Zee model discussed in §7.3.2. The neutrino 
mass matrix that arises in this model was given by 

/0 <7 c\ 
M = m \<7 5 , (11-14) 

\c s 0/ 

where c = cos a, s = sin a, with a and cr denned in Eq. (7.42). If any 
one of the parameters a, c and s is very small, first order perturbation 
in that parameter yields the following eigenvalues of the mass matrix: 

m\ = — m*Af (1 — acs) , 
77i2 — m*iCf (1 + <rcs) , 
m3 = — 2m ir K 3 acs, (11.15) 

where K\ , Ki , K$ are the elements of the matrix K appearing in Eq. 
(11.7), with K\ equal to either 4-1 or —1 in order to make the mass 
eigenvalues positive. The constant m* bears a simple relation with mo: 
if the small parameter happens to be <j, then m* = mo; otherwise, 
m* = m,Q\/l + a 2 in first order perturbation in the small parameter. 

Note that we have ordered the mass eigenvalues so as to obey the 
convention of Eq. (11.10). However, contrary to the naive expectation, 
the small difference occurs between the two largest eigenvalues. This 
pattern is called the inverted mass hierarchy, which is discussed in more 
detail in §11.3.3. 

Clearly, the form of the mixing matrix does not depend on m*. How- 
ever, unlike the mass hierarchy, it depends on which one of the param- 
eters <7, c and s is small. We argued in §7.3.2 that the parameter u 
is expected to be small, because it involves the ratio m^/m 2 .. How- 
ever, if this is the case, the Zee model fails miserably because, to the 
approximation a = 0, the mixing matrix is given by 

y/2s 




= 72 [ ~ V2c s s I ■ (1L16) 

This is untenable in the light of present experimental data. If we want 
to have a maximal or even near-maximal mixing in the atmospheric 
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neutrino sector, we should have s ~ 1. But in that case c% so that 
the eigenstate v\ is almost purely v e . This is not consistent with the 
solar neutrino mixing angle being also substantial. 

Let us then consider the other extreme [7], i.e., s <C 1 in the mass 
matrix. In this case, it is more convenient to rewrite the mass matrix as 

/ sin/? cos/?\ 
M = m' \ sin£ e j , (11.17) 

\cos/? e / 

with suitably defined parameters m[), and e. To first order in e, the 
mixing matrix is now given by 

/ 1 + \ecs -1 + \ccs -y/2e(c 2 - s 2 ) \ 

O = -i- is - cc(l - f* 2 ) s + ec(l-| 5 2 ) -v/2c ) ,(11.18) 

^ 2 \c-«(l-|c 2 ) c+es(l-|c 2 ) ^s / 

where in this equation c stands for cos ft and s for sin /3. Clearly, in the 
limit e = 0, this gives the bimaximal matrix if (3 = 7r/4. 

But even this form is inconsistent with present data. The mixing 
angle for solar neutrinos is now given by 

si„^ 12 = i - 1 ( £4 V = i - 4 (pf\ 2 . (n.19) 

This is too close to 1 to be acceptable within the allowed range of mixing 
angles dictated by the solar neutrino data. 

a Exercise 11.1 Derive Eq. (11.18). 
D Exercise 11.2 Verify Eq. (11.19). 

It should be remarked that this inconsistency of the Zee model should 
not be seen as a failure of the near-bimaximal form of the mixing matrix. 
On the contrary, a near-bimaximal form seems to agree quite well with 
experimental data. In the Zee model, however, the mass matrix has 
only three independent parameters, the diagonal elements being zero. 
The three mass eigenvalues are related to the three mixing angles, as 
exemplified by Eq. (11.19). These are the relations which are in conflict 
with experimental data. 
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11.3.3 Patterns for mass matrices 

We can now ask the general question of how a particular form for the 
mixing matrix might arise from a mass matrix. This is easy. In fact, 
using Eqs. (11.5) and (11.7), we can easily write 

M = ODK 2 T . (11.20) 

If O denotes the bimaximal matrix shown in Eq. (11.9), it is easily seen 
that the mass matrix should be of the form 

(A+B C C\ 
M=[ C A b\ (11.21) 

\ C ~ B AJ 

Obviously, in the limit a = and (3 — 7r/4, the mass matrix in the Zee 
model has this form with A = B = 0. That is why the mixing matrix of 
Eq. (11.18) becomes bimaximal in this limit, as remarked earlier. 

□ Exercise 11.3 With the mass matrix of Eq. (11.21), verify that 
OjMOb is diagonal, given by 

OjMO b = diag (a + B + J2C, A + B- J2C, A-b). (11.22) 

□ Exercise 11.4 Show that the democratic mixing matrix is obtained 
for the following general form of the mass matrix: 

(A B y/2B \ 

M=\ B A-2C y/2C . (11.23) 

\y/2B yj2C A-C) 

In order to obtain a bimaximal mixing pattern to a leading approx- 
imation, the task of a model-builder would then reduce to obtaining a 
mass matrix of the form given in Eq. (11.21). However, apart from the 
mixing pattern, one should also pay attention to the pattern of the mass 
eigenvalues. In this regard, much less is known from experiments. We 
know that the mass squared difference in the solar neutrino oscillations 
is much smaller than that in the atmospheric neutrino oscillations. We 
have fixed our convention for mass differences in Eq. (11.10), so that 

Am| = Am 2 2l , AmJ tm = Am\ 2 . (11.24) 

This still does not fix the eigenvalues, or even their order. Present data 
allow the relative ordering of the masses to fall into many different types 
described below and schematically represented in Fig. 11.1. 
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Figure 11.1: Schematic picture of different possible hierarchies for neutrino 
mass. The thin dashed line in each case is supposed to represent zero mass. 



1. Normal hierarchy (mi <C m.2 <£ m^): Since the solar neutrino 
oscillations must involve v e , the dominant component of v e is i/i, 
which is the lightest. This hierarchy pattern is similar to that for 
quarks and charged leptons. 

2. Inverted hierarchy (m^ <mi« m^): In this case [8] the dominant 
component of v e is not the eigenstate with the smallest mass. The 
smallest mass squared difference occurs between two eigenstates 
which have the largest masses. 

3. Approximately degenerate pattern (mi « rri2 « m^): This repre- 
sents a case [9] where all mass eigenvalues are large compared to 
their differences. 



One then has to take one form of mass hierarchy as an ansatz, choose 
a mixing matrix to obtain a mass matrix in the flavor basis which we 
have chosen throughout. For example, suppose we want to obtain a 
bimaximal mixing pattern, which is quite close to the mixing pattern 
favored by data. As already discussed, the mass matrix for this should 
have the general form as given in Eq. (11.21). The eigenvalues of this 
matrix are given in Eq. (11.22). Apart from the signs, these are the 
mass eigenvalues. 

Suppose we want to have a normal hierarchy of masses. This can be 
obtained if we take A « — B and C small. Putting A = — B and C = 
as a first approximation, we obtain to the desired the mass matrix in 
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the form 

/0 \ 

M = A 1 -1 . (11.25) 

VO -1 1 / 

With this matrix, the lower two eigenvalues would be degenerate and the 
mixing would be strictly bimaximal. Slight departures from this form 
would split the degeneracy and make the mixing matrix slightly different 
from bimaximal. So finally, the mass matrix that we want would be of 
the form 

e i+n 2 1 + e _! J j ( 1L 26) 

e -11/ 

with ni,2 > 1. We will call this a "Type A" matrix. 

On the other hand, suppose we want the inverted hierarchy of masses. 
The two largest masses now should be nearly equal, so to a first approx- 
imation we should choose A = B = 0, which produces two degenerate 
eigenstates and a massless one. Slight departures from this form breaks 
the degeneracy and produces a mass for the lightest one. So in this case, 
the desired form of the mass matrix would be 

U 1 IN 
M = m 1 e el. (11.27) 

This will be called a "Type B" matrix. The different elements denoted 
by e need not be equal. They have to be small compared to 1. Clearly, 
it reduces to the matrix in Eq. (11.21) when all small elements are set 
to zero. 

Finally, it is trivial to see that the degenerate mass pattern can also 
emerge from the matrix in Eq. (11.21). The eigenvalues are exactly 
degenerate if B = C = 0. Thus, if the magnitudes of B and C are much 
smaller compared to that of A, we will obtain an almost degenerate 
solution for neutrino masses. 

The entire discussion above assumes the simple case where we have 
ignored CP violation. The presence of CP phases allows for some varia- 
tions. We would like to look for clues to a fundamental understanding of 
neutrino mixings by studying these mass matrices. An important point 
to emphasize is that these matrices are in the basis where the charged 
lepton masses are diagonal. 
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□ Exercise 11.5 Show that the mass matrix in Eq. (11.23) gives normal 
hierarchy of masses if C dominates, the inverted hierarchy if B domi- 
nates, and the almost degenerate pattern if A dominates. 



11.4 Symmetries and neutrino mass textures 

11.4.1 Two generation example with a discrete symmetry 

An elementary way to proceed in this directions is to start with ways to 
understand the maximal mixing using only two flavors. It is well known 
that if we have a matrix of the form 



M=\Z > • (I 12 *) 




then its eigenstates are maximal admixtures of the original flavor states. 
The eigenvalues are A + B and A — B. It is now clear that if we want one 
of the eigenvalues to be much less than the other, we must have A ~ B. 
One must therefore satisfy two conditions, viz, a symmetric matrix of 
the above form to get maximal mixing plus almost equal entries in all of 
them to get the solar mass splitting to be small. These together become 
very restrictive conditions. 

The next question is how this matrix might arise from a reasonable 
model. This is part of the art of model building and can be done in 
different ways and the usual expectation is that different ways of imple- 
menting would lead to different predictions that will then finally settle 
the issue of fundamental theory. Here we give an example of such a 
model. 

The model is an extension of the standard model which includes a 
triplet Higgs field A which has a large mass term M arising from some 
high scale theory. Then, as discussed in Ch. 8, the neutral component 
of this multiplet will have a vev of order vl — v^ k /M, which can be in 
the eV range. Now suppose the high scale theory containing A has a 
permutation symmetry 52 under which the two lepton doublets of the 
standard model go into each other. In this case, ipn ± tp2l — ^±L are 
even and odd under the S2 symmetry. We also include in the theory two 
standard model Higgs doublets + and <f>- depending on whether they 
are even or odd under the S2 symmetry. All other fields are assumed 
to be even under the 52 symmetry. One can now write the Yukawa 
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couplings: 

Jf Y = f+ip+i^+\_A + /_ V'-lV'-l A + ip + i<f>+ [hi+e R + h2 + fJLR) 

+ ^_ L <£_ (/ii_€r + h 2 -fi R ) + h.c. (11.29) 

Elementary algebra shows that in the i\)\-i\)i basis this Lagrangian leads 
to the symmetric form for neutrino mass matrix after symmetry break- 
ing while leaving no trace of the symmetry in the charged lepton mass 
matrix, as required. 

Thus this is an example where a high scale symmetry via see-saw 
indeed explains why neutrino mixings are so different from those of the 
quarks. This example is purely for illustrative purposes but provides a 
kind of an existence theorem for this idea. 

□ Exercise 11.6 Retrace the argument for obtaining a mass matrix of 
the form of Eq. (11.28) by starting with the mass terms written in the 
ipi-1^2 basis. 

11.4.2 Three generation case with continuous symmetries 

As discussed in Ch. 2, the generational lepton numbers L e , L^ and L T 
are conserved in absence of neutrino mass. Neutrino mass terms break 
these symmetries in general. 

However, in realistic patterns of neutrino mass, some generational 
symmetries remain intact to a good extent. In §11.3.3, we discussed some 
realistic forms of neutrino mass matrix. For example, if the neutrino 
masses obey normal hierarchy, we argued that we should have a matrix 
of Type A, shown in Eq. (11.26). If we neglect the small terms, the 
matrix reduces to that in Eq. (11.25), which clearly shows that L e is 
still a conserved quantum number. In other words, if L e is violated 
only slightly in a model, we will obtain the normal hierarchy of neutrino 
mass. 

Similar arguments can be given for the inverted hierarchy of masses. 
In the Type B matrix in Eq. (11.27), if we neglect the small terms, we 
find that the combination L e — L^ — L T is conserved [10]. Starting with a 
model which has this symmetry, we can then arrive at the inverted mass 
hierarchy by breaking this symmetry by a small amount. If the inverted 
mass pattern is confirmed by future experiments, this symmetry will 
provide an important clue to new neutrino related physics beyond the 
standard model [11]. 
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A cautionary remark should be made here. The continuous symme- 
tries mentioned above do indeed guarantee that certain terms will be zero 
in the symmetric limits. However, they do not guarantee any relation 
between the non-zero terms in general. For example, the L e — L^ — L T 
symmetry does not explain why the 12 and the 13 elements of the Type 
B mass matrix should be equal. To ensure the relation between them, 
one might need some discrete symmetries, e.g., permutation symmetries 
of the type described in the two generation example given earlier. 

11.4.3 Maximal mixing matrix 

For the mass matrix of Eq. (11.28), the mixing matrix can be written 



as: 



U = 



v/2 



1 

1 



(11.30) 



We will call this matrix "maximal mixing matrix" . 

This can be easily generalized to higher number of generations. In 
fact, if N is a prime number, the maximal mixing matrix for J\f gener- 
ations is given by 



Um = 



M 



/l 

1 
1 
1 

Vi 



l 



z 



1 \ 



/ 



(11.31) 



where z = exp(2iri/Af) is the TV-th root of unity and the rows and 
columns extend in an obvious manner to make the matrix TV x Af. The 
general form of an arbitrary element is given by 



H* = 



,(a-l)(6-l) 



(11.32) 



When the number of generations is not a prime number, we can make 
the prime decomposition of this number in the form M = P1P2P3 • • In 
this case, 



Um = U P1 (8) U P2 <8) U P3 <8) 



p2 



(11.33) 
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where "®" stands for a direct product. For example for the case of 
M — 4, we have for the maximal mixing matrix U4 = U2 <8> U2 which is 
given by 



4 " y/2\U 2 -U 2 





(I 


1 


1 


1\ 


1 


1 


-1 


1 


-1 


2 


1 


1 


-1 


-1 




u 


-1 


-1 


1/ 



(11.34) 



The 4x4 case turns out to be interesting since by decoupling a linear 
combination of the states from the 4x4 system, we can get the exact 
bimaximal form [12]. The corresponding 3x3 mass matrix can also be 
obtained by starting from this discussion. To see how one gets that, note 
that the mass matrix in Eq. (11.28) for the 2x2 case has a S2 symmetry. 
The corresponding symmetry in the 4x4 case is then S2 x 52- Using this 
property and decoupling one linear combination of the fields, we can get 
the mass matrix for the 3x3 case [12] that is exactly of the form given 
in Eq. (11.21), which leads to bimaximal mixing. 

There are many examples in the literature as to how one can un- 
derstand large mixings. Another mass matrix of interest [13] has the 
form 



D C C 

M = I C A B 

C B A 



(11.35) 



which is a four parameter mass matrix which introduces a new parameter 
that can be varied to obtain the desired solar neutrino mixing. The 
mixing matrix that results [13] from this mass matrix is exactly of the 
form given in Eq. (11.13). 

□ Exercise 11.7 Diagonalize the mass matrix of Eq. (11.35) with the 
mixing matrix of Eq. (11.13). Show that the mixing angle #12 is given 
by 



tan 20i2 = 



2v/2C 



D-A-B 



(11.36) 



Show that we get the normal mass hierarchy C, D «C A, B and the 
inverted pattern for C > A, B, D. Indicate the kind of relation between 
the matrix elements which gives an almost degenerate mass pattern. 
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11.5 Radiative corrections and large mixings 

While the mass matrix approach to understanding large mixings is 
promising and allows for a large variety of possible models, there also 
exists an alternative approach which works in some settings. The idea 
here is that the neutrino mass matrix is a high scale phenomenon but 
observations are made at the weak scale energies. Therefore, it is rea- 
sonable to expect that there will be corrections to the high scale mass 
matrix as we extrapolate it down to the weak scale. The scheme for 
extrapolation [14] is the well known renormalization group approach. 

In the see-saw models for neutrino masses, the neutrino mass arises 
from the effective operator 

°» = -tL^ — m — • (1L37) 

where tp and are the leptonic and the Higgs doublets respectively, 
£, ell' denote the weak flavor index. After symmetry breaking ((f> ) ^ 0, 
so that the matrix k becomes the neutrino mass matrix after symmetry 
breaking. This operator is defined at the scale M since it arises after 
the heavy field Nr is integrated out. On the other hand, in conventional 
oscillation experiments, the neutrino masses and mixings being probed 
are at the weak scale. One must therefore extrapolate the operator down 
from the see-saw scale M to the weak scale Mz- 

The form of the renormalization group extrapolation of course de- 
pends on the details of the theory. For simplicity we will consider only 
the supersymmetric theories, where the only contributions come from 
the wave function renormalization and is therefore easy to calculate. 
The equation governing the extrapolation of the K a p matrix is given in 
the case of MSSM by [14]: 



~di 



\ - %9 2 2 + 6Tr (Kjiy] « + i [kYJYi 4- Y}Y t n] , (11.38) 



where t = (1/167T 2 ) ]n(n/Mz), where /i denotes the mass scale where k 
is being evaluated. We note two kinds of effects on the neutrino mass 
matrix from the above formula: one that is flavor independent and a 
part that is flavor specific. If we work in a basis where the charged 
leptons are diagonal, then the resulting correction to the neutrino mass 
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matrix is given by: 

M V (M Z ) = (1 + Z)M{M B - L )(l + (11.39) 

where £ is a diagonal matrix with matrix elements 

ra?tan 2 /3 . 

fo * - "up/ '* ■ (1140) 

where <5^' is the Kronecker delta. In more complicated theories, the 
corrections will be different. 

Let us now study some implications of this corrections. First note 
that in the MSSM, this effect can be sizable if tan/? is large (of order 10 
or bigger). This leads to one possible suggestion that perhaps the mixing 
angles in both quark and lepton sectors are similar at some high scale; 
but due to renormalization effects, the mixing angles in the leptonic 
sector may become magnified at low scales. It was shown [15] that this 
indeed happens if the neutrino spectrum is almost degenerate. 

This can be seen in a simple way in two-generation case [15]. The 
two charged leptons will be denoted by l\ and £2, the latter being the 
heavier. To keep matters simple, we assume that CP is conserved and 
that all Majorana neutrinos have the same CP eigenvalue. In that case, 
the flavor basis and the mass basis are related by an orthogonal trans- 
formation. Denoting the neutrino mass eigenvalues by m\ and m<i, we 
can then write down the mass matrix in the flavor basis as follows: 

M= (ce Mfmi OWc, -„\ 

Due to the presence of radiative corrections to mi and 7712, the matrix 
M gets modified to 

1 + fft M (1142) 

The mixing angle that now diagonalizes the matrix A4jr at the low 
scale fi (after radiative corrections) can be related to the old mixing 
angle 9 through the following expression: 

tan2 £=Hi^±i^ tan20, (11.43) 
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where 

A-l I 2 Zh(™i4 + ™>2 c d) ~ 2£li{mi4 + map ^ (i\m) 

(m 2 - mi)c 2 9 

If 

(mi - m 2 )c 2 e = 2& 3 (mia| + m 2 4) - 2^(7711^ + m^ 2 ,), (11.45) 

then A = or equivalently 9 = tt/4, which means maximal mixing. 
Given the mass hierarchy of the charged leptons: m/ a «C m^ , we expect 
iC/il ^ l&al> which reduces Eq. (11.45) to a simpler form: 

2fe|= (m2 ; mi) 1* (11-46) 

IS21 mis^ + m 2 cj v ; 

In the case of MSSM, the radiative magnification condition can be sat- 
isfied provided 



h /vrqnw^ / 87r 2 |Am 2 (A)|c 2 g 

Mmssm) * y m21n(A/A) . I 11 - 47 ) 

where h T is the tau Yukawa coupling and is related to the tau lepton 
mass by h T v cos /3 = m r , and tan /3 is the ratio of the vevs of the up and 
down Higgs doublets in the supersymmetric extension of the standard 
model. For Am 2 ~ Am 2 tm , this condition can be satisfied for a very 
wide range of values of tan (3. 

It is important to emphasize that this magnification occurs only if at 
the see-saw scale the neutrino masses are nearly degenerate. The idea 
can be extended to the three generation case as well [16]. 



11.6 Sum-rules and large mixings 

Another possible way to understand large mixings may be to look for 
useful sum-rules between the quark, charged lepton and neutrino mass 
matrices. An example of this type has been discussed in recent litera- 
ture [17, 18]: 

M„ = c(M d - Mi) (11.48) 



ei 


£2 


<^2 


m b 
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m T 
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Now quark-lepton symmetry implies that for the second and third gen- 
eration, the M^i have the following generic form: 

M d ={ € } ?) (11.49) 

and 

M *=[l Z) (11 - 50) 

where Cj <C rribj as is required by low energy observations. It is well 
known that in supersymmetric theories, when low energy quark and 
lepton masses are extrapolated to the GUT scale, one gets approximately 
that mf, ~ ra T . One then sees from the above sum-rule for neutrino 
masses that all entries for the neutrino mass matrix are of the same 
order leading very naturally to the atmospheric mixing angle to be large. 
Thus one has a natural understanding of the large atmospheric neutrino 
mixing angle. No extra symmetries are assumed for this purpose. 

For this model to be a viable one for three generations, one must 
show that the same sum-rule also explains the large solar angle while 
giving small #13. This has been shown in [18]. To see how this comes 
about, note that for the case of three generations, the quark and lepton 
mass matrices at the GUT scale have typically the form: 

/A 3 A 3 A 3 \ 

Md,i « m b<T A 3 A 2 A 2 (11.51) 

Va 3 A 2 1 / 

where A ~ 0.22 and the matrix elements are supposed to give only the 
approximate order of magnitude. As we extrapolate the quark masses 
to the GUT scale, due to the fact that m^ — m T ~ m T A 2 for some value 
of tan (3, the neutrino mass matrix M v = c(M d — Mi) takes roughly the 
form 

/A 3 A 3 A 3 \ 
M v = c(M d - Mi) « mo A 3 A 2 A 2 (11.52) 

\A 3 A 2 A 2 / 

It is then easy to see from this mass matrix that both the #12 (solar 
angle) and O23 (the atmospheric angle) are now large. The detailed 
magnitudes of these angles of course depend on the details of the quark 
masses at the GUT scale [18]. 



This page intentionally left blank 



Part III 

Implications of neutrino 

mass 



This page intentionally left blank 



Chapter 12 



Kinematic tests of neutrino mass 



In Ch. 3, we discussed two kinds of tests of neutrino mass. One kind 
involves looking for processes which cannot occur in absence of neutrino 
masses. Such processes will be discussed in the subsequent chapters 
of this part of the book. In this chapter, we discuss some processes 
of the other kind which occur even in the standard model, but whose 
rates are nevertheless modified if the neutrinos are massive. To keep the 
discussion simple, we assume for the most part that there is no neutrino 
mixing, so that f e , v^ and v T are the physical particles. Exception is 
made only in §12.1.3, where the effects of neutrino mixing has been 
discussed. 

Our discussion mainly concerns the theoretical aspects of the prob- 
lem and the experimental results. For details on the experimental tech- 
niques, see some excellent reviews on the subject [1, 2]. 



12.1 Beta decay and the mass of the u e 

In a nuclear beta decay, a neutron inside a nucleus decays into a proton, 
an electron and a V e , inflicting the following process at the nuclear level: 

(A, Z) -+ (A, Z + 1) + e~ + u e . (12.1) 

The electron and the antineutrino escape from the nucleus. Although the 
P e is hard to detect, measurements on the escaping electron (historically 
called a beta-particle) can provide information about the V e . We start 
by outlining how to calculate the spectrum of the electrons. 
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12.1.1 The electron spectrum 

At the hadronic level, a neutron decays in a beta decay: 

n^p + e~ +V e . (12.2) 

The transition amplitude for this process can be written down, using 
the four-Fermi form of interaction, as 

Tf . = _ AG F <x*Bc J d 4 x [^( x ) 7A LVv e (z)] ft p (x)>y x LiJ; n (x)} ,(12-3) 

where the subscripts denote the type of the fermion field. The Fermi 
constant Gf is accompanied with a factor cos 0c- This is because at the 
quark level, the process involves a transition from a down quark to an 
up quark, and the relevant element of the quark mixing matrix is the 
cosine of the Cabibbo angle 8c- 

To evaluate this amplitude, we specialize to the case where the initial 
and the final nucleus both have the same parity. Thus, in the hadronic 
part of the matrix element, there is no change of parity. Hence, the axial 
vector part does not contribute. 

The second important point is that the energy released in any beta 
decay process is of the order of a few MeV at most, which is negligible 
compared to the masses of the nuclei. Thus the final nucleus is very 
non-relativistic. Looking back at the spinor solutions of Eq. (4.32), we 
see that the lower components of the u-spinors are negligible in this case, 
and therefore the only non-negligible term in the bilinear comes from 7 . 

Extracting the matrix element of the leptonic part, we can rewrite 
Eq. (12.3) as 

T fi = -i^2G F cose c [u e (phoLv, e (k)} /<*** $}W*n(*)fi" W) ". 

(12.4) 

where p and A: are the momenta of the outgoing electron and the antineu- 
trino, and \& stands for non-relativistic wave-functions for the nucleons. 
The electron and the antineutrino are emitted with energies of the 
order of 1 MeV at most, so their de Broglie wavelengths are at least of 
order 10~ n cm. This is much larger than the nuclear radius. Thus, we 
can set 

e i(P+k)-x „ j (12 5) 
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to an excellent approximation. This is called the allowed approxima- 
tion. Performing the spatial integration in Eq. (12.4) now, we obtain 
the following expression for the invariant amplitude for the process: 



M = 



2Gf cos Be r _ 



y/2 



K:(p)7oLvi/ e (ft)] 2m N x /, 



(12.6) 



where the factor 2m;v comes from the normalization of the hadronic 
wave-functions, tun being the nucleon mass. And / is an isospin factor 
which depends on the isospin properties of the initial and the final nuclei. 
In the expression for the decay rate, the initial state factor for the 
neutron and the final state factor of the proton cancel with the factor 
(2ra./v) 2 coming from the square of the matrix element of Eq. (12.6). 
Integrating over the 3-momentum of the final proton, we can then write 
down the decay rate in the form 

2 

spin 

2?r 5{E q - E - w) . 



dT = 2G\ cos 2 6 C I 2 
d*p 



(2n) 3 2E (27r) 3 2w 



(12.7) 



Here, Eq denotes the total energy available to the lepton pair. Since 
the nucleus is much heavier than the electron, the kinetic energy of the 
recoil nucleus is negligible. Thus, to a good approximation, Eq is given 
by the mass difference of the initial and the final nuclei. 
The spin sum is given by 



2Mp)7oLv„ e (fc) 



spin 



= -Tr [#7o/Wo(l - 75)] 

= 2 [Elj + p-k] 

— 2Euj [1 + v e v u cos 6] , 



(12.8) 



where v € and v u are the magnitudes of the velocities of the outgoing 
leptons and 9 is the angle between their directions. Putting this in Eq. 
(12.7) and integrating over the angular variables other than 6, we obtain 



dT = 



2G\ cos 2 C F 



\p\E \k\u;5(Eo - E - u>) 



(2tt) 3 

[1 -I- v e v v cos 0} dE duj d(cos 6) , 



(12.9) 
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where we have used p 2 d \p\ = |p| E dE, and the similar expression for the 
P e -momentum. Now, from the integration over cos0, the term propor- 
tional to v e v u drops out, and the other term gives 2. Finally, performing 
the integration over uj, we obtain 

% = G% 7,? C/2 W E (^ - E)J(E - Bp - < ■ (12-10) 

□ Exercise 12.1 Integrate the above expression to obtain the total de- 
cay rate in terms of E . Neglect the electron mass and the neu- 
trino mass for this purpose, assuming Eo is large. For the transition 
14 -» 14 N* + e+ + u e , E = 1.81 MeV and the lifetime is 102 s (half-life 
is 71 s). If / = \/2, find the value of Gf cos 8c from this data. 

Customarily, one uses Q = Eq — m e in place of Eo . Then we can write 
the number of electrons emitted with energy between E and E + dE as 

n{E )dE = G2fC °*1° cI2 F(Z t R, E) \p\ E 

x(Q-T e )yJ{Q-T e )*-ml e dE. (12.11) 

where T e = E — m e is the kinetic energy of the electron. Notice that we 
have also put in a factor F(Z,R,E). This factor, called the Coulomb 
correction factor, appears because of the electrostatic interaction be- 
tween the charged nucleus and the escaping electron, which modifies the 
outgoing electron energy. This factor depends on the nuclear charge Z, 
the nuclear radius R and the electron energy. 

If vn Ve = 0, Eq. (12.11) immediately shows that 



K{E) = 



n{E) 



[F(Z,R,E)\p\E 



V: 



2 



oc Q-T e . (12.12) 



Thus, if we plot the quantity K(E) vs T e , we would obtain a straight 
line. Such a plot is called the Kurie plot, as shown in Fig. 12.1 by the 
solid line. Since the quantity K{E) must be non-negative, it follows that 
the maximum value of the electron kinetic energy in this case would be 

Q. 

However, the linearity of the Kurie plot is lost if the neutrino has a 
non-zero mass. The effect of this mass becomes appreciable only near the 
end point of the plot where Q - T e is comparable to m Ue . The resulting 
nature of the plot is shown by a dashed line in Fig. 12.1. Notice that in 
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Figure 12.1: Plot of K(E) vs the electron kinetic energy in tritium beta decay 
near the end point, showing the effect that a neutrino mass would have on it. 

this case, the maximum kinetic energy of the electron is not given by Q, 
but rather by the vanishing of the quantity inside the square root sign 
inEq. (12.11), i.e., 



{■^■e/max — V f^v e 



(12.13) 



Thus, in principle, if one measures the electron energy near the end point 
of the spectrum, one can determine the mass of the electron neutrino. 



12.1.2 Discussion of experimental efforts 

The practical difficulty in carrying out this program arises from the fact 
that near the end point of the spectrum, K(E) itself is very low, so that 
any deviation of K{E) from the straight-line nature is hard to detect. 
To get a quantitative feeling, consider a small energy range AE <C Q 
near the endpoint. The number of decays having electron energy in this 
range is given by 



L 



dEn(E) = AEn(Q) - ^L n '{Q) + ^P~n"(Q) + 

Q-AE & 



(12.14) 



where the primes on n denote the number of derivatives with respect to 
the variable E. Now, in absence of neutrino mass, the function n(E) 
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has a factor of (Q — T e ) 2 , so that the first two terms of the last equation 
vanish. We thus get for the fraction of decays having electron energy in 
the range from Q - t±E to Q to be given by 

/ dEn(E) 3 

JjL ^ "(yp\ • (12-15) 



i. 







It is therefore extremely important that we choose a beta decay 
process with as small value of Q as possible. The lowest known Q value, 
18.6 keV, occurs for tritium. However, even in this case, if we want to 
be sensitive to a i^-mass in the range of 10 eV, we are aided by only 
a small fraction (of order 10 -9 ) of the total decay events, viz the ones 
occurring with Q — T e of order 10 eV. Such small branching fraction 
means that one must be very careful about the background. Also, since 
the important part of the measurement concerns the highest few tens 
of eV within the total range of 18.6 keV, one must have a spectrometer 
that is sensitive to minute changes in energy. 

Apart from the problems mentioned above, there are other effects 
which make the analysis of experimental data very difficult. Firstly, the 
decaying nucleus is in general surrounded by atomic electrons, and this 
affects the ^-spectrum in many ways [1]. The Coulomb factor F(Z, R, E) 
is modified since the atomic electrons screen the nuclear charge. There 
can also be energy exchange between the /3-particle and the atomic elec- 
trons. In particular, the /3-particle can even impart excitation energy 
to atomic electrons. Another important factor is the presence of atomic 
energy levels. For example, the tritium atom turns into a 3 He atom af- 
ter the /3-decay; but it is not clear if the final 3 He atom is in its ground 
state. Calculations show that about 30% of the time, it ends up in an 
excited state which is about 43 eV above the ground state. All these is- 
sues make the analysis complicated, particularly if the parent nucleus is 
a heavy one. Fortunately, tritium has only three nucleons in its nucleus 
and only one electron orbiting outside, so the analysis can be handled 
with a reasonable amount of confidence. Tritium molecule, however, is 
somewhat more involved. 

These questions assumed paramount importance when the ITEP 
group announced evidence for a non-zero neutrino mass [3] in 1980. 
They looked at the /3-decay spectrum from valine molecule (C5H11NO2). 
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Table 12.1: Negative ml e values reported by various tritium decay experiments. 



Experiment 


Ref. 


m?. in eV 2 


Los Alamos 


[8] 


-147± 68± 41 


Zurich 


[6] 


-24± 48± 61 


INS Tokyo 


[9] 


-65± 85± 65 


Livermore 


[11] 


~130± 20± 15 


Beijing 


[14] 


-31± 75± 48 


Moscow 


[15] 


-3.7±5.3±2.1 


Mainz 


[16] 


-1.9±3.4±2.2 



About 18% of the hydrogen nuclei in valine are tritium, and analysis of 
their /3-spectrum yielded a value of m Ve between 14 and 46 eV. This ini- 
tial estimate was revised in subsequent publications by the same group 
[4], but no other group could reproduce their result. The analysis of the 
ITEP data was criticized by several people on various grounds [5]. 

Meanwhile, a group in Zurich performed a similar experiment [6] 
with tritium implanted in carbon and obtained the result m„ e < 18 eV. 
This cast further skepticism on the ITEP analysis, although the analysis 
of this new experiment was also not beyond criticism [7]. 

Subsequently, there was a flurry of results in the late 1980s and 
early 1990s. A group at Los Alamos [8] obtained the mass limit by 
using a source of gaseous tritium. Although it makes the experimental 
setup more complicated, the analysis becomes easier since the final state 
spectrum is very easy to understand. They obtained m„ e < 12 eV. Other 
experiments using the same atom are from the INS in Tokyo [9] which 
found an upper limit of 13 eV, from Mainz [10] which gave an upper 
limit of 7.2 eV, from Livermore [11] which reported an upper limit of 5 
eV, from a Chinese collaboration [12] whose upper limit is 12.4 eV, and 
an experiment from Troitsk [13] which gives an upper limit of 4.35 eV. 

More recently, results of two experiments have been published. The 
Mainz group published an update [16], where they report an upper limit 
of 2.8 eV. The Russian group's recent result gives an upper limit of 
2.5 eV. The Particle Data Group, in their analysis of 2003 [20], analyzes 
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Figure 12.2: Schematic Kurie plot showing the effect of neutrino mixing. The 
solid and the dashed lines denote the plots in absence of mixing with neutrino 
masses of 10 eV and 2.6 keV. The heavy line in the middle denotes the plot if 
neutrinos with both these masses are emitted, the heavier one having a probability 
of 0.3. 



various results to obtain 



m Ue < 3 eV . 



(12.16) 



A very curious feature of all the neutrino experiments is that one 
obtains a negative (mass) 2 for v e . We list the results from different 
experiments in Table 12.1. 

It is of course quite premature to say what the negative value for ml 
could be due to. If it is assumed to be a genuine effect, it is very hard to 
understand without postulating a very new kind of physics beyond the 
standard model. Several interpretations suggested are: (i) the existence 
of anomalous new long range force between neutrinos and matter [17] 
and (ii) neutrino as a tachyon [18]. Since these interpretations are indeed 
quite speculative, we do not elaborate on them here. 



12.1.3 Effect of neutrino mixing 

In presence of neutrino mixing, the final state of beta decay should not 
always contain the same neutrino eigenstate. Rather, one will obtain 
all the eigenstates which mix with the electron and which have masses 
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in the kinematically allowed range. To see how the electron spectrum 
will be modified in this case, let us assume, for the sake of simplicity, a 
two-generation case. Let the neutrino eigenstates have masses mi and 
m,2, and let the mixing angle be 9. In this case, one should obtain 

n(E) = n(E, mi) cos 2 6 + n(E, m 2 ) sin 2 , (12.17) 

where n(E) was defined in Eq. (12.11). Using Eq. (12.12), this can also 
be written as 

K{E) = yjK 2 (E, mi) cos 2 6 + K 2 (E, m 2 ) sin 2 , (12.18) 

where K(E, m) is a function which equals the Kurie function for a neu- 
trino of mass m provided T e < Q — m, and zero otherwise. The plot of 
this function is shown in Fig. 12.2 with some arbitrarily chosen values 
of the masses and the mixing angle. The plot shows a dip from the 
straight line behavior at the value T e = Q — rri2, where a kink appears. 
The presence of such a kink would then indicate neutrino mixing in the 
final state of beta decay. 

From time to time, various experimentalists have reported observing 
such a dip corresponding to a heavier neutrino mass around 17keV. 
Further analysis, however, revealed that these experiments were faulty, 
and by now it is agreed upon that no such indications exist [19]. 



12.2 Pion decay and the mass of the i/ M 

The muon neutrino appears in the final state of muon decay. However, 
this final state is a 3-body state, and so kinematical analysis is compli- 
cated. On the other hand, the charged pion, w + , decays almost entirely 
through the 2-body final state: 

7r + (rt^/i + (fc) + ^(g), (12.19) 

where we have put the notations for the 4-momenta of different particles, 
which will be used in what follows. The momentum conservation law 
can be written as 

q = p-k. (12.20) 
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If the decaying pion is at rest, we can square both sides of this equation 
to obtain 

m\ = roj + mj - 2m* E^ . (12.21) 

Thus, if one knows the muon and the pion masses and measures the 
muon energy in the decay, one can determine the mass of the v^ . 

The problem in this apparently simple program stems from the fact 
that m^ is very small compared to m n and m^. As a result, E^ is very 
insensitive to the actual value oim U(i . Take, as an example, two extreme 
possible allowed values of m„^, i.e., zero and 190 keV. Prom Eq. (12.21), 
the fractional change of the corresponding values of E^ comes out to be 
of order 10 -6 . This means that E^ has to be measured with extreme 
accuracy. 

Another serious limitation of the procedure is the knowledge of the 
masses of the tt + and the fi + . Clearly, a small uncertainty in these masses 
can inflict a large error on the mass of the ra^. With the presently 
known values [20] of the pion mass 

m* = 139.57018 ± 0.00035 MeV , (12.22) 

and the muon mass 

m M = 105.658357 ± 0.000005 MeV , (12.23) 

the present experimental bound on the muon neutrino mass is found to 
be [21] 

m Vli < 190 keV. (12.24) 

It is interesting that in this case also the central value obtained for the 
squared mass of v^ is negative: ml = -0.016 ± 0.023 MeV 2 . 

□ Exercise 12^.2 tt + also decays to e + + v e . Since tt + has the quark 
structure of ud, at the quark level this implies a transition ud — > e + + v e . 
Write down the quark-level amplitude for this process in the four-Fermi 
interaction limit. If 

(0 |5 7 A 75u| tt+(p)) = if„p x (12.25) 

whereas the matrix element for the vector current vanishes, calculate 
the decay rate in terms of f n and the masses of the particles involved. 
Assuming the neutrinos to be massless, show that 

IX7T+ -» e+v e ) ml (mj - m^) 2 

!>+ -> p+uj ml (ml ~ mlY ' ^ M) 
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12.3 Tau decay and the mass of the v r 

The tau lepton has a large mass (1.777 GeV) so that it can even have 
semileptonic decay modes. This is advantageous in the determination of 
the v r mass because one can consider a r decay into several hadrons (say 
pions) and the v T . Since a lot of the decay energy goes into the pions, 
the neutrino gets a small share of the energy, so that the energy is more 
sensitive to the mass. In actual experiment, one produces a t + t~~ pair 
from e + e~ collision. The produced pair is identified by the observation 
of a simple decay mode of one member of the pair — typically to a 
single charged particle and neutrinos. The multi-pion decay mode of 
the other member is then measured, and the missing energy and missing 
momentum are reconstructed to determine the 2^ r -mass. To date, the 
best limits are derived from a two dimensional fit to the decay mode of 
r containing five charged pions in the final state: 



which gives [22] 



T~ -> 27r + 37r-7rV , (12.27) 



m Vr < 18.2 MeV. (12.28) 



12.4 The confusion theorem 

It should be noticed that throughout this chapter, we have never dis- 
cussed whether the massive neutrino is a Dirac or a Majorana particle. 
Let us now ask the question: can the distinction be made in a kinematic 
process? In other words, if we study the rate of a process allowed by 
the standard model, will the information tell us whether the neutrino is 
a Dirac or a Majorana particle? 

The key to the answer must lie in the right-chiral state of the par- 
ticle: for Majorana neutrinos, it is the CP conjugate of the left-chiral 
state, whereas for Dirac neutrinos it is a state absent in the standard 
model. If this state, called Nr in Ch. 7, can be produced and detected 
in a physical process, that would indicate that the neutrino is a Dirac 
particle. However, this state is a gauge singlet. So, gauge interactions 
can never produce this state, and therefore the difference between Dirac 
and Majorana particles cannot be established through kinematical tests 
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if neutrinos are in the final states. The same applies with neutrinos in 
the initial states, provided they do not contain the singlet states. 

There is a small caveat in the argument above. Free-particle states 
of massive particles are not eigenstates of chirality. Instead, they are 
eigenstates of helicity. For massless particles, helicity eigenstates are 
indeed eigenstates of chirality as well. For massive particles, they are 
not. A left-chiral neutrino produced in a process, because of its mass, can 
show properties of a right-chiral state. Such effects will be proportional 
to m/E or some power of it, where m is the mass and E is the energy 
of the neutrino. So, the correct statement is that all differences between 
Dirac and Majorana nature of neutrinos, present in a kinematic test, 
must be suppressed by some power of m/E. Since neutrino masses are 
small, the distinction is practically undetectable. Some people call this 
result "The Dirac-Majorana confusion theorem" [23]. 

Let us provide a concrete example of this statement. In Ex. 2.4 on 
page 28, we discussed the decay of the Z-boson to a fermion-antifermion 
pair, neglecting the mass of the fermion. The neutral current interaction 
was given in Eq. (2.25), which contains the following term involving the 
neutrino field ip: 

^uz(x) = T -^ T - i>{x) 1 ^{x)Z^{x) . (12.29) 

2 cos uw 

If the neutrino is a Dirac particle, it is straight forward to see that the 
matrix element between the initial and the final states is given by 

(v{p)V{p') 1^(0)1 Z(k)) = _-A_ix(p) 7/1 U(pV(*) , (12-30) 

I COS Vy/ 

where e^ is the polarization vector for the Z-boson. In the notation of 
Eq. (2.32), this implies 

1 
a = b = - , (Dirac case) . (12.31) 

The expression for the decay width has been given in Eq. (2.33). 

Let us now do the same exercise assuming the neutrinos are Majorana 
particles. First of all, since the Majorana neutrino is the same as its 
antiparticle, the final state now contains two identical particles. We 
should therefore write the expression for the decay width in a more 
general form as 

1 \/2 
T(Z -> vv) = - f- (a 2 + b 2 )G F M\ , (12.32) 

Til 07T 
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where n is the number of identical particles in the final state which 
appears due to the reduction of the phase space. In the present case, 
n = 2 with Majorana neutrinos. One can use the same formula with 
n = 1 for the Dirac case. 

This difference between the two cases is compensated by another 
difference. For the Dirac case, the matrix element of the fermionic part 
was given by 

v(p)V(p') |^(0)7„LiH0)| 0) = u{p)^Lv(p') , (12.33) 

as was written down in Eq. (12.30). The same is not true if the neutrinos 
are Majorana particles. To understand why, we need to look back at the 
plane wave expansion of the Majorana field in Eq. (4.16), page 56. Both 
tjj and tp contain the creation and annihilation operators / and /*. The 
operator f* that produces u(p) from the vacuum, e.g., can come either 
from ip or from tf). This produces two terms. Keeping track of other 
factors carefully, we obtain 

(u{p)v{p') |?(0)7„LV>(0)| 0) - u(p)^lv(p') - u(p'h»Lv(p) (12.34) 

for the Majorana case. This immediately shows that the matrix element 
is antisymmetric in the interchange p <->• p\ as is expected for identical 
fermions. 

We can further simplify this expression by using the relation between 
the spinors given in Eq. (4.18) on page 56. Using Eqs. (4.24) and (4.27), 
we can write 

u(p'h»Lv(p) = -v T {p')C-\lC^u*(p) 

= -u(p) (C-\LC) J v(p') , (12.35) 

taking a transpose in the last step, since the whole thing is a num- 
ber. Further application of Eq. (4.24) shows that (C -1 7 M LC) = — 7 M R. 
Putting this into Eq. (12.34), we obtain that the matrix element contains 
only an axial vector coupling. More specifically, we obtain 

a = , 6 = - , (Majorana case) . (12.36) 

Li 

Notice that the combination (a 2 + b 2 )/n\ that appears in Eq. (12.32) 
for the Z-decay rate is the same, irrespective of whether the neutrino is 
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a Dirac particle or a Majorana particle. This illustrates the confusion 
theorem. Other examples of this theorem have been worked out in the 
literature [24]. 

D Exercise 12.3 Keep the neutrino mass terms and show that the Z- 
decay width depends on the Dirac or Majorana nature of the neutrinos 
through the ratio m v jMz- 



Chapter 13 

Electromagnetic properties of neutrinos 

Neutrinos do not have electric charge, but that does not mean that 
they do not have any electromagnetic interaction. Consider the familiar 
example of quantum electrodynamics, where the anomalous magnetic 
moment of a fermion is induced by quantum loops. In the context of 
electroweak theories, similar quantum loops can induce electromagnetic 
properties of the neutrino. This is true even in the standard electroweak 
model, where a charge radius is induced for the neutrinos, as mentioned 
in Ch. 2. 

The subject becomes richer for massive neutrinos, as we will see in 
this chapter. For a single neutrino, one can define as many as four 
electromagnetic form factors if the neutrino is a Dirac particle. On the 
other hand, if a massive neutrino is a Majorana particle, we will see that 
it can have only one form factor. This constitutes a striking difference 
between the properties of a Dirac and a Majorana neutrino. 

Moreover, since neutrino mass models usually predict neutrino mix- 
ing, one can have flavor changing processes such as \i — > e + 7. Similarly, 
in the neutrino sector, one can have decays like u a — » v a i + 7, where v a 
and i/ a i are two different neutrinos. There have been many suggestions 
from time to time that this process might have important cosmological 
implications. In view of those suggestions, some of which are discussed 
in Ch. 18, here we give a detailed discussion of the rate of this process 
in different models. 

13.1 Electromagnetic form factors of a neutrino 

The electromagnetic properties of any fermion show up, in a quantum 
field theory, as its interaction with the photon, and is described by the 
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Figure 13.1: The effective electromagnetic vertex of a fermion. 

effective interaction vertex shown in Fig. 13.1. 

For charged fermions, there is a diagram of this form even at the tree 
level, since the basic interaction Lagrangian contains a term 

Xm = eQi><y x ^A X , (13.1) 

where e is the charge of the positron and Q is the charge of the relevant 
particle in units of e. For an uncharged fermion like the neutrino, this 
term is absent. The interactions arise only from loops, and are therefore 
momentum dependent in general. We can summarize these interactions 
by writing the effective interaction term in analogy with the direct term 
in Eq. (13.1): 

if eff = ^O x ^A x = j x (x)A x (x) , (13.2) 

where the form of j\ is the subject of our present discussion. The form 
depends on the Dirac or Majorana nature of the neutrino, as commented 
earlier. 

13.1.1 Form factors of a Dirac neutrino 

Let us first focus on a Dirac neutrino. In this case, taking the matrix 
element of J^ff between two one-particle states, we get 

(p',s'\j x (0)\p,s) =uAp')r x (p,p')u a (p), (13.3) 

using the plane wave expansion of Eq. (4.1). Hermiticity of the effective 
Lagrangian implies that T\ must satisfy 

rA(p,p') = 7ori(p',p)7o- (13.4) 
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In addition, electromagnetic current conservation implies 

= {p\s'\d x jx(x)\p,s) 
= iq X u(p')rx(p,P>(p), (13-5) 

where 

q = p~p' . (13.6) 

While this is the general statement about electromagnetic gauge invari- 
ance which is valid for any fermion, for neutral fermions like neutrinos 
a more restricted condition can be obtained from the Ward identity: 

q X r x (p )P ')=0. (13.7) 

□ Exercise 13.1 Use Eq. (13.3) to show that 

<pV |ix(*)|p,«> = u 8 .(p')rx(p,p')us(p)e- iqx . (13.8) 

Use this to verify Eq. (13.5). 

Subject to these conditions, we can now write down the most general 
form for T\ which is also consistent with Lorentz covariance. It is [1, 2, 3] 

T\M) = (? 2 7A - Q\4) [R(q 2 ) + r(q 2 )y 5 

+ ax P q p [D M {q 2 ) + iD E (q 2 hs\ • (13.9) 

A few comments should be made here. First, notice that T\ depends 
only on the vector q, and not on p + p'. This is because of the fact that 
all possible terms involving p + p' can be converted to terms involving 
q by the use of Gordon identity. Secondly, the hermiticity condition in 
Eq. (13.4) implies that the form factors R, r, Dm and De are all real. 
Thirdly, the form factors are Lorentz invariant. Since p 2 = p n — m 2 , 
where m is the mass of the fermion /, there is only one independent 
dynamical quantity, viz. g 2 , which is Lorentz invariant. The form factors 
thus depend on q 2 only. 

□ Exercise 13.2 Consider two fermion fields whose quanta have masses 
m and m'. The positive energy spinors corresponding to these fields are 
denoted by u and u'. Show that 

u'ip') [(a + 675) {(m + m'hx + i°\ P q p - (p + p')\}]u(p) = 0. (13.10) 

[Note: The standard form of Gordon identity is obtained from this, as 
the special case m = m' and b = 0.] 
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The physical significance of the form factors is easily understood 
by considering the non-relativistic limit. Using the explicit form of the 
Dirac matrices and the plane wave solution given in §4.3, we can see 
that the Dm term reduces to Dm(0)<t • B in the non-relativistic limit, 
where B is the magnetic field. Thus, Dm{0) is the magnetic moment 
of the particle, which we will denote by \x. In general, Dm{q 2 ) is called 
the magnetic form factor. Similarly, Dsiq 2 ) is the electric form factor 
since d = De{0) is the electric dipole moment. The quantity R(q 2 ) is 
called the charge radius, and r{q 2 ) is the axial charge radius. 

□ Exercise 13.3 Verify explicitly, using the plane wave solution of §4.3, 
that in the non-relativistic limit, the operator associated with the form 
factor Dm gives an interaction <r • B. 

In the above discussion, we have not made any assumption about the 
validity of the discrete symmetries C, V, T and their combinations. For 
neutrinos, F\ arises entirely from loop diagrams. Such loops necessarily 
include weak interaction and therefore violate discrete symmetries like 
V and C. If CV were conserved, it would put extra constraint on the 
form factors, viz., that Dsiq 2 ) = 0. However, CV is not conserved in the 
quark sector at least. At some high order loops involving virtual quark 
lines, this will induce a nonzero De for the neutrinos. In addition, if the 
leptonic sector contains CV violation in the presence of neutrino masses, 
that will contribute to a nonzero value of De as well. In any case, all 
four form factors are nonzero for a Dirac neutrino. 

□ Exercise 13.4 Using the CP-transformation properties of spinors 
from §4.4, show that the operator associated with De is CP-violating. 

13.1.2 Form factors of a Majorana neutrino 

For any uncharged fermion, we can take the form of T\ in Eq. (13.9) as 
the starting point. However, the Majorana nature of the neutrino would 
imply that 

R=zD M = D E = 0, (13.11) 

as we will see shortly. 

There are two equivalent ways to see this. In the first way, one 
takes the definition of T\ in Eq. (13.3) along-with its explicit form in 
Eq. (13.9) and tries to write down the explicit form for the effective 
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Lagrangian, J^s, in the co-ordinate representation. This will not be easy 
since the momentum dependence of form factors will imply derivatives 
in the co-ordinate language. By partial integration, we can transfer 
all these derivatives to act on the photon field A x . In that case, it is 
clear that the .R-term in Eq. (13.9) gives some interaction which involves 
the fermion bilinear ^7aV 7 multiplied by a functional of the photon field. 
Similarly, the r-term will involve a bilinear ^>7a75^>, the Z>M-term tjXT\pil> 
and the .De-term V ,(7 Ap75V , • 

Next notice that for a Majorana field since ^ equals t/> apart from 
a possible phase, we can write, for any 4x4 matrix F, the following 
identity 

ipFijj = tpFif; 

= i) T C- l F^Cip* = -V f (C- 1 F 70 C) T ^ 

- -^7o(C" 1 F7 c) T ^ = ?CF T C-V, (13.12) 

using the properties of the matrix C and interchanging the order of the 
spinors in the middle of this operation, as demonstrated in Eq. (4.76). 
For F = 7a 75, this identity is trivially satisfied since 

7A75 = C( 7 A75) T C- 1 (13.13) 

which follows from Eq. (4.24). However, if F is 7a, or <j\ p , or 0^75, we 
get 

F = -CF T C~ 1 (13.14) 

by directly using Eq. (4.24). Comparing with Eq. (13.12) just obtained, 
we conclude that for a Majorana neutrino, the vector current vanishes, 
as does the tensor and the axial tensor ones. Thus, the form factors 
which go with these currents are meaningless for a Majorana neutrino. 
The only form factor for a Majorana neutrino is the axial charge radius 
r(q 2 ), which goes with the axial vector current. 

The other, may be more instructive, way of deducing Eq. (13.11) 
is the following. Consider again any fermion bilinear ipFift. For Dirac 
fermions, the matrix element of this operator between one particle states 
is clearly given by 

(p',s'\ftFxl>\p,s) =u s ,(p')Fu s (p). (13.15) 
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The same is not true for a Majorana field, however. Using the argument 
shown in §12.4, one can show that the matrix element for a Majorana 
neutrino would turn out to be 

(y t 8'\$F1>\ Pl a) = u s ,{p')Fu s {p) -v s (p)Fv s ,{p'). (13.16) 

Further, using the analog of Eq. (12.35), we can put it in the form 

{p\s'\^F^\p,s) =uAp')(F + CF t C- 1 )u s ( P ). (13.17) 

Again, noting that Eq. (13.14) holds if F is 7a or G\ p or <7,\p75, we realize 
that the only form factor for a Majorana neutrino is the one associated 
with the axial current 7a75- Moreover, using Eq. (13.13), we see that for 
a Majorana neutrino, the matrix element of V , 7a75^' is twice as much as 
it is for a Dirac neutrino. 

D Exercise 13.5 Deduce Eq. (13.17). 

13.1.3 Form factors for a Weyl neutrino 

In Ch. 4, we explained why a Majorana neutrino is a completely different 
type of object compared to a Weyl neutrino, despite the fact that both 
are spinors with two independent components. As further justification 
to that analysis, here we discuss the electromagnetic form factors of 
a Weyl neutrino and show how they differ from those of a Majorana 
neutrino. 

For this, let us go back again to the discussion of putting the effec- 
tive vertex in the co-ordinate representation, in the form of an effective 
interaction. We mentioned that the dipole moment terms will then in- 
volve the fermion bilinears ijxr\pip and V ,<7 Ap75^ ; - Using the left and right 
chiral projection operators, we find 

*l>cr\pil> = i>R°\ P i>L + ip L (JXpipR , (13.18) 

and similarly 

ii>v\plhi> = ^R^Xplb^L + i>L°\plsTpR • (13.19) 

However, for Weyl neutrinos, there is no i/jr, so these operators, being 
chirality changing operators, do not make sense. Hence, Dm and De 
must vanish for a Weyl neutrino. 
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Regarding the charge radius and the axial charge radius form factors, 
we notice that 

H\[R + ns]il> = *jJy\[(R - r)L + (R + r)R]tp 

= i^Llx[R - r)i> L + i> R l\[R + r]tj> R . (13.20) 

Once again, the last term is meaningless for a Weyl neutrino, so that 
R — r is left as the only form factor, as was mentioned in Ch. 2. 

This discussion brings out some important points. We see that al- 
though a Weyl neutrino has the same number of electromagnetic form 
factors as a Majorana neutrino, the form factors are different combina- 
tion of the general Lorentz covariant and gauge invariant form factors. 

A second point is that the dipole moments of a neutrino vanish in 
the massless limit. For neutrinos with small masses, the dipole moment 
must then be small in some sense. In model calculations below, we will 
see that the dipole moment comes out to be proportional to the mass. 

13.2 Kinematics of radiative decays 

In this section, we consider a process closely related to that of §13.1, 
viz., that of the possibility of the decay of a neutrino i/ a in the channel 

Va^Va<+l, (13.21) 

where u a i is a lighter neutrino. Schematically, the process is represented 
by diagram like the one in Fig. 13.1, with the modification that now 
the incoming and the outgoing fermions are not the same. For Dirac 
neutrinos, we can write down the T-matrix element of the process as 

T = d(p')r x u( P y x , (13.22) 

where e x is the photon polarization. For off-shell photons, the most 
general form for T\ would still contain four form factors as in Eq. (13.9). 
However, for physical photons the on-shell condition and the Lorentz 
gauge condition read 

q 2 = 0, e x q x = 0, (13.23) 

so that the most general form for F\ is given by 

Ta = [F(q 2 ) + F 5 (q 2 ) l5 ] <j Xp q? , (13.24) 
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where F and F5 are Lorentz invariant form factors whose values are 
model-dependent. They are often called the transition magnetic and 
electric dipole moments between the two neutrinos involved. 

The decay rate of v a can be obtained in a straightforward manner 
from the matrix element given above. In the rest frame of the decaying 
neutrino, one obtains 

r= K 8^f' )3 ( |F|2 + iJ ' 512 )- (13 - 25) 

□ Exercise 13.6 Verify Eq. (13.25). 

In general, not much can be said about F and F5 . Hermiticity alone 
cannot restrict them. In particular, hermiticity relates form factors for 
the process in Eq. (13.21) to those for the process v a > — > Va+I- However, 
in conjunction with CP invariance, hermiticity implies that F and F5 
must be relatively real. 

If in addition, CP invariance can be assumed, nothing new is learned 
in the case of Dirac neutrinos. However, if both the initial and final neu- 
trinos are Majorana particles, then one gets non-trivial constraints on 
the form factors. Recall, from the discussion of §4.4, that a physical 
Majorana neutrino is a CP eigenstate if CP is not violated by interac- 
tions. The eigenvalue can be +i or —i. If both i/ a and v a i have the same 
eigenvalues, then it follows that in Eq. (13.24), F = 0. On the other 
hand, if their CP eigenvalues are opposite, then F5 = 0. Thus the tran- 
sition is either purely of electric dipole type of purely of magnetic dipole 
type [3, 4]. Any mixture of these two kinds would mean CP violation 
for Majorana neutrinos. 



13.3 Model calculations of dipole moments and 
radiative lifetime 

In this section, we will illustrate the calculation of the electromagnetic 
vertex, defined in Eq. (13.3), in some models. To be specific, we consider 
the photon to be a real one, so that the restriction in Eq. (13.23) apply. 
Thus, we can determine only the magnetic and the electric form factors. 
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Figure 13.2: One-loop Feynman diagrams for the decay u a -> u a > + 7. In 
renormalizable gauges, there are extra diagrams where the W lines are replaced by 
the unphysical Higgs fields. 



13.3.1 SU(2) L X U(1) Y model with Dirac neutrinos 

Let us first take the SU(2)l x U(1)y model of §7.2.1 which gives rise 
to Dirac neutrinos. The one-loop diagrams that contribute to the elec- 
tromagnetic vertex of neutrinos have been shown in Fig. 13.2. These 
diagrams contain the W boson as internal lines. In general, this would 
give rise to infinities which would be canceled by accompanying dia- 
grams where one or more of the internal W + lines are replaced by the 
unphysical Higgs H + which is eaten up by the W + in the process of 
symmetry breaking. The Feynman rules for the calculation are sum- 
marized in Fig. 13.3 using the renormalizable R% gauge. The quantity 
£ is a gauge parameter which must drop out from the calculation of all 
physical quantities. 

□ Exercise 13.7 Take the R$ gauge propagators of the W gauge boson 
and the associated unphysical Higgs boson. Consider the elastic scat- 
tering v a t -* v a t at the tree level. Take the W coupling to fermions as 
given in Fig. 13.3. The W -mediated diagram will have some unphysical, 
i.e., f -dependent poles. Show that the unphysical Higgs mediated dia- 
gram cancels these poles if the unphysical Higgs coupling to fermions is 
as given in Fig. 13.3. 

Even without the detailed calculation, a few observations can be 
made. First, the magnetic form factor term comes with the dimension-5 
operator ipa\ p tJjq f) A x . Since no such term was present in the original 
Lagrangian, no parameter can absorb any infinities of this term by a 
renormalization procedure. The renormalizability of the theory then 
guarantees that the magnetic form factor comes out to be finite, as it 
does in pure quantum electrodynamics. The same argument ensures the 
finiteness of the electric form factor. 
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Figure 13.3: Feynman rules for calculations of various neutrino processes in 
renormalizable R^ gauges. For SU(2)l x ^(l)y models, disregard the index i on 
gauge boson W and unphysical Higgs H, set On = 1 and Ori — 0. For left-right 
symmetric models, the index i can take values of 1 and 2. ^ is a gauge parameter 
which must vanish in calculations for physical quantities. All momenta shown are 
directed away from the vertex. 
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Secondly, notice that both tensor and pseudo-tensor bilinears are 
chirality changing operators. This means that they connect left-chiral 
states with right-chiral ones, as shown in Eq. (13.18) and Eq. (13.19). 
For the SU(2)l x U(l)y models, this has an interesting consequence. 
Consider the diagrams in Fig. 13.2 as flavor diagrams. Since the right 
chiral projections of fermions are all SU(2)i singlets, they do not have 
any interaction with W ± . Hence, it seems that only left chiralities are 
flowing on the fermion line. To obtain a chirality changing contribution, 
we must then put a mass insertion on one of the external legs. Thus, 
the magnetic and electric form factors must involve at least one factor 
of the mass of the external fermion(s). 

It is important to realize that one power from the internal fermion 
line will not work. Starting with a state of left chirality, an internal mass 
insertion will produce a right chiral state. But this cannot interact with 
W ± i so one needs another chirality flip before the end of the internal 
fermion line. So, one can have even powers of internal fermion masses 
in the amplitude, but external masses must be there to cause the net 
chirality flip. 

The calculation of the diagrams is straightforward. In order to ex- 
tract as much information as possible, we do not make any assumption 
about whether i/ a and v a > are, in fact, the same neutrino. Making the 
reasonable assumptions that 

m a <C M\y , m a <C mi , (13.26) 

one obtains 

Fa = - J^( m " R + ™«^)°x P q P Y. u t« u ta>f(n) ■ (13.27) 

Here, we have used the shorthands 

re = (mt/M w ) 2 , 
and 



(13.28) 



f(r) = 



4(1 -r) 2 



„ „ o 2r 2 lnr 

-2 + hr - r 2 + 

1 -r 



3 3 

*-2 + 4 r + 



(13.29) 



where the last form gives the leading terms of f(r) for small values of r. 
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If now we consider the diagonal matrix element for u a = v a i, the 
factor (m a R + m Q /L) in the amplitude becomes m a , so that we see that 
there is no 0^75 term. This means that, whether CP is conserved or 
not, the electric dipole moment vanishes at the one loop level. The 
magnetic dipole moment of i/ a , on the other hand, is given by [5] 
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8v^"- (13 - 30) 

where in the last step, we have used the unitarity of the mixing ma- 
trix U and the leading term of f(r) from Eq. (13.29) for r < 1, an 
approximation which is valid for all known charged leptons. Thus, Eq. 
(13.30) shows that for Dirac neutrinos having usual weak interactions, 
the magnetic moment is given by [5, 6] 
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(13.31) 



\lb being the Bohr magneton, e/(2m e ). 

Next we consider the case v a ^ v a >. Now Eq. (13.27) tells us that 



F = K(m a + m a >) , F 5 = K(m Q - m a >) , 
in the language of Eq. (13.24), where 

Thus, using Eq. (13.25), we obtain the decay rate to be [7, 8] 
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Since a ^ a' now, the leading constant term of f(r) sums up to zero due 
to the unitarity of the mixing matrix U. The next leading term propor- 
tional to r contributes to the sum over intermediate charged leptons in 
Eq. (13.34) and results in the expression 
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Since r <C 1 for known leptons, this results in an extra suppression in the 
rate. In hadronic processes, the same phenomenon is called GIM sup- 
pression after the names of Glashow, Iliopoulos and Maiani [9] who first 
proposed that an unitary mixing matrix in the quark sector produces 
extra suppression in flavor changing neutral currents. This realization 
was crucial to include hadrons in the standard model. 

If we assume that the tau-lepton term contributes most to the sum 
over internal leptons and that the elements of U are of order unity, 
Eq. (13.35) gives a lifetime of order 10 36 years with m Q = leV and 
m a i << m a . Since the age of the universe is no more than a few times 
10 10 years, this means that neutrinos are practically stable towards a 
radiative decay. If there is a fourth lepton heavier than the tau then 
it can increase the decay rate. However, analysis of the Z decay width 
renders the existence of a fourth generation rather improbable. 

13.3.2 SU(2) L X U(1) Y models with Majorana neutrinos 

We now turn our attention to the models of §7.3, which yield Majorana 
neutrinos within the context of the gauge group SU(2)l x U(l)y. They 
involve extra scalar fields. Three things, therefore, must be kept in mind 
while calculating the electromagnetic vertex. 

First, the charged unphysical Higgs scalar eaten up by the W + boson 
is, in general, not just <j) + , the charged component of the usual doublet 
Higgs representation. Hence it is not obvious that the Feynman rules 
given in Fig. 13.3 involving the unphysical Higgs still hold. However, it is 
possible to avoid such couplings altogether by going to the unitary gauge 
where diagrams involving unphysical Higgs fields do not contribute. In 
this gauge, the calculation of these two diagrams are obviously unaf- 
fected by the details of the Higgs sector. Hence, by gauge invariance, 
one can show [10] that the couplings of the unphysical Higgs is still given 
by Fig. 13.3 so that the calculation of the diagrams involving W or the 
unphysical Higgs bosons is unaffected in the Feynman-'tHooft gauge also 
by the introduction of extra scalar multiplets. 

Secondly, there are in general physical charged scalars present in 
the model. They will contribute through diagrams which are similar to 
those in Fig. 13.2 with the W-lines replaced by the physical scalars. The 
importance of these diagrams, evidently, depends on the mass of these 
scalars and therefore on the details of the scalar content. 



270 Chapter 13. Electromagnetic properties of neutrinos 

Thirdly, one must remember that for each diagram in Fig. 13.2 there 
exists a second diagram in which all the internal lines shown are replaced 
by their conjugate lines [11, 4]. Such a contribution is absent in the Dirac 
case because the right handed neutrinos have no weak interaction, but 
occurs in the Majorana case since the right handed components of the 
Majorana fields are superpositions of Vm which have nontrivial gauge 
interaction. 

To determine the contribution from these conjugate diagrams, we 
notice that the charged current interaction in the leptonic sector can be 
written down as follows: 

= -% E E {uLva^UWj + Vtai-fLvaW-) . (13.36) 

Using the definition of a conjugate field from Eq. (4.10), we can now 
cast it in the form 

^ = -j= E E (tof^ + - Ut*V a >fRCW-) . (13.37) 
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While the above equation is valid in general, for Majorana neutrinos we 
can use the proportionality of v a and i> Q , as in Eq. (4.17), to write 

■^cc = -% E T, v a-f (UJJLW+ - \«Ut*RlW-) , (13.38) 

A Q being the creation phase factor for v a . 

The diagrams of Fig. 13.2 involve the first term in Eq. (13.38), 
whereas the conjugate diagrams involve the second term. Thus, clearly 
the amplitude of the conjugate diagrams can be obtained from the pre- 
vious ones if we make the following substitutions: 

w + ^w- , t^l (1339) 

75-^-75 , U* la -¥ - X a Uia ■ 

In addition to the factors coming from these substitutions, there will be 
an extra minus sign since in the conjugate diagram, the photon connects 
to opposite sign particle compared to the original diagram. Thus, refer- 
ring back to Eq. (13.27), we find the contribution in the Majorana case, 
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including both kinds of diagrams, is 

- AaiA^ to /t^(m a L + m Q ,R)]/(r £ ) . (13.40) 

Clearly, if a = a', the two terms in the square bracket cancel each 
other, showing that the dipole moments of a Major ana neutrino vanish, 
as discussed in §13.1.2. 

For a ^ a', the interpretation of Eq. (13.40) becomes clear if we 
assume CP invariance. In this case, we can easily show that 

ZUf^^UW+E- 1 = Ui a ^ {a) l^lu a W- , (13.41) 

where 7]-=i a \ is the CP eigenvalue of the neutrino v a as defined in §4.4. 
Similar phases for t and W + can always be chosen to be unity by suitably 
defining the states £ and W~, but for a Majorana neutrino the phase 
is physically meaningful. Looking at the charged current interaction in 
Eq. (13.36), we now see that CP invariance of these terms is obtained if 
the second term is the CP conjugate of the first term, i.e., if 

Via = U* ia r)*s {a) ■ (13-42) 

The quantity appearing in square brackets in Eq. (13.40) can now be 
written as 
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using Eq. (13.42) as well as the definition of the CP eigenvalue of a state 
fromEq. (4.58). 

Thus, if the Majorana neutrinos v a and v a i have same CP eigenval- 
ues, we obtain, in the notation of Eq. (13.24), 



F = , F 5 = 2K(m a - m a >) , 



(13.44) 



where K has been defined in Eq. (13.33). The transition is thus purely 
electric dipole type, as mentioned earlier, and the decay rate is 
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On the other hand, if the CP eigenvalues of the two neutrinos are oppo- 
site, we obtain a purely magnetic transition since 

F = 2K(m a + m a <) , F 5 = . (13.46) 



This gives 




(m a + m a <y 



Yl U t«UL'f(ri) 



(13.47) 



Note that if m a i <C ra Q , the rates for Majorana neutrino decay is twice 
that of a Dirac neutrino. However, it has to be remembered that so far, 
we have not calculated the diagrams with physical charged scalars in the 
internal lines. 

This last contribution depends on the details of the scalar sectors 
of a model. In the model with a triplet A discussed in §7.3.1, the 
contribution from diagrams involving physical scalars can enhance the 
decay rate by upto two orders of magnitude [4] assuming that the mass 
of the charged scalar is above 80 GeV. For Zee's model in §7.3.2, the 
physical Higgs diagrams can provide an enormous enhancement [12], of 
the order of about 10 10 , in the radiative decay rate. 

13.3.3 Left-right symmetric model 

The left-right symmetric model was discussed in Ch. 8. The model was 
based on the gauge group SU(2)l x SU(2)r x U{1)b-l- Apart from the 
charged gauge boson Wl that interacts with V — A currents of fermions, 
here we have another charged gauge boson Wr, coming from the SU(2)r 
part of the group. Thus, in addition to the Wl diagrams discussed so far, 
we will have similar diagrams involving the Wr which will contribute 
to the effective electromagnetic vertex. The contributions from these 
diagrams can be estimated by changing 75 to —75 (i.e., interchanging 
L with R) in the expressions obtained in §13.3.1 and §13.3.2, and si- 
multaneously replacing the Wl mass inherent in Gp by the Wr mass. 
However, since Wr has to be heavier than the Wl, as expressed in Eq. 
(8.27), we conclude that the Wr mediated diagrams are negligible. 

The situation becomes more interesting if Wl and Wr are not the 
physical eigenstates in the gauge boson sector, but are rather linear 
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Figure 13.4: Flavor diagram to show that the left-right mixing contribution to 
the amplitude is proportional to the internal charged lepton mass. 



combinations of the particles W\ and W2' 

2 2 

wl = E okw* > w r = E °*^ • ( 13 - 48 ) 

It can be shown that the elements of the matrix O can be taken to 
be real without any loss of generality, as mentioned in Eq. (8.15). In 
this case one can obviate the argument, given in §13.3.1, concluding 
that the electric or magnetic form factors are always proportional to 
neutrino mass. The point is that now the right handed fermions have 
interactions with the Wr, so we can draw a flavor diagram as in Fig. 13.4 
to convince us that we can obtain a term that is proportional to the mass 
of the internal lepton line and not of the external neutrino line. Since 
the charged leptons axe heavier than known neutrinos, one might expect 
larger contributions here. 

Since left-right symmetric models naturally yield Majorana neutri- 
nos, we will consider that case first. As discussed in Ch. 8, there are now 
two Majorana neutrinos per generation. We can call them n Q where the 
index a runs from 1 to 2M for M generations. We can now write the 
elements of the mixing matrix as 

2Af 2M 

U ^ L = E U **naL , N CR = E ViaflaR , (13.49) 

a=l a=l 

where U and V are A r x 2Af matrices. In general, both U and V are 
complex. Notice that although these formulas look the same as in the 
case of an SU{2)l x U(\)y model without right handed neutrinos, the 
range of the sum in the other case is from 1 to Af, so that U is the square 
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matrix used in §13.3.2. The contributions from the purely left- handed 
currents are given by Eq. (13.40) multiplied by 2 LV neglecting the terms 
suppressed by M^ JM^ . The mixed terms give a contribution [13] 



4^ - L1 R1 ^ Xp f^ mt 



X 



1 " a;) ULVia,R + ( x ~ v ) UiaVL ' 1 



(13.50) 



Here, V is the mixing matrix in the right handed neutrino sector, which 
contributes because the light neutrinos have a small component of right 
handed neutrinos, as shown in Eq. (8.47). However, in the see-saw 
picture, the elements of V are so small, and the value of Or\ is so 
small from Eq. (8.27) that, despite the dependence on mi rather than 
on neutrino masses, the contribution from Eq. (13.50) is much smaller 
than that of Eq. (13.40) for light neutrinos. If, on the other hand, we 
consider the decay N — » v + 7 where N is predominantly right handed, 
both U and V elements can be appreciable and the decay rate can be 
large. This case was alluded to in §8.3.2. 

Under reasonable assumptions about their masses, the physical 
charged Higgs bosons can mediate the decay at a much larger rate [14]. 
Alternatively, one can obtain a larger rate at the cost of sacrificing the 
see-saw mechanism of neutrino mass, whereby the elements of the ma- 
trix V can also be large and therefore the contribution in Eq. (13.50) is 
indeed large [15, 13]. 

In Ch. 8, we have shown that one can make left right symmetric 
models which give Dirac neutrinos. If this is the case, the analysis 
above is somewhat modified. In particular, the Dirac neutrinos can have 
magnetic moments. The LL part of this moment will be the same as 
that given in SU(2) L x U(l)y models, and the RR part is small because 
of the heaviness of the Wr gauge boson. 

To obtain the LR part, let us, for simplicity, consider one generation 
first. It was shown in §4.5 that a Dirac neutrino can be seen as the 
degenerate limit of two Majorana neutrinos. The magnetic moment 
operator involves a transition from left to right helicity of the Dirac 
fermion, which appear from the two different basis Majorana spinors, 
as shown in Eq. (4.73). Thus we can take a = 1 and a' — 2. Since 
there is no diagonalization to be performed in the single generation case, 
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U = (1 0), V — (0 1). Also, since the relative CP eigenvalues of the two 
Majorana spinors involved is negative, we use A1/A2 — — 1. Thus, using 
Eq. (13.50), we obtain the following terms: 

OliOri J 2 ™>i iPi°x P q p il>2 + ip2V\p<} p ' l i>i\ • (13.51) 

Using the identifications of the Dirac spinor states from Eq. (4.73), this 
can be rewritten as 

OliO r1 ^~rn^a Xp q^ > ( 1352 ) 



which shows that 



if R) = Ll O Rl ~^m e a Xp q p • (13.53) 

The magnetic moment is therefore given by 

L1 Om-j=^m e . (13.54) 

In the more general case with generational mixing, it is easy to see 
that one gets the following contribution to the magnetic moment [16]: 

L1 R1 ^ £miRe(tf te V£) , (13.55) 

where U and V are the mixing matrices in the left and right handed 
neutrino sector. 



13.4 Large magnetic moment and small neu- 
trino mass 

Various model calculations shown in this chapter indicate that the for a 
neutrino with mass m, the natural value for its magnetic moment is of 
order eGFm- For neutrino masses in the eV or sub-eV range, this value 
cannot be higher than about 10 -19 /Zfl, as indicated in Eq. (13.31). 

Experimental upper limits on neutrino magnetic moments, however, 
are not close to this putative value. The limits come from analysis 
of neutrino-electron scattering experiments. As discussed in Ch. 2, u e e 
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Figure 13.5: u e e scattering via photon exchange, which arises if the neutrinos 
have a magnetic moment. 



scattering proceeds via W and Z exchange in the standard model. In 
the presence of a non- vanishing magnetic moment, a new contribution 
to i; e e-scattering arises via the diagram of Fig. 13.5. Since the final state 
in this diagram has a i/r, it does not interfere with the other diagrams 
and one has 

<Ce = <*w,z + <r 7 , (13.56) 

where [17], for energies above a threshold energy Eth, the cross-section 
for the magnetic part is given by 



<jy — anl 



f-Kt)" 1 



(13.57) 



In Table 13.1, we give the presently known upper limits on neutrino 
magnetic moment from laboratory as well as astrophysical sources [18] . 
The constraints from the supernova SN1987A and from nucleosynthesis 
are discussed in Ch. 17 and Ch. 18 respectively. The constraint from 
stellar energy loss arise from the fact that for \l v ^ 0, the plasmons (i.e., 
the photons which acquire an effective mass due to plasma effects) in 
the stellar plasma can decay to uu, adding a new source of energy loss 
for stars. 

One of the main reasons for extensive discussion on magnetic mo- 
ment of the neutrino is the possibility that it may affect the flux of solar 
neutrinos [27]. Our discussion of Ch. 6 clearly shows that the magnetic 
moment cannot play the dominant role in modifying the fluxes of neutri- 
nos escaping the sun. However, a sub-dominant effect is not ruled out, 
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Table 13.1: Upper limits on neutrino magnetic moment. 



Experiment 


Ref. 


Limit on fi 
applies to 


Upper limit 
in 10 _1 Vb 


Laboratory experiments 


CHARM II 
BNL 

E225 

UCI 

Kuo-Sheng 


[19] 
[20] 
[21] 

[22] 
[23] 




20 

8.5 

8.2 

10.4 

2.8 

1.3 


Astrophysical constraints 


Nucleosynthesis 
Stellar energy loss 
SN 1987A 


[24] 
[25] 
[26] 


at least 2 species 

all 

all 


0.1 

0.7 

io- 2 -io~ 3 



and it would be in a detectable range if the magnitude of the neutrino 
magnetic moment is 



-io, 



fi u ~ (.1 to 1) x 10~ W fi B 



(13.58) 



It is interesting that this range is consistent with all laboratory and 
astrophysical observations given in Table 13.1 except the supernova 
SN1987A bounds. 

It is clear from the discussion earlier in this chapter that neither the 
standard model with Nr nor the left-right symmetric model can provide 
such a large magnetic moment for i/ e . Therefore, new extensions of the 
standard model have been searched for that can yield a large magnetic 
moment. 

One interesting possibility is to adjoin, in addition to Nr, an iso- 
singlet singly charged Higgs boson h+ to the standard model [28] . Then 
the following additional terms are allowed in the Yukawa coupling in 
addition to those already present in the standard model: 

-SPy = Y, (fk^lv.C- l ^iih + + fS,N] R C- 1 i! R h + ) + h.c. . (13.59) 

a,b 
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The quantum numbers of the /i + , as well as its couplings with the lep- 
ton doublets, is the same as in Zee's model presented in §7.3.2. As in 
that model, we have fy? = —ffrt The difference now is the presence of 
the right handed neutrinos, and the absence of two doublet Higgs fields 
without which B — L is not broken. Thus the neutrinos are Dirac parti- 
cles in this model. There is a new contribution to the magnetic moment 
of the u e arising from the diagram involving physical scalars in the loop, 
which is: 

"-" = f °il?M™ T H^/m?) - l] V-B ■ (13.60) 

h 

Since f L%R are very poorly constrained by low energy data, for /£./* — 
10 _1 and Mh — 100 GeV, one easily obtains \i Ve ~ 10 -10 (1b- A notable 
feature of this model is that due to antisymmetry of f L , the magnetic 
moment of v T receives contribution only from electron intermediate state 
and is therefore small. However, despite its above mentioned advantage, 
this extension of the standard model is quite unsatisfying as a model for 
the neutrinos since it leaves the neutrino mass as a free parameter in the 
Lagrangian. Thus, the smallness of the neutrino mass is not understood. 
Extensions of this model that lead to finite neutrino mass as well 
as finite magnetic moment have been constructed [29]. In such models, 
there is an intimate connection between neutrino mass and magnetic 
moment. This is because when neutrino mass arises in a gauge theory 
at the loop level involving virtual charged bosons and fermions, the mag- 
netic moment is induced by attaching a photon line to the internal lines. 
Thus, if the typical masses in the loop are denoted by M, the neutrino 
mass term would be given by QM, where Q is some combination of cou- 
pling constants and other numerical factors. The magnetic moment will 
roughly be given by eG/M, so that 

e 2m e m u „ . n „. 

For M ~ 100 GeV, one needs m Ve > lOkeV in order to satisfy the re- 
quirement of Eq. (13.58). This is unacceptable because of direct exper- 
imental bounds. Thus, constructing models for large magnetic moment 
for small m Ve is a new challenge to theorists. 

One way to answer this challenge was proposed by Voloshin [30]. To 
understand his argument, let us go back to the Majorana basis of mass 
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terms, introduced in §4.5. Consider the Majorana basis spinors i/> a . The 
mass terms in this basis have the form ?/>JC _1 ^, which are symmetric in 
the interchange of the indices a and 6, as shown in Eq. (4.80). However, 
the magnetic moment term, tpJC~ 1 <j\ p i{)t ) F xp is antisymmetric under 
the same interchange. 

D Exercise 13.8 Following the steps leading to Eq. (4.76), show that 
ipJC~ 1 ax p tl) b is antisymmetric under the interchange ?/> a — ¥ ?/>{,. 

The proposal of Voloshin [30] was to consider the interactions of u e i 
and N 6 l (i.e. the antiparticle of N eR ) to be symmetric under an SU{2) U 
symmetry under which v e and N e form a doublet. Then, the Dirac mass 
of v e is a triplet under SU{2) V whereas the magnetic moment term is a 
singlet. So a model that respects SU{2) V invariance will yield a large [i v 
with m v = 0. Gauge models implementing this symmetry have been dis- 
cussed extensively [31]. They generally require the introduction of new 
gauge bosons with masses in the 100 GeV to 1 TeV range and have to be 
carefully constructed to avoid conflict with low energy phenomenology 
arising from the presence of the new gauge bosons. 

The problem with the implementation of Voloshin symmetry is that 
it does not commute with the gauge symmetry of SU(2)l. This is be- 
cause the SU{2) V symmetry connects two states of different SU(2)i 
quantum number. To avoid these problems, one can look for other SU{2) 
symmetries which can serve to restrict the mass while at the same time 
being orthogonal to SU(2)l. Of particular interest is the suggestion [32] 
that SU{2) ll is identified with the horizontal symmetry group between 
the electron and the muon generations, which is a global symmetry of 
the standard model in the limit m e = m^ = 0. 

Subsequently a new class of models have been constructed which 
avoid the use of new gauge degrees of freedom but use horizontal discrete 
symmetries present in the standard model to obtain consistency between 
large magnetic moment and small neutrino mass [33]. As an example, 
consider the discrete horizontal symmetry D operating between the first 
two generations [33]: 

(13.62) 

where ipe denotes the doublet whose elements are i// and £. Note that un- 
der this symmetry m VeVli is odd whereas n VeV is even. So, if in this model 
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we impose L e — L^ conservation in addition to D-symmetry, the model 
in the D-symmetric limit leads to a large transition magnetic moment 
between v e and v^ while keeping m VeV$l = 0. (The m VeVe = m UtiVtl = by 
L e — Ln conservation). In the symmetry limit however, m e = m A . The 
process of lifting this degeneracy generally implies m VeV ^ but by a 
controlled amount if the D-symmetry is broken below the weak scale. 

Other ways to evade the relation in Eq. (13.61) have also been pro- 
posed [34]. For instance, if the neutrino mass involves not only charged 
virtual particles in the loop but also neutral ones, then there is no strict 
relation between \x v and m v [35]. Another suggestion is to construct the- 
ories where the dominant one loop graph involves necessarily a gauge 
boson. In these theories, the magnetic moment graph will involve the 
transverse component of the gauge boson whereas the neutrino mass 
graph will exchange only the longitudinal component [36], thereby avoid- 
ing the constraint of Eq. (13.61). 



Chapter 14 



Double beta decay 



14.1 Introduction 

It is straightforward to see that in second order in the weak Hamiltonian, 
the following process can arise: 

n + n~+p + p + e~ + e~+V e + V e . (14.1) 

On a nucleus with Z protons and A ~ Z neutrons, this would inflict a 
transformation like 

(A, Z) -> (A, Z + 2) + e~ 4- e~ + P e + V e . (14.2) 

Such a process is called double beta decay since two /3-rays (or electrons) 
emerge in the final states [1]. Usually, this process is denoted by fifev 
since it is accompanied by two (anti)neutrinos. The amplitude of this 
process has a strength G 2 F and therefore the process occurs very rarely. 
Furthermore, for double beta decay to occur naturally, the arrangement 
of nuclei of different neighboring Z- values must be such that single beta 
decay, 

{A, Z) -> ( A, Z + 1) + e " + V e , (14.3) 

is energetically forbidden. Thus double beta decay is a very rare process 
indeed. In fact, only recently, nearly a hundred years after Becquerel 
first observed beta decay, was double beta decay process observed in 
a beautiful experiment by Elliot, Hahn and Moe [2] for the Selenium 
nucleus: 

82 Se -> 82 Kr 4- 2e" + 2V e (14.4) 

281 
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Table 14.1: Examples of 
measurement of the lifetime 



double beta decay nuclei. In some cases, the latest 
is also given. 



Nucleus 


Energy 










release 

(MeV) 


Ref. 


Lifetime 

(year) 


Parent 


Daughter 


48 Ca 


48 Ti 


4.27 


[3] 


(4.2^) xl0 iy 


76 Ge 


76 Se 


2.04 


M 


(1.55±0.0llJ;^)xl0 21 


82 Se 


82 Kr 


3.00 


[51 


(8.3 ±1.0 ±0.7) xlO 19 


100 Mo 


100 Ru 


3.03 


[6] 


(6.82iJ-^±0.68)xl0 18 


116 Cd 


116 Sn 


2.81 


[71 


(2.6±o.rtS;I) xlO 19 


i30 Te 


130 Xe 


2.53 






i28 Te 


128 Xe 


0.87 






136 Xe 


136 Ba 


2.48 






iso Nd 


150 Sm 


3.37 


[6] 


(6.75+g;g±0.68)xl0 18 


232 rj^ 


232^ 


0.86 






238tj 


232p u 


1.16 







with a half-lifetime 1.1 x 10 20 years. Since then, double beta decay has 
been observed in many other nuclei, a list of which appears in Table 14.1. 
These include results from several geochemical experiments which have 
also reported evidence for /?/%„ processes. 

The processes described above conserve lepton numbers. Therefore, 
they provide a confirmation of the standard model of weak interaction. 
Our concern in this chapter will be to consider processes where two elec- 
trons are emitted in nuclear transmutation without being accompanied 
by neutrinos. Such processes violate lepton number by two units and 
are therefore signatures of new physics beyond the standard model. We 
consider three kinds of such processes: 



{A,Z) -+ {A,Z + 2) + 2e~ 
(A,Z) -> {A,Z + 2) + 2e~ + J 
(A, Z) -> (A, Z + 2) + 2e~ + 2 J 



(14.5) 



In the above equation, J is a massless Goldstone boson called the Ma- 
joron [10], which results in models with spontaneous breaking of global 
B — L symmetry. We can call the first of the three processes by the 
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name PPov, the second one by Pfovj etc. As we will see below, the dif- 
ferent double beta decay processes are identified by the different electron 
sum energy spectra. Several experiments [11, 12, 13] have searched for 
neutrinoless double beta decay. No evidence for it has been uncovered 
yet. The best limit on (5(5q v lifetime comes from 76 Ge experiments which 
give [14] 

To»{™Ge) > 1.57 x 10 25 yr . (14.6) 

The best limit on single Majoron emitting mode fifoyj is [11, 12] 

Tcw( 76 Ge)>7.91xl0 21 yr- (14.7) 

The double beta decay transition can occur between + — > + as well 
as + -> 2 + spin-parity states of nuclei. We will see that each one 
carries valuable information about theory. In Table 14.1, we present 
some examples of double beta decay nuclei along with energy release Q 
in each process. 

14.2 Kinematical properties 

Before going into the detailed particle physics models, in this section we 
discuss [15] some of the kinematical properties for the various double 
beta decay modes. The decay width consists of a dynamical part which 
is the absolute square of the matrix element, \M\ 2 , and a phase space 
part. We will assume that the matrix element part is energy independent 
and will see how the lifetime depends on the Q value and the nature of 
electron energy spectrum. To discuss this, we also assume that the nuclei 
remain at rest subsequent to the decay, which is of course an excellent 
approximation. 

To sort out the energy dependence in the phase space integrals of 
the various processes, note that the momentum integration involves a 
factor fd i p/(2E) for any particle with momentum p. Of course we 
can write \p\ d \p\ = E dE, where E is the energy. Thus, if a massless 
boson is emitted as in the Majoron emission case, the factors in the 
momentum integration is just EdE, using |p| = E. On the other hand, 
for a fermion emitted, we cannot use \p\ = E, so that the momentum 
integration factors reduce to pdp. But now the spinors coming in the 
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matrix element would give an extra factor which is of the order of the 
energy. Thus for fermions, the integral involves a factor pEdE. 

To apply these rules, let us first consider the process (3 f3 2l/ . Integrat- 
ing over the momentum of the final nucleus, we obtain 

r 2 „ = 2tt J \U 2v \ 2 6{Mi -M F -E 1 -E 2 -u>i- ^2) 

d?pi d 3 p 2 d 3 kj d 3 k 2 . 

(2tt) 3 2E 1 (2tt) 3 2E 2 (2tt) 3 2u;i (2k) 3 2uj 2 ' [ } 
where T^t/ is the matrix element whose magnitude will not be discussed 
in this section, M\ and Mp denote the masses of the initial and the 
final nuclei, pi = (.E^Pj) are the four momenta of the electrons and 
ki = (u>i, k%) of the neutrinos. Ignoring the angular variables in momenta 
integrations and taking out the factor of momentum coming from the 
spinors, we get [16] 

T 2 v oc / duji k\u>i / du> 2 k 2 u 2 / dE\ p\E\ I dE 2 p 2 E 2 

\H 2v {E u E-i) | 2 6{Mi -Mf-Ei-Ez-ujx- u 2 ) , (14.9) 

using the above power counting rules. Similarly we get for other final 
states [17, 18]: 

T 0l/ oc / dEi piEi / dE 2 p 2 E 2 

\n Qu {E u E 2 )\ 2 8{M l - M F - Ei - E 2 ) , (14.10) 

IW oc J dEi piEi J dE 2 p 2 E 2 fdQQ 

\K „ J {E 1 ,E 2 )\ 2 S(Mi -M F -Ei-E2-tl), (14.11) 
IWj ex J dEi p 1 E 1 f dE 2 p 2 E 2 f dQ t Q x f dQ 2 2 

\n »jj{E u E 2 )\ 2 5{M X -M F -E 1 -E 2 -Qi- ft 2 ) . 

(14.12) 

In these equations, fi denotes the Majoron energy. 
Let us now make the following change of variables: 

T = Q/m e = (Mi - M F - 2m e )/m e 
yi = [Ei - m e )/m e 
y 2 = (E 2 ~ m e )/m e 
V = 2/1 + V2 = {Ei + E 2 - 2m e )/m e . (14.13) 
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Figure 14.1: Schematic energy spectrum in different double beta processes. 
The normalization is arbitrary. 



Using these new variables in Eq. (14.10), we find 

IV oc/ dy dy 2 \H Qu \ 2 p lP2 E l E 2 8{T - y) . (14.14) 

Jo Jo 

Thus in the plot of d 2 T/dydy 2 vs y, fifiou simply gives a spike at y = T. 
As for the other processes, we find 



fT ry 

r 2 ^oc/ dy dy 2 \7l 2 „\ 2 piP2^i^2(T - yf , 
Jo Jo 

r „j oc f dy f dy 2 \K 0l/J \ 2 Pl p 2 E x E 2 {T - y) , 
Jo Jo 

pT py 

To u jj oc / dy dy 2 \TZo l/ jj\ 2 p 1 p 2 E l E 2 (T-y)' i 
Jo Jo 



(14.15) 
(14.16) 
(14.17) 



We thus see that each process has got its own characteristic sum energy 
spectrum which can be used to detect its presence experimentally. We 
show this in Fig. 14.1. 

To see qualitatively how the lifetime depends on the Q- value, it is 
clear from Eq. (14.14) and Eq. (14.15) that, if we assume the matrix 
element to be constant, we get 



r 2u ~ Q n \K 2l/ \' 

Tov ~Q 5 \n „\ 2 



(14.18) 
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From these formulas, we can get a rough estimate of the relative rates 
of the two processes. For that, we note that the amplitude 7^-2^ has the 
spinors for the neutrino field corresponding to the outgoing antineutri- 
nos. In general, these two antineutrinos have different momenta k\ and 
k 2 , and the amplitude depends on these momenta. We can represent 
this functional dependence by explicitly writing the fifov amplitude as 
7Z>2v{k\, k 2 ). However, if k\ = —k 2 , and if lepton number is violated, we 
can close the neutrino lines and take the neutrino propagator, and this 
will give us the amplitude for the neutrinoless double beta decay. Thus, 
we can write 

/Sk 
——n 2v (k,-k), (14.19) 

where e denotes the strength of lepton number violating processes, ex- 
pressed as a dimensionless ratio. Now, if the intermediate neutrino typ- 
ically has energies of order u>, we can approximately write the last ex- 
pression as 

U Qv ~ euj 3 K 2l/ . (14.20) 

Putting this back in Eq. (14.18), we finally obtain 

(14.21) 

From Table 14.1, we see that the Q values are typically of order 2 to 
3 MeV. On the other hand, the Fermi momentum of the nucleons in 
a nucleus are of the order of 200 MeV, so this should be an order of 
magnitude estimate of the energy carried by the neutrino line in a (3(3q v 
process. At present, the experimental bounds are roughly summarized 
as tq u > 10 4 T2„, i.e., as To u /T 2l/ < 10~ 4 . Using all these information, 
we can get a bound on the strength of lepton number violation, e, from 
Eq. (14.21): 

e < 10" 8 . (14.22) 

We will discuss the particle physics implications of this result in the next 
section. 
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Figure 14.2: Pfi 0l , process induced by Majorana neutrino mass. 



D Exercise 14.1 A nucleus can be thought of as a sphere of radius 
RqA^ 3 , where A is the total number of neutrons and protons in the 
nucleus and Rq — 1.2 fm, where 'fm' means femtometer, i.e., 10 _15 m. 
Considering the collection of nucleons to be a Fermi gas, calculate its 
Fermi momentum and Fermi energy. 

Next experimentally relevant quantity is the angular distribution, 
which has the following forms [16, 19] for the two neutrino decay Pfou'- 



0+ -» 0+ : 
+ -> 2+ : 



-P2i/(#12) OC 1 - ViV 2 COS0 12 
-P2i/(012) OC 1 + -V\V2 COS 012 , 



(14.23) 



where V( are the velocities of the two electrons, and P(9u) denotes the 
probability that the angle between them is Ou- 

For the no-neutrino decay mode, the angular distribution is sensitive 
to the dynamical mechanism giving rise to the decay. In anticipation 
of the next section, we call two important mechanisms, neutrino mass 
mechanism and left-right mixing mechanism. The angular distributions 
in these two cases are given by: 



P(h/,mass OC 1 - ^2 COS i2 
P0u,LR OC 1+^1^2 COS 12 



(14.24) 



Thus, once /3/?oi/ is observed, studying its angular dependence one can 
pin-point the nature of interaction responsible for it. 
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14.3 Neutrinoless double beta decay in 
SU(2) L X U(1) Y models 

Since neutrinoless double beta decay requires violation of lepton num- 
ber by two units, it vanishes in the standard model. However, in models 
with the same gauge group as the standard model, the process can occur 
if lepton number is violated. We discuss various examples of the mech- 
anism of lepton number violation and the induced rate of neutrinoless 
double beta decay. 



14.3.1 Light Majorana neutrino exchange 

The simplest way to obtain /?/%„ decay is to have a Majorana neutrino 
i.e. a mass term of the form m l/ vJ / C~ 1 i'L, which violates lepton number 
by two units. Then the diagram in Fig. 14.2 leads to /3/3o»/ decay. 

Since the momentum exchange is of the order of a few MeV, we can 
neglect the momentum dependence in the W- propagators. The factors 
coming from the vertices and the W-propagators is then (g / ^2M\y) 4 = 
SG^>. At this leading order in the Fermi constant, the effective interac- 
tion for the process can then be written as 

•*2>ft» = 8G 2 F j cfixi J d*x 2 J Ai / A2 

xS r (j^ ) (x l )J^(x 2 )J^(y l )J^(y 2 )) , (14.25) 

where J^) is the hadronic current between the neutron and the proton, 
and j(W i s the leptonic charged current. The matrix element would 
contain a hadronic part and a leptonic part. We are mainly interested 
in the latter part, which we call M/^. This part will come from the 
lepton line connected to the two W lines in Fig. 14.2. 

There are two vertices involving leptons. At each vertex, an electron 
is being created. The leptonic charged current is given by e7pL.1v Each 
external electron line, along with the vertex it attaches to, contribute a 
factor UelfX to the amplitude. The propagator is a two- point function 
of involving v e v e . It does not contain a barred operator like the usual 
propagator. Such propagators can exist only for Majorana fermions and 
have been discussed in §4.7. Using the notation introduced there, we 
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can write the leptonic part of the matrix element as 

M ® = [^e{pihxl] A [u e {p2h,l] B [S^(q)] AB -(1**2), (14.26) 

where q is the momentum of the virtual neutrino. We can now borrow 
the form of the propagator from Eq. (4.103) on page 74 and write the 
result in a matrix notation: 



<i = A* 



u e (p 1 ) 7A L]5'i,Wc[«e(P2)7pL] T - (1 o 2) , (14.27) 



where A is the creation phase factor that appears in the propagator. 
Using the definition of the conjugation matrix C from Eq. (4.24) and 
the relation between the u and v spinors from Eq. (4.18), we find 

C [u e7/i l_] = CL T 7 ; 7 o T ^ = L 7/i70 C< = l^v e . (14.28) 
Putting this back into Eq. (14.27), we obtain 

M$ = A*tie{pi)7^L4^T7AR« 8 (P2) - (1 ** 2) 

= ^~2 K(pih^7xv e (p 2 ) - (1 o 2)] , (14.29) 

This shows that, because of the chirality structure, the double beta 
decay amplitude is proportional to the neutrino mass. Thus, under 
the assumption that neutrino mass dominates the double beta decay 
amplitude, the measurement of the flftov decay rate is a measurement 
of neutrino mass [20]. Turning this argument around; a lower bound on 
fifiov lifetime can be converted into an upper limit on neutrino mass. 

Of course, to extract information about neutrino mass from observa- 
tions, we need knowledge of the nuclear matrix elements of the hadronic 
parts. Extensive discussion of this exists in the literature [16, 21]. An 
important aspect of the neutrino contribution is that, since m 2 «C q 2 , 
the neutrino pole in co-ordinate space leads to a \x — y\~ type poten- 
tial. This implies that, nuclei not close by in the nucleus can undergo 
/?/3bi/-decay. This has the effect of enhancing the nuclear matrix element. 
In terms of an effective coupling coupling constant, we can write 



Gov ~ G 2 F m 



,(^), (14-30) 
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where the matrix element of 1/q 2 has to be taken within the initial and 
the final nuclear states. 

To obtain a bound on the neutrino mass from the non-observation 
of /3/?oi/ so far, we note that lepton number violation is proportional to 
the neutrino mass. Thus, the dimensionless strength e is given roughly 

by 

e~m u fu. (14.31) 

Using uj ~ 200 MeV as in the last section, Eq. (14.22) gives the bound 
m u < 2eV. A more careful analysis of one 76 Ge experiment [14] gives 
the upper limit on m v to be 0.33 to 1.35 eV. Another experiment, with 
the same material, concluded [4] that the upper limit of m u is 0.35 eV. 
An independent analysis of the latter data also claims positive evidence 
for the /3/?oi/ process and sets a non-zero value for the neutrino mass 
from it. We will discuss it later in this chapter. 

In presence of neutrino mixing, the above analysis is modified. For 
this, let us write 

K^ = ^T [Se(Pi)7/.L 7 A«e(P2) - (1 ♦+ 2)] , (14.32) 

where 

(™> = XX*7 e 2 Q m Q , (14.33) 



a 



m a being the mass of the eigenstate v a , and U ea its mixing angle with 
the electron. We see that it is actually an average neutrino mass which 
contributes to /3/?oi/ decay. Since in general the elements of the mixing 
matrix are complex, it is possible in principle that the individual neu- 
trino generations have large mass and yet conspire to cancel leading to 
a vanishing (3f3o u -decay amplitude. 

It is important to realize that such cancellation can happen even in 
the CP-conserving case [22]. For example, using Eq. (13.42), we can 
write (m) in the form 

(m) = £ \U ea \ 2 rn a fj E{a) , (14.34) 

a 

where Tfefa) ls * ne CI 3 eigenvalue of the mass eigenstate v a , as defined 
in Eq. (4.58) on page 64. 
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Thus, if two Majorana neutrinos have opposite CP eigenvalues, their 
contributions would interfere destructively in the fi@Q V amplitude. 

To see how this might happen, note that (m) actually represents the 
ee-element of a general Majorana neutrino mass matrix. Therefore it is 
possible to have a theory where the /30q u decay amplitude vanishes and 
yet the physical neutrino mass (e.g. the one which could be observed in 
tritium decay experiment) is non-zero. An example of such a case is the 
model of Zee described in §7.3.2, where the ee-element is zero because 
of the antisymmetry of the coupling. Huge cancellations also occur in a 
large class of 50(10) grand-unified models [23]. 

However, there are other mechanisms that can lead to neutrinoless 
double beta decay without the intervention of neutrinos. We give exam- 
ples of such mechanisms later in this chapter. 

14.3.2 Heavy Majorana neutrino exchange 

Neutrinoless double beta decay can also be mediated by heavy neutrinos 
[24]. The graph is the same as Fig. 14.2. In this case, since the mass 
satisfies m v ^> g 2 , the neutrino propagator in Eq. (14.29) effectively 
reduces to l/m v . The effective coupling is now given by 

Gov czCPp—, (14.35) 

and the lepton number violating strength is given by 

e ~ u)/m v . (14.36) 

Since w « 200 MeV, Eq. (14.22) would imply m„ > 10 7 GeV. The point 
to appreciate here is that, unlike the light neutrino case, here one gets 
a <5-function type potential between nucleons. Therefore, only nucleons 
close-by can contribute. This generally leads to a suppression of the 
nuclear matrix element. Thus, the bound on the effective coupling in 
this case is likely to be weaker than in Eq. (14.22). 

14.3.3 Exchange of doubly charged Higgs boson 

In many gauge models [25, 26] there exist doubly charged Higgs bosons 
which couple to two Wl bosons as well as to two electrons. As shown in 
Fig. 14.3, exchange of such doubly charged Higgs bosons can lead to (30q v 
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Figure 14.3: Contribution to ^j3q v process induced by doubly charged Higgs 
boson. 

decay without requiring a neutrino intermediate state [27]. While in 
some models this effect may be suppressed either due to small coupling 
[28] or due to a small nuclear matrix element [29], its effect can be 
important [30] in other models such as left-right models. 

14.4 Neutrinoless double beta decay in Left- 
Right models 

We saw in Ch. 8 that the left-right symmetric SU{2) L x SU(2) R x 
U{\)b-l models provide a very natural setting for small neutrino masses 
and violation of lepton number by two units. This model would there- 
fore have built-in mechanisms for (3fio v decay. To see this, let us remind 
the reader about the left and right leptonic doublets for mass eigenstate 
Majorana neutrinos: 

i/cos0- iVsin0\ fusin9-\- Ncos$\ , . 

)l ' V e )r 

where the heavy Majorana neutrino is N with M^ = fvR and the light 
one is i/, with ra„ ~ m 2 D IM^. In the presence of three generations, 
there will be mixings between different generations. Furthermore, we 
recall that M\y R ^> Mw L - The general form of weak charged current 
Lagrangian is: 

J£, = -4 U/j> + JJ$KW? cost - WfsinC) 



'CC 



v/2 



r(fc) , t(<) 



+ (^ + ^)W sin C + ^2 M cosC) +h.c. (14.38) 
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Figure 14.4: The regions below the solid and the dashed lines are ruled out by 
PPov experiments and by vacuum stability arguments. The region above both the 
lines is allowed. 



Let us now turn to the discussion of f3&Q V process in this model. The 
strength of this process depends on the mass of the Wr bosons as well as 
mass of the light and heavy neutrinos. This process therefore provides 
a direct handle on the masses of these three particles. There are four 
independent mechanisms for double beta decay in left-right models. We 
discuss them one by one. 



14.4.1 Light neutrino exchange 

The Feynman diagram responsible in this case is shown in Fig. 14.2. The 
analysis is no different from that in §14.3.1. 



14.4.2 Heavy Major ana neutrino exchange 

The effect of a heavy Majorana neutrino exchange on /3/?oi/ decay was 
discussed [24] in §14.3.2. However, this discussion is inapplicable to left- 
right models [31] since here, the heavy neutrinos couple predominantly to 
a heavier gauge boson. The Feynman diagram responsible is essentially 
the same as Fig. 14.2, where the gauge bosons should now be interpreted 
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n 



Figure 14.5: Left-right neutrino mixing contribution to fifiov decay. 



as the Wr bosons. This leads to the following amplitude: 

4 



r {Ms)„ C 2 ( M w L y I i \ 

G «" - Gf \m w J \m n ) 



(14.39) 



Nuc 



This is also a + — > + transition. Using the 76 Ge upper limit, one 
obtains the two dimensional plot in the Mw r -Mn plane, as shown in 
Fig. 14.4. We have also shown a theoretical upper limit on M^ from 
considerations of vacuum stability. Together, they lead to a lower bound 
of 800 GeV for the W^-mass. 



14.4.3 Heavy-light neutrino mixing 

This contribution is shown in Fig. 14.5 and is a direct consequence of 
heavy and light neutrino mixing that arises in the see-saw mechanism. 
The analog of Eq. (14.29) in this case is given by 



M$ = sinfl 



= sin# 



tte(pi)7pl 2 _^T 2 7 A U; e (p2) - (1 ** 2) 



mi 



u e (pi)7/xL- 



r2_ 



m\ 



:l\Ve{P2) - (1 *+ 2) 



(14.40) 



where the factor sin $ comes from heavy-light neutrino mixing, as in Eq. 
(14.37). Compared to Eq. (14.29), the chirality structure is different at 
one vertex, which picks out the ^ term in the propagator. As a result, 
this contribution has the distinctive feature that it is independent of 
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Figure 14.6: Contribution of fl-parity breaking couplings to ppo„ decay. 

the neutrino mass. Also, unlike the neutrino mass diagram, it leads to 
a + — >■ 2+ transition. The effective strength of this diagram can be 
written as: 



r 0f 



Q-"- cv 



G 2(MwA 2 
F \M W J 



sin0( - 



(14.41) 



In the left-right model with the see-saw picture, one expects 8 < 10~ 5 , 
as argued in Ch. 8. Since M\y 2 > 1.6 TeV, we thus obtain 



G™ « G\ mv) 



r 0i/ 



r 0i/ ' 



(14.42) 



provided the light Majorana neutrino masses are in the range of electron 
volts. Thus, we expect this to be negligible, pushing it beyond the reach 
of experiments, although + ->• 2 + nature of the transition has a distinct 
signature of its own. 



14.4.4 Higgs exchange contribution 

In the left-right symmetric model, there are two doubly charged Higgs 
bosons: A J 4 " and Aj 1 ", which can give potential contributions to /?/3bi, 
decay. The contribution of A J 4 " is negligible due to the small vev of A°. 
However, A J 1 " contribution need not be small [27, 30]. The diagram 
contributing to this process is shown in Fig. 14.3 where we keep the 
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Figure 14.7: Joint vector-scalar exchange contribution to /?/3 „ decay. 



subscript R in all internal lines. Its effective strength is of order 



r (A) 



~G 



2 ( Mw L 

f \m Wr 



M Wr 



(14.43) 



For M Wr ~ 2TeV, M A ++ ~ 30 to 100 GeV, G$ may not be beyond 
the reach of experiments. 



14.5 Neutrinoless double beta decay in super- 
symmetric models 

In Ch. 10, we pointed out that .R-parity violating couplings in the su- 
persymmetric standard model lead to lepton number violating processes. 
This can lead to observable amplitudes for neutrinoless double beta de- 
cay [32] even though the neutrino mass can be very small. There are 
several diagrams that can lead to this processes, e.g. Fig. 14.6a and 
Fig. 14.6b. It was pointed out [32] that the dominant contribution arises 
from the graphs with gluino intermediate states. The amplitude for this 
process can be crudely estimated to be: 



Gq u 



4ira a \? n 
M 6 Ml 



(14.44) 



§14.5. Neutrinoless double beta decay in supersymmetric models 297 

The matrix element for this process was carefully evaluated [33] and it 
was found that the present lower limit on the lifetime for neutrinoless 
double beta decay from the enriched 76 Ge by the Heidelberg- Moscow 
group [1] gives an upper limit on the allowed values for A' m < 4 x 10 -4 . 
This is a very stringent limit. 

A second class of contributions to neutrinoless double beta decay in 
the MSSM was pointed out recently [34], which involves a joint vector- 
scalar exchange as shown in Fig. 14.7. It involves a blob on the inter- 
mediate squark line, whose magnitude was explained in connection with 
Fig. 10.2. Using the discussion from there, we find that this contribution 
to the double beta amplitude is given by 



G F ( \ , llz \' ul m h {A + iitan(3) \ /1\ 
G » " T2 { Mt W 



(14.45) 



Nuc 



Again, for reasonable estimates of the nuclear matrix elements for this 
process [35], this implies the following bound on the H-parity violating 
couplings: A' 113 Ai 31 < 3 x 10~ 8 . The same graph also puts a limit on 
the product A' 121 A' 112 < 10 -6 . These limits are also quite stringent. 

More recently, there have been other models of heavy particle ex- 
changes for neutrinoless double beta decay. The effects are similar to 
the supersymmetric case [36]. For a discussion of the heavy particle 
exchanges from a symmetry point of view, see Ref. [37]. 
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Figure 14.8: Majoron emission in /3/3 i/ decay. 
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14.6 Majoron emission in /3/3o v decay 

In Ch. 7, we have discussed the concept of the Majoron, which is a Gold- 
stone boson which appears in a theory when the global B — L symmetry 
is spontaneously broken [10]. There are three kinds of Majoron models: 
a) singlet Majoron [10], b) Triplet Majoron [26, 17], c) doublet Majoron 
[38, 39]. Majoron emission can occur in neutrinoless double beta de- 
cay [17, 40] via the diagram in Fig. 14.8. This process is most likely 
to happen in the triplet Majoron model, where the Majoron couples 
most strongly to the neutrinos. Denoting by j vv j the neutrino Majoron 
coupling, present experiments imply 



Uvj < 4 x 10 



-4 



(14.46) 



It, however, appears that measurements of Z- width rule out the triplet 
Majoron model since the Majoron contributes equivalent of two extra 
neutrino species. The Z-widih however still allows for the existence of 
singlet and perhaps even the doublet Majoron with some mixing. 
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Figure 14.9: Double Majoron emission in (3(3q v decay. 

In the supersymmetric doublet Majoron model [18, 41] there can be 
neutrinoless double beta decay with double Majoron emission via the 
diagram in Fig. 14.9. This leads to a (T - y) z type of spectrum [18], as 
discussed in Eq. (14.17). The only unknown particle physics parameter 
here is the Zino mass. Comparison with experiments, however, leads 
to only a very weak low bound of 1 to 2 GeV on the Zino mass, M~. 
However, a better analysis of the electron spectrum in the various (3{3q u 
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process can lead to better bounds on M% which will be an independent 
source of constraints on the supersymmetric theories. 



14.7 Neutrino mass and j3fc v decay 

There appears to be an intimate connection between the neutrino mass 
and /3/?oi/ decay which has led to the speculation [20] that observation 
of (3(3$ u decay will provide a measurement of m u . Indeed, the data 
of the Heidelberg- Moscow experiment [4] has been analyzed by some 
members of the collaboration [43]. They conclude that the half-life for 
the neutrinoless mode is in the range (0.8 to 18.3) x 10 25 yr, with a best 
value of 1.5 x 10 25 yr. Prom this, they conclude that there is evidence 
for non-zero neutrino mass, the best value being 0.39 eV. Presently 
there are several proposed experiments [47] that aim for a sensitivity 
in neutrino mass to the level of 0.02 eV, which will be able to either 
confirm or refute this result. 

The connection between the half-life and the neutrino mass relies on 
the assumption that the neutrino mass diagram (Fig. 14.2) dominates 
f3pQ V decay [20]. But as is clear from the discussion of §14.3, while neu- 
trino mass diagram is perhaps the most plausible one, there exist many 
additional non-neutrino diagrams (Higgs, supersymmetry, heavy neutri- 
nos) which can play an equally important role in generating /?/3oi/-decay. 
Thus, observation of (3(3q v decay cannot immediately be translated into 
a value for the neutrino mass unless we have some independent way to 
make sure that the contribution of the other diagrams to /3/3oi/ decay 
is negligible. For example, one difference between the heavy and light 
exchange mechanisms is that in the first case, the effective double beta 
decay force is long range whereas in the second case it is point like, as 
pointed out in §14.3. Therefore by looking at different nuclei, one may 
be able to distinguish between them [44]. 

Suppose we establish a positive signal and also ensure that it is due 
indeed to light neutrino exchange. One may then be able to draw some 
conclusions about the pattern of neutrino masses from the observations. 
To see how this can be done, we recall that the effective neutrino mass 
that enters the (30o u amplitude is given by Eq. (14.34). Combining this 
piece of information with other pieces obtained from oscillation data, 
one can curve out the allowed ranges for (m) [45, 46]. These are given 
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Figure 14.10: The dependence of | (m) j on the smallest neutrino mass eigen- 
value m m i n . For both panels, \U e z\ 2 = 0.01 has been assumed. In CP conserving 
case, the region between similar pairs of lines are allowed. If CP violation is present, 
the entire region between the extreme lines is allowed. Legends for the two panels 
are as f ollows, where 7721 , e.g., is the ratio of the CP eigenvalues of v 2 and v\\ 
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(Adapted from Ref. [46], with courtesy and help from the authors. Notations 
changed.) 



in Fig. 14.10. To obtain these plots, one takes the smallest neutrino mass 
eigenvalue as a free parameter. For a fixed value of this parameter, the 
range of allowed values for the other two eigenvalues are obtained by 
using the mass squared differences obtained in the solar LMA solution 
and the atmospheric neutrino solution. Of course these ranges depend on 
the type of mass hierarchy assumed for neutrinos, as defined in §11.3.3. 
The larger two masses and mixing parameters are then varied within 
their allowed ranges to obtain the range of solution for the effective 
neutrino mass. As we see, the solution is very sensitive to the type of 
hierarchy except in the region m m \ n > leV, where both normal and 
inverted hierarchies tend to the almost degenerate pattern of neutrino 
masses. For smaller values of m ra i n , the allowed values of (m) are pretty 
much non-overlapping. Thus, if a positive result is obtained, it will not 
be difficult to determine the type of mass hierarchy from the data. 

It should also be noted that in case of the inverted mass hierarchy, 
there is a lower bound on (m) and therefore if the sensitivity of the 
search goes below the level of 0.01 eV, with negative result, this pattern 
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Figure 14.11: Diagram which leads to a Majorana neutrino mass from the /3/? „ 
amplitude. The blob in the middle represents the operator for the P(3q v process. 



can be ruled out. 

The quasi-degenerate pattern of course makes sense only for m Q > 
JAm/^p. So if no signal is found to the level of 0.01 eV, the only pattern 
that will survive is the normal hierarchy pattern. This conclusion will 
be enormously important for probing the nature of new physics implied 
by neutrino data. 

It should be noted that some members of one group have claimed 
positive evidence for neutrino mass from an enriched 76 Ge experiment. 
This signal, if confirmed, is of fundamental significance. However, it 
should be realized that, extracting neutrino mass from a positive sig- 
nal in such an experiment is a highly nontrivial matter. For one thing, 
neutrinoless double decay generally is allowed for heavy nuclei, which 
means that there are significant nuclear physics complications. Further- 
more, there are many other contributions to neutrinoless double beta 
decay other than the Majorana neutrino mass. Once a nonzero signal 
is observed in neutrinoless double beta decay, one must use results of 
collider experiments to make sure that the source of neutrinoless double 
beta decay is from neutrino mass and not from other sources. 

It is however important to realize that while observation of j30Qv 
decay cannot be directly translated to a value for the neutrino mass, it 
can certainly be used to infer the existence of a non- vanishing, Majorana 
neutrino mass regardless of whatever mechanism causes fiflov decay to 
occur. The basic point is that once there is a lepton number violating 
interaction in a model, even though the neutrino mass may vanish at 
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the tree level, it is bound to arise at some higher loop level. This can 
be seen as follows. One can think of neutrinoless double beta decay as 
being an effective scattering amplitude of the form nn — > ppee. One 
can then use the diagram in Fig. 14.11 to generate a Majorana mass for 
neutrino mass in higher orders [42] . The blob may contain for instance a 
doubly charged Higgs boson or whatever mechanism causes /?/?oi/ decay. 
This proves that the existence of {3fio u decay implies the existence of a 
non-vanishing Majorana mass for the neutrino. 



Chapter 15 

Related processes 

The obvious place to look for a signature of a massive neutrino is in 
processes involving neutrinos in the initial state, or the final state, or 
both. But that is not a necessity. One can look for processes involving 
other particles as well which cannot occur without the help of a mas- 
sive neutrino as a virtual intermediate state. Such was the case of the 
neutrinoless double beta decay discussed in Ch. 14, where precisely the 
absence of neutrinos in the final state can be interpreted as a signature 
for neutrino mass. In this chapter, we discuss some more processes not 
involving neutrinos which nevertheless tell us about neutrino mass. 

15.1 Lepton flavor changing processes 

In the models presented in Part II of this book, we have repeatedly no- 
ticed that nonzero neutrino mass is almost invariably accompanied with 
neutrino mixing. Neutrino mixing, which is meaningless if the neutrinos 
are all massless, implies that the generational lepton numbers like the 
electron number, muon number and tau number are not conserved. This 
gives rise to flavor changing processes involving the charged leptons, a 
few of which we now discuss. 

15.1.1 Radiative decays of muon and tau 

In absence of generational quantum numbers, processes like 

e^e' + i (15.1) 

can take place. Here, I can denote the muon, in which case £' is the 
electron and we obtain the precess fi — > e + 7. Also I can be r, in which 
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Figure 15.1: Diagram for £->• I' + 7. In renormalizable gauges, one must add 
other diagrams where one or both of the W lines are replaced by the unphysical 
Higgs. 



case H! can be either fi or e. 

The calculation of the rate of the process in Eq. (15.1) is similar to 
the analysis of the electromagnetic vertex of neutrinos made in Ch. 13. 
Following the arguments of that chapter, we can show that the amplitude 
of the process will in general be given as 



«V) \ F (<1 2 ) + *5(<7 2 )75l °\ P q p u{p)e 



,*A 



(15.2) 



where the form factors F and F5 depend on the model. The decay rate 
is given by a formula similar to Eq. (13.25): 



r = 



8irm 3 , 



+ 



F 5 



(15.3) 



One can also argue as before that in SU(2)l x U(l)y models, absence 
of right-handed charged currents imply that the individual terms in the 
expression for the form factors F and F5 must be proportional either to 
mi or to m,£>. Since in nature m^ <C mi always, we might neglect the 
terms proportional to m^. In that case, the amplitude is proportional 
to mi. From Eq. (15.3), we thus see that the rate is proportional to 
m\. Despite the fact that this dependence is the same as that for the 
standard decay mode: 



r(* -> evtfvt) = 



G 2 F m 5 e 

1927T 3 



(15.4) 



the radiative decays are suppressed, as explained below. 

The one-loop diagram contributing to I -> £' + 7 is given in Fig. 15.1. 
This is similar to the radiative neutrino decay diagram in Fig. 13.2a. 
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The diagram corresponding to Fig. 13.2b is absent in this case since the 
internal fermion line is uncharged. Using the Feynman rules used in 
Fig. 13.3, one obtains 



F = K(mt + m e ) , F 5 = K(mt - m?) , 



where 



K = 



where / is a function of 



I^£^w>°) 



r Q = (m a /Mw)' 



(15.5) 



(15.6) 



(15.7) 



Just as in the case of neutrino decay, we notice that the constant term in 
/(r Q ) cancels due to unitarity of the mixing matrix, which is the analog 
of the GIM suppression in the leptonic sector. So we get [1, 2, 3] the 
leading contribution 



1 

2 



F = ^ (§2? 



™5 



Yl U LUe> a r a 



a 



(15.8) 



neglecting mp. Comparing with Eq. (15.4), we thus obtain the branching 
ratio 



&(l -> i'-y) = 



r(* -> t!j) 3a 



Y^ U L u t'c*ra 



(15.9) 



T(l^l'V e vfi 32?r 
Since the elements of the mixing matrix are smaller than unity, 

£ Ut a Ue>ar a < (m max /M^) 2 , (15.10) 

Q 

m max being the largest neutrino mass. Thus, from Eq. (15.9), we obtain 

»{t -+ t'l) < 10- 4 (m max /M w ) 4 • (15.11) 

Even if m max denotes a mass close to the present upper limit of the 
mass of v T of order 10 MeV, we obtain the upper limit on the branching 
ratio to be 0(1O -17 ). A more conservative estimate would yield smaller 
numbers since neutrino masses are presumably much smaller. At any 
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rate, the estimates of the branching ratios are orders of magnitude below 
the present experimental limits [4]: 

&(H -> e-y) < 1.2 x HT 11 , 

&{j -> e-y) < 2.7 x 10" 6 , 

&(t -+ /Lt7) < 1.1 x 10 -6 . (15.12) 

One might ask whether the expected branching ratios can be larger 
in the model of §7.2.4, where Majorana masses were obtained after intro- 
ducing right-handed neutrinos. Since the right handed neutrinos have 
large masses, as shown in Eq. (7.26), one might naively expect that 
the large values of r a associated with these eigenstates can give a large 
contribution to the radiative decay rate. 

But that argument is deceptive because the heavy neutrinos are also 
mainly SU(2)l singlets, so they do not interact with the W ± to a first 
approximation. Of course the mass eigenstates do have a small mixture 
of doublet neutrino states, but that mixture is so small in see-saw type 
models that, despite large masses, the contribution of these neutrino 
states are negligible [5]. 

15.1.2 Decays of fi and r into charged leptons 

Apart from the radiative decays, another type of flavor-changing decays 
has been extensively searched for in experiments. These are decays of the 
H and the r which might contain only charged leptons and antileptons 
in the final state. For example, fi~ decays to e~e~e + (this final state 
is sometimes called 3e for the sake of brevity) is energetically possible. 
Experimental data indicate that [4] 

3B{n" -» e~e-e + ) < 1.0 x 10~ 12 . (15.13) 

Similarly, we can think of some decay channels of the r, quoting the 
presently known upper limits on the branching ratio in each case [4]: 

3S(t~ -)• e"e-e + ) < 2.9 x lO" 6 , 
&(t~ -> fi-e~e + ) < 1.7 x KT 6 , 
38(t~ -4 fi~ii~fi + ) < 1.9 x 10 -6 . (15.14) 

The theoretical estimates of these branching ratios are obviously 
model dependent. In the SU(2)l x U(l)y model with right-handed 
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Figure 15.2: The decay /j -» 3e driven by the process ft -» e + 7. 

neutrinos which yields Dirac neutrinos and was discussed in §7.2.1, the 
process fj, — > 3e for example goes through the effective fi — > e7 transi- 
tion vertex, as shown in Fig. 15.2. Since the electron-photon vertex gives 
one factor of the electronic charge in the amplitude, in the rate we will 
naively expect T(// — >■ 3e)/r(// — > ey) ~ a/71-. However, the naive esti- 
mate is not accurate since in the calculation of the decay rate fi — y ey, 
the photon has to be taken as an on-shell physical particle, whereas in 
Fig. 15.2 the photon is virtual. Detailed calculation can again be done 
using the Feynman rules of Fig. 13.3, which yields [1, 6] 
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The logarithmic factor can be quite large, but at any rate 



&{p, -> 3e) < 



3a 2 
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m max 1 m max | < 1n -l7 

Ml T Ml f ~ 1U 



l w 



l w 



(15.16) 



for m max ~ O(10 MeV). In fact if the heaviest neutrino has a mass near 
lOMeV, it will be mainly a i/ T , which means U afi and U ae would be 
small. This will lower the expected branching ratio, which in any case 
is much smaller than the experimental bound quoted in Eq. (15.13). 
Similar conclusion can be drawn about the r decays as well. 

It must be emphasized that in any model where £ — > £ lf y is allowed, 
there is a contribution to £ -> £'£"£" (where £' and £" can be same 
or different charged leptons) via a diagram like the one in Fig. 15.2. 
However, in specific models, there can be extra contribution to these 
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Figure 15.3: Tree diagram for fi ->• 3e mediated by doubly charged scalars. 

non-radiative decays. For example, consider the SU(2)l x U(l)y model 
presented in §7.3.1 where we added a triplet in the Higgs sector. The 
triplet has a doubly charged component A++. , which can have Yukawa 
couplings like 

£/;^IC'- 1 4A_H- + h.c., (15.17) 

in the notation of Eq. (7.30). Thus, the exchange of a A++ can induce 
fi -» 3e decay [7] as shown in Fig. 15.3. This would give a decay rate 
similar in expression to the standard decay rate: 

G? ff m?, 

r(M "* 3e) ~ mtf • (15 - 18) 

where now the effective strength is given by 

C?eff * ^ • (15.19) 

Experimental constraints in Eq. (15.13) thus imply that the parameters 
of the model must satisfy 

G eff < 10 _6 G F (15.20) 

in order to be acceptable. Similarly one can derive bounds from various 
r-decay modes. 

In the left-right symmetric electroweak models, it was shown in Ch. 8 
that triplets of Higgs bosons enter very naturally in order to explain the 
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smallness of neutrino masses. In order to maintain left-right symmetry 
in the Lagrangian, one needs a triplet A/, of the SU(2)i group, as well 
as a triplet Ar of the SU(2)r group. In that case, the doubly charged 
components of both Ax, and Ar can mediate processes like \i -+ 3e [8]. 
The implication of this fact on the right handed scale was discussed in 
Ch.8. 

15.1.3 Muonium-antimuonium transition 

The conversion of a muonium M ~ fi + e~ into an antimuonium involves 
a change of \AL e \ = 2 and (AZjJ = 2 and is, therefore, forbidden in the 
standard model. This process was suggested long before the advent of 
gauge theories [9] as a test of the multiplicative lepton number hypoth- 
esis. The phenomenology of this process is similar to that of K°-K° 
mixing. Therefore to calculate the probability P(M) of a free muo- 
nium to convert to an antimuonium, we have to consider the following 
evolution equation: 

where mo is the mass of the muonium and T is its decay rate which is 
the same as the muon decay rate, r = 0.5 x 10 6 s _1 . In Eq. (15.21) we 
have assumed that there is no energy splitting between the muonium and 
antimuonium such as could be caused by external electric field. Prom 
Eq. (15.21), we find 

P(M) ~ ~ . (15.22) 

If we assume that the transition is caused by an effective Hamiltonian 
of the form 

AG ~ 
^MM = -^D*7 a Le][7Z 7 aLe] + h.c. . (15.23) 

then <5 is given by [9] 

6^2(m\jP mS \m)= 1 -^MM, (15.24) 
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Figure 15.4: One loop diagrams for muonium-antimuonium transition in 
SU{2) L x U{1) Y models. 

where a is the Bohr radius of the muonium. Thus, measurement of 
P(M) will provide information on the coupling strength G m q. There 
have been a number of experimental searches [10, 11], of which the most 
sensitive one provides the bound [11] 

G MM ^ 3 X 10 " 3 ^ • ( 15 - 25 ) 

Let us now turn to theoretical implications of a possible observation 
of M-M transition. As mentioned before, it signals physics beyond the 
standard model. In SU(2)l x C/(l)y models with Dirac neutrino masses, 
it is mediated through neutrino mixing by the one-loop diagrams of 
Fig. 15.4a and Fig. 15.4b. If the neutrinos are Majorana particles, the 
diagram in Fig. 15.4c gives an additional contribution. This diagram 
does not even involve intergenerational mixing. Thus, it can dominate 
the amplitude. Using neutrino mass constraints from neutrinoless double 
beta decay, it was estimated [12] that the amplitude of Fig. 15.4c is less 
than about 3 x 10 -5 . 

A more dominant graph can arise in the left-right symmetric models 
from the exchange [12, 13, 14] of doubly charged Higgs bosons A++ or 
in extensions of the standard model that contain 5C/(2)L-singlet doubly 
charged Higgs bosons [15]. The relevant diagram is shown in Fig. 15.5. 
It gives an effective strength 



Jeef fiH 



G mm= r ? • (15-26) 



There are also supersymmetric contributions [16] to M-M transi- 
tion in the minimal supersymmetric standard model if the the R-parity 
breaking terms in the superpotential are not set to zero. The terms 
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responsible are \\z2L e L T Jl + A23iL M L T e. The tree level graph involving 
the exchange of L T leads to M-M transition with a strength 

n ^ Al32A231 / 1C 07 v 

G MM ~ ~^2— ( 15 - 27 ) 

Given the present bounds on the A's, we expect G m q < 10~ 2 Gf, which 
is in the range accessible to the ongoing experiments. 

15.1.4 Semi-leptonic processes 

Lepton flavor violation has also been looked for in processes involving 
hadrons. Some examples on branching ratios of such processes are given 
below [4]: 

^(tt -> v + e~) < 3.8 x 10" 10 , 
@{K L -> /i ± e T ) < 4.7 x 1(T 12 , 

3§(ir+ -► //+i/ e ) < 8.0 x 10~ 3 , 
3B(K+ -> n + v e ) < 4 x 1(T 3 , (15.28) 

where in each case, the rates are normalized to the total decay rate of 
the initial particle. 

In the presence of neutrino mixing, the last two processes can be 
mediated by W-exchange at the tree level. Their suppression then puts 
direct bounds on the mixing of the first two generation of leptons. For 
example, comparing with the decay K + — > p^v^ which has a branching 




tA. 




Figure 15.5: Muonium-antimuonium transition mediated by doubly charged 
scalars. 
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ratio of 63.5%, the last process gives tan 2 < 6 x 10" 3 or 6 < 0.08 for 
the Ve-Vfj, mixing angle. 

The process Kl — > fi + e~ and Kl — »■ M _ e + , on the other hand, is 
expected to be very suppressed even with large neutrino mixing. The 
reason is that the hadronic current involves a transition between a d 
and an s quark. In SU(2)l x U(l)y or even left-right models, flavor 
changing neutral current between quarks is absent at the tree level and 
suppressed at the one loop level due to the GIM mechanism. Thus, even 
the lepton flavor conserving process Kl -» M + / Li ~ has a branching ratio 
of 9.5 x 10 -9 . In processes like Kl -> A^e^ , additional suppression 
factors are expected to come from lepton flavor changing. 




Figure 15.6: Gauge bosons of SU{4)c mediating the decay K L -> fi + e at 
the tree level. 

Things can be different in grand-unified models. For example, the 
gauge group of 50(10) has a subgroup SU(4)c, as discussed in Ch. 9. 
Under this subgroup, the three colors of d quark appear in a quartet 
representation with the electron. Similarly, the muon forms a quartet 
with three colors of the strange quark. Thus, gauge bosons of SU(4)c 
can mediate the process Kl — ► fi + e~ through the tree level diagram of 
Fig. 15.6. The low branching ratio of this process then puts constraint 
on the SU(4)c breaking scale M c , viz, [17] M c 2) 10 5 GeV. 

15.2 CP-violation in the leptonic sector 

In the quark sector, the charged current involves a unitary mixing ma- 
trix, as shown in Eq. (2.20). In general, the elements of this matrix 
are complex, and this fact gives rise to CP violation in the quark sector 
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[18]. In models with massive neutrinos, we have a mixing matrix in the 
leptonic sector as well. Complex numbers in this matrix would imply 
CP violation in the leptonic sector. As we will see in this section, the 
details of the consequences is sensitive to the Dirac or Majorana nature 
of neutrinos. 

15.2.1 CP-violating phases in the fermion mass matrix 

Let us first consider the case of Dirac neutrinos and examine how many 
CP-violating phases can appear in the mixing matrix. The charged 
current interaction in SU{2)l x U(1)y models was written in Eq. (7.8), 
which was: 



-£c.c. — 



-|EE UtJLl^aLW- + h.c. , (15.29) 



U being the mixing matrix. In order to keep the discussion general, let 
us consider that there are M generations of leptons. Then U is an J\f x N 
unitary matrix, which has A/" 2 real parameters. If all elements of U were 
real, U would have become an orthogonal matrix, which has ^M(M — 1) 
independent parameters which axe the different mixing angles. Thus, 
the remaining \N(N 4- 1) parameters of U must be phases, which make 
U complex. 

□ Exercise 15.1 A general Af xAf matrix has Af 2 complex parameters, 
i.e., 2M 2 real parameters. Show that, if this matrix is unitary, the num- 
ber of independent real parameters reduce to M 2 . 

However, not all of these phases are physically meaningful. For ex- 
ample, the interaction in Eq. (15.29) is invariant under the phase redef- 
initions 

VaL^e ie °u aL , Uia^e-^Uea. (15.30) 

Since the overall phases of a Dirac field is physically irrelevant, by ad- 
justing the phases of the complex neutrino fields we can absorb M phases 
corresponding to overall phases of each column of the matrix U. Simi- 
larly, we can adjust the phases of N charged lepton fields and absorb one 
phase in each row of U, since Eq. (15.29) is invariant under the phase 
redefinitions 

tL-^eV'iL , Uta^e^'Uta. (15.31) 
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It seems that we can thus get rid of 2J\f phases, but this is not quite 
right. If we change all i/ a 's by the same phase 9 and change all the 
charged lepton fields by that same phase 6 as well, it is clear from Eq. 
(15.29) that the mixing matrix U is unaffected. Thus the 2J\f phases of 
redefining the fields must satisfy one constraint that they cannot be all 
equal. Out of the \M{M + 1) total phases in U, we thus see that 

\M{M + 1) - (2M ~1) = \{M - 1)(7V - 2) (15.32) 

are physically meaningful. These phases are responsible for CP violation. 

Needless to say, the above argument is exactly the same as that 
used in the quark sector. Indeed, the count for the CP-violating phases 
in Eq. (15.32) prompted Kobayashi and Maskawa [18] to postulate the 
third generation in days when it was experimentally unknown. In the 
leptonic sector also, the same conclusion holds, viz., CP violation can 
occur only if the number of fermion generations is three or more. 

The situation changes dramatically if the neutrinos are Majorana 
particles. The point is that Majorana neutrinos are self-conjugate fields. 
Since the phase change of the conjugate field must be opposite to that of 
the field itself, it means that one cannot redefine the phase of a Majorana 
field. In Eq. (15.29), the only way to absorb phases from U is thus 
redefining the phases of the charged lepton fields. This way we can get 
rid of M phases and are left with 

\M(M +l)-M= \M{M - 1) (15.33) 

phases which can inflict CP violation [19, 20, 21]. The dramatic change 
from the Dirac case is that now one can have CP violating effects even 
if there are two generations of fermions. For H generations, there are 
thus M — 1 additional CP violating phases if the neutrinos are Majo- 
rana particles. These extra phases are usually called Majorana phases 
whereas the others are called Dirac phases [28]. 

Since Majorana masses are intimately related to B — L violation, it 
was conjectured that these extra phases would appear only in B — L 
violating processes. For example, if one looks at the process 

e + + n-hn->p + p + e, (15.34) 



§15.2. CP-violation in the leptonic sector 315 

one can find that the rate is affected by these extra phases [22]. The 
phases can also play an important role in the /3/?oi/ process, which can 
be obtained from the process in Eq. (15.34) by crossing symmetry. 

However, later it was pointed out [27] that these extra phases can 
also appear in B — L conserving processes. The necessary ingredient 
seems to be the violation of B — L on individual fermion lines in the 
Feynman diagrams, which may or may not cancel in the overall ampli- 
tude. For example, the muonium-antimuonium transition at 1-loop can 
proceed through the diagram in Fig. 15.4c. Both fermion lines in this 
diagram violate B — L, although the overall process does not. Analy- 
sis of such diagrams showed [27] that the extra CP-violating Majorana 
phases indeed appear in these processes. 

15.2.2 Rephasing invariants 

In a sense it is awkward working with the phases in the mixing matrix. 
The reason for this has already been discussed, viz, the phases can be 
redefined by redefining the phases of the fermion fields. In the expres- 
sion for any physically observable quantity, these phases can therefore 
appear only in specific combinations which are invariant under such re- 
definitions. Such combinations are called rephasing invariants. 

Obviously, the absolute value of each element of the mixing matrix 
is a rephasing invariant. Such invariants are necessarily real, and can- 
not describe CP-violating phenomena. There are rephasing invariants 
involving four elements of the mixing matrix which are not necessarily 
real: 

tetfap = Ut a U e pUipUi, a . (15.35) 

These were first suggested [30] for analyzing CP violating phenomena 
in the quark sector. Although there are M 4 such invariants, many of 
them are real. For example, if I = £' and/or a = (3 in Eq. (15.35), the 
resulting expression is real. The imaginary parts of the remaining ones 
have some relations between them, and it turns out that at the end, the 
number of independent imaginary parts is exactly the same [31] as that 
given in Eq. (15.32). 

D Exercise 15.2 There can be higher order rephasing invariants as well. 
For example, a sixth order invariant would be 

UiQUi'pUe"^UipUi> y Ui„ a . (15.36) 
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Show that these invariants are not independent. They can be expressed 
[31] as combinations of tw aj 3 y s and |C/£ Q |'s. 

Obviously, the same analysis applies to the leptonic sector if the 
neutrinos are Dirac particles. If the neutrinos are Majorana particles, 
the analysis becomes a bit more involved. Each Majorana neutrino will 
satisfy a condition of the type 

?a = K\v* , (15.37) 

where K% is the same as A* which appeared in Eq. (4.17) on page 56, 
where A was called the creation phase factor. Here we write the same 
thing as K 2 for notational convenience which will be obvious presently. 
Obviously, changing the phase of a neutrino field also changes the 
value of K: 

VaL-+e i9a i/ aL =» K a ^e~ i9a K a . (15.38) 

Consulting Eqs. (15.30) and (15.31), we therefore find that we can now 
form a different set of combinations [31] which are invariant under phase 
rotations of neutrino and charged lepton fields: 

stop = U ta U* l/3 K* a K p . (15.39) 

We can augment the ^-invariants of Eq. (15.35) by these new invariants. 
Again, some of these invariants are obviously real, e.g, when a = (3. The 
others contain the extra Majorana phases, exactly M — 1 in number. 

□ Exercise 15.3 Alternatively, we can do away with the ^-invariants in 
the Majorana case and use only the s-invariants. Prove this statement 
by expressing the ^-invariants in terms of the s-invariants. With this 
choice, count the number of independent imaginary parts and show that 
it agrees with the count performed in §15.2.1. 

15.2.3 CP violation in the light neutrino sector 

We now discuss some of the implications of the Majorana phases in the 
light neutrino sector. We choose to work in a basis where charged lepton 
masses are diagonal. The neutrino mixing matrix then carries all the 
CP violating phases. Prom the discussion earlier in this section, we have 
a count of the number of CP violating phases. They can be expressed 
as parameters in the neutrino mixing matrix U as follows: 

U = U D P (15.40) 
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where Ud is the parameterization similar to the quark sector with 
\{M — 1)(M — 2) phases for M generations, and P is a diagonal uni- 
tary matrix with the remaining phases. In other words, Up contains 
the Dirac phases and P contains the Majorana phases [28]. For exam- 
ple, for two generations, 



U= \ ' ; 1), (15.41) 




where c = cos# and s = sin 9. 

□ Exercise 15.4 In Ch. 5, the 2-generational Majorana mixing matrix 
was mentioned, and given in the form of Eq. (5.15). Show that that form 
is equivalent to the expression given in Eq. (15.41). 

For the case of three generations, the parameterization is of the form: 

/I \ 
U=Vd-\0 e' Ql , (15.42) 
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where Udi for three generations, contains one phase, as in the Cabibbo- 
Kobayashi-Maskawa matrix for the quark sector. 

The first question to ask is how to measure the different phases. It is 
easily seen from our discussion of neutrino oscillation formulae of Ch. 5 
that the Majorana phases drop out from the transition probabilities. 
Therefore if we measure a transition probability such as P VtV( , as defined 
in Eq. (5.6), the only phase that appears is the Dirac phase. This can be 
seen as follows. Note that the expression for the transition probability 
given in Eq. (5.6) is invariant under the replacements Ut a by e^-^E/fo, 
and since the index always appears with a complex conjugate bearing the 
same index. Through Eqs. (15.30) and (15.31), the only phases which 
survive after these redefinitions are the Dirac phases. The Majorana 
phases completely disappear from the oscillation probabilities. 

On the other hand in processes such as neutrinoless double beta 
decay, the mixing matrix elements appear in the form U 2 a . As a result, 
the Majorana phases do not disappear from the amplitude. For instance, 
the effective neutrino mass that appears in the neutrinoless double beta 
decay amplitude is 

(m) = |[/ e i| 2 mi + \U e2 \ 2 m 2 e 2iai + |tf e3 | 2 m 3 e W(aa -* ) , (15.43) 
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where for Urj, we have used the parametrization shown in Eq. (1.8) 
on page 6. It is therefore generally hoped that when extremely precise 
measurement of neutrinoless double beta amplitude is carried out, the 
Majorana phases can be measured directly. 

It is however worth noting that the total decay rate does not measure 
leptonic CP violating effect since the decay rate for neutrinoless double 
beta decay rate for nucleons and antinucleons is proportional to j (m) | 2 
and | (m)* | 2 respectively and are clearly the same. 

There are however physical leptonic processes which are truly CP vi- 
olating. For example, one can consider neutrino-antineutrino oscillation, 
i.e., processes of the form v a — > up. If we can measure the difference in 
the conversion probabilities P{v a -> Vp) — P(V a -4 up), it can in prin- 
ciple be used to measure CP-violating Majorana phases [29]. However, 
as it turns out the process is suppressed by a factor {rn v /E) 2 . Other 
manifestly CP violating physical processes are leptonic electric dipole 
moments. 

15.2.4 Electric dipole moment of the electron 

It is well-known that if CP is conserved, an elementary fermion cannot 
have an electric dipole moment (EDM). This was alluded to in §13.1.1. 
Here we want to examine the magnitude of the EDM of charged lep- 
tons introduced by CP violation in the leptonic sector. Since the best 
experimental limits which exist concern the electron, viz.: 

| d e | < l(T 26 e-cm, (15.44) 

our focus will mainly be on the EDM of the electron [23]. Our discussion 
of Ch. 13 means that the EDM is the coefficient of the cr\ p q P/ y^ term in 
the effective electromagnetic vertex. Such terms come necessarily from 
quantum corrections. 

In SU(2)l x U(1)y models, the EDM does not arise at one loop. This 
can be easily seen from our results on the I — > £'+7 transitions, discussed 
in §15.1.1. In the present case, we are considering the electromagnetic 
vertex of a single charged lepton, i.e., I = £'. The EDM will then be 
given by the form factor F 5 denned in Eq. (15.2). However, the one- 
loop result for F5, shown in Eq. (15.5), vanishes for £ = £' . The result 
was first noted in the context of calculations in the quark sector [24], 
but is obviously valid in the leptonic sector as well. Of course, higher 
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loop contributions give non-zero values of F5 but they are suppressed by 
extra powers of coupling constants and loop integration factors. 

Without going into all the calculations that go into finding Eq. (15.5), 
there is a very easy way to see the vanishing of EDM at one-loop level. 
The operator giving rise to the EDM is i>o-\ p q p 'ys'4 ) for a fermion field 
V>, and hermiticity of the Lagrangian implies that its coefficient must be 
purely imaginary since 

(4>^x P q p l5^ = -i>v\pq p l$ip • (15.45) 

On the other hand, the coefficient of the i(}(Txpq p ip term should be real. 
Thus, looking for the EDM is essentially looking for imaginary parts of 
the vertex function. 

Complex numbers can appear in the amplitude of Fig. 15.1 only 
through the elements of the mixing matrix U. However, for the same 
fermion on both outer legs, one of the vertices will contain a factor Ufa 
whereas the other will contain (U^) a t = Ufa. Thus, the amplitude will 
involve only \Ufa\ , which is real. Consequently, the imaginary part van- 
ishes at one-loop level, which signifies the vanishing of the EDM at this 
level. 

The situation is different for left-right symmetric models. To discuss 
this, the first thing to realize is that in these models, complex numbers 
can appear not only in the fermionic mass matrices, but also in the mass 
matrix for charged gauge bosons. In Ch. 8, we assumed all VEVs to be 
real. If instead we consider the more general case when any number of 
them can be complex, the general structure of the mass terms in the 
charged gauge boson sector would be as follows: 

i«« >££)£)■ - 

Hermiticity of the mass matrix forces M^ and M$y to be real, but A 
can be complex. The mass eigenstates Wi and W2 will then be given, 
instead of Eq. (8.15), by 

Wi = W L cos C + W R e ia sinC 

W 2 = -W L sinC + W R e ia cos ( , (15.47) 
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for suitably defined ( and a. However, the charged current interaction 
involving leptons is given by 

-%* = ^g £ (wftLWa + Wf£ R ^N m ) + h.c. . (15.48) 

We see that this interaction is invariant if we redefine Wr — > e lQ WR 
and at the same time Nr — > e~ lCl NR. By performing this operation, we 
can remove the phase a from Eq. (15.47), dumping it into the neutrino 
mass matrix. This means that the phases in the W mass matrix and 
those in the neutrino mass matrix are not independent. Without loss 
of generality, we can take the mixing matrix in the W sector to be real 
and write [25] 

2 2 

WL = Y,OiAWi , W R = Y d O Ri W i , (15.49) 

in terms of the components of a 2 x 2 orthogonal matrix O, as mentioned 
in §13.3.3. The neutrino mass matrix can be diagonalized by using the 
matrices U and V introduced in Eq. (13.3). Using them, one obtains in 
a straightforward manner [2, 25, 26] 

2 2A/* 2 

d t = E E 64 J M 2 °LiOm lm{U (Q V ia )m a f(r Qi ) , (15.50) 

where 

r ai = ro*/Mfk , (15.51) 

m Q being the mass of the a th neutrino eigenstate. The function f{r a i) 
is given by 

... 4-llr + r 2 6r 2 lnr /<r „ n . 

f{r) = (l-r)» - (T^f ' (15 ' 52) 

If all r a j « 1, we get f(r) ~ 4 as the leading contribution, which gives 
d ' = ]|^E !: ^ 1 E' n aMC/ te K ta ). (15.53) 

i=l Wi Q=l 
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However, following the diagonalization procedure, one can identify that 

2Af 

Y^, m aUe a Vi a = (m D ) u , (15.54) 

a diagonal element in the Dirac mass terms for the neutrinos. Neglecting 
the term proportional to 1/Mj, , we thus obtain 

de = (4 x lO" 24 e-cm) x sin2( ^^ , (15.55) 

assuming r a j < 1 as before. Since £ < 10 -2 , as was mentioned in Eq. 
(8.27), we see that the calculated dipole moment might be close to the 
experimental bound of Eq. (15.44) if Im(m/}) e e — 100 MeV. 



Chapter 16 

Neutrino properties in material media 

In Ch. 5 we have given a simple account of neutrino oscillation in a 
material medium and used it in the context of solar neutrinos in Ch. 6. 
The basic point is that, when a neutrino is traveling through a medium, 
its dispersion relation — i.e., the relation between its energy and the 
3-momentum — is not the same as the corresponding relation in the 
vacuum. This has been shown explicitly in Eq. (5.61). 

This brings up an interesting question, however. The properties of 
neutrinos in material media seems, at least in this one instance, to be 
different from its properties in the vacuum. This should not be surpris- 
ing, since we know that this is the case with photons, for example, which 
gives rise to the rich subject of electrodynamics in a medium. But we 
can ask whether for neutrinos, there are other physical properties which 
change when the neutrino travels through a medium. In this chapter, 
we try to give a glimpse of the basic techniques and some interesting 
results in this field. For the sake of simplicity, we will restrict ourselves 
to a medium which is in thermal equilibrium, and is homogeneous and 
isotropic. Also, the constituents of the medium are assumed to be only 
electrons and nucleons, along-with possibly their antiparticles. We start 
with re-deriving the dispersion relation of neutrinos in such a medium. 
This will extend the results obtained in Ch. 5 at the same time intro- 
ducing some of the basic formalism involved. 
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16.1 Dispersion relation of neutrinos in a 
medium 

16.1.1 The general structure 

As with photons, the basic reason for the change of neutrino properties 
in a medium involves the interaction of neutrinos with the particles that 
constitute the medium. In Ch. 5, we showed how the interactions with 
the electrons and nucleons of the medium affect the dispersion relation 
of a neutrino. 

There is, however, a more direct way of obtaining the dispersion 
relation. In quantum field theory, the dispersion relation of any particle 
is obtained by the pole of the propagator of that particle. Thus, the 
basic problem reduces to finding the neutrino propagator in a medium. 

In the vacuum, the momentum-space Lagrangian of a free chiral (i.e., 
massless) neutrino is given by 

&o = MpWl(p), (16.1) 

so that the action is just obtained by integrating it over all of the mo- 
mentum space. When interactions are introduced, a self-energy function 
appears: 

^ = ^L(p)tf-E)^L(p), (16.2) 

In the vacuum, the most general form for £ is given by 

E = a/*, (16.3) 

where a is a Lorentz-invariant factor which can depend only on p 2 . Thus, 
the self-energy has the same form as the free Lagrangian, and therefore it 
can be done away with after a renormalization of the field is performed. 
In a medium, however, this is not the case. The reason is that the 
effects of the medium will show up in S in the form of terms dependent on 
the medium parameters. Since we assumed a homogeneous and isotropic 
medium, the only new 4- vector which appears in the problem is u M , the 
velocity of the center of mass of the medium from the frame of the 
observer. Thus, the most general form [1] for the self-energy is: 

E = a/J + fyi, (16.4) 
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where now a and b can in general depend on all Lorentz invariant vari- 
ables present in the problem. Since u 2 = 1, there are really only two 
such quantities. Let us denote them by 

E = p-u, P = yjE 2 - p 2 . (16.5) 

In the rest frame of the medium, E is the energy and P the magnitude 
of the 3-momentum of the neutrino. 

So we can now rewrite Eq. (16.2) in the form 

JSf = *(pWW{p) , (16.6) 

where 

Vp = {l- a) Plt - bu„ . (16.7) 

The propagator can then be identified as 



y 



^ = L T72 R - ( 16 - 8 ) 



It is now clear that the dispersion relation of the chiral neutrino will be 
given by the solutions of V 2 = 0, i.e., by 

{l-a)E-b = ±(l-a)P. (16.9) 

It has to be borne in mind that in this equation a and b are functions 
of E and P, whose explicit forms must be known before one can express 
E as a function of P. However, even without the explicit forms, some 
characteristics of the solution can be seen from here. Let us denote the 
solutions of Eq. (16.9) with the positive and the negative signs on the 
right side by Ep and E' p respectively. Then, in analogy with the situa- 
tion in the vacuum, Ep is the dispersion relation for the neutrino, and 
Ep = —E'p is for the antineutrino. Thus, putting all the dependences 
of a and 6, we observe that Ep satisfies the equation 

[l - a(P, -E P )] E P + b(P, -Ep) = [l - a(P 7 -E P )] P , (16.10) 

whereas Ep satisfies 

[1 - a(P, E P )] E P - b(P, E P ) = [1 - a(P, E P )] P . (16.11) 
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(a) (b)_ (c) 



W 






VlL I VlL VlL V tL V iL V t V tL 



Figure 16.1: One-loop self-energy diagrams for neutrinos in the standard model. 
In diagram (a), the internal fermion line can only be the charged lepton which 
appears in the same doublet as the neutrino. In diagram (6), the loop can contain 
all fermions which couple to the Z. Diagram (c) is present if there are neutrinos 
in the background medium. 



These are not the same equations, and hence in general 

Ep^Ep. (16.12) 

This is to be expected since the interactions of neutrinos and antineu- 
trinos with, e.g., the electrons in the medium are not the same. In the 
special case where the background medium is CP symmetric and the 
interactions are also CP invariant, the neutrinos and the antineutrinos 
obey the same dispersion relation. 

□ Exercise 16.1 If the Lagrangian is CP-symmetric and so is the 
medium, show that a is an even function of E whereas b is an odd 
one [2]. Hence, show that Ep = Ep in this case. 

16.1.2 Propagators in a thermal medium 

In order to proceed beyond the general analysis given above, we should 
calculate the self-energy of neutrinos in a specific model. Let us stick to 
the standard electroweak model, where the 1-loop self-energy diagrams 
for neutrinos are given in Fig. 16.1. Here, the fermions in the loop can be 
the fermions which constitute the medium, which will give a non-trivial 
contribution to the self-energy. Thus, to calculate these diagrams, one 
needs the propagators of these thermal fermions. These can be derived 
in many equivalent ways [3, 4, 5]. Here, we follow the derivation by 
Nieves [6], which brings out the physical ideas most directly. 
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For quantum field theoretic calculations in the vacuum, one defines 
the propagator by the relation 



iS F (x - y) = (0 \^(x)iP(y)\ o) , (16.13) 

where |0) is the vacuum state, and 3? denotes the time-ordering opera- 
tor. In a thermal medium, the obvious generalization of this definition 
is 

iS F {x - y, ^ 0) = (£?i>{x)4>(y)) , (16.14) 

where now the angular brackets indicate the expectation value in the 
thermal state with temperature T = 1/(3 and chemical potential ft. 

To see where it makes the crucial difference, consider the momentum 
expansion of a Dirac field operator given in Eq. (4.1), which contains two 
terms. When we put it in Eq. (16.13), four terms result for each time- 
ordering, but only one of them is non-zero since f s (k) |0) = f s (k) |0) = 0, 
and (0|/J(fc) = (0|/j(fe) = 0. This, however, is not the case when we 
talk about the thermal state instead of the vacuum state. In fact, the 
average number of particles at a certain energy in a thermal state is 
given by the Fermi-Dirac distribution, which means 

(fl(k')fs(k)) = <5 3 (fc - k')f F (k, fi, P) , (16.15) 

(/?(*')£(*)) = 6 3 (k-k')f F (k,-ii,P), (16.16) 

where 

fr(k,»,0) = em .X ) + 1 - (16.17) 

Since the fermionic creation and the annihilation operators satisfy the 
anti-commutation relation 

{f!(k')J s (k)}=6 3 (k-k'), (16.18) 

and the antifermionic operators satisfy a similar equation, Eqs. (16.15) 
and (16.16) imply the following expectation values: 

(/,(*)/)(*')) = 6 3 (k-k')[l-f F (k,u.,(3)} , (16.19) 

(fs(k)fl(k')) = 8 3 (k - k') [1 - f F (k, -n, 0)] . (16.20) 
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Thus, when we insert the momentum expansion of the fermion field from 
Eq. (4.1) into the expression for the propagator of Eq. (16.14), all four 
terms would contribute in this case. The final result for the propagator 

is: 



iS F (k,(J,(3) = (# + m) 



k 2 -m 2 + iO 



2ir8{k 2 -m 2 )r} F (k,iJ,,P) 



(16.21) 



where r) F contains the distribution functions for both fermions and an- 
tifermions: 

r) F (k, /x, 0) = S(k ■ u)f F (k, /z, (3) + 9(-fc • «)/*■(-*, -M, P) ,(16-22) 

being the step function which is zero if its argument is negative, and 
unity if the argument is positive. 

□ Exercise 16.2 Follow similar lines of reasoning to obtain the following 
thermal propagator of a scalar field of mass M: 

iA F (k^,P) = k2 _^ 2 + . + 27rJ(fc 2 - Af'W*,/!,/?), (16.23) 

where t]b is defined in a manner similar to r] F , but with the Bose-Einstein 
distribution function. 

16.1.3 Calculation of the dispersion relation of neutrinos 

We can now easily calculate the contributions to the self-energy arising 
out of the various diagrams in Fig. 16.1. For a medium consisting of 
electrons, nucleons and their antiparticles only, Fig. 16.1c gives no con- 
tribution from the medium. As for Fig. 16.1a, the contribution exists 
only if the external lines represent v e . This contribution is 

-*E«(P)=(^|) J -^~Y^S e (k,^p) 1 x liA pX (q) (16.24) 

where S e denotes the thermal electron propagator and A p \ is the W- 
propagator. The W-momentum is taken to be q = k — p, and we assume 
that the temperature is much lower than the W-mass, so that the ther- 
mal parts of the W-propagator can be neglected. Also, in order to avoid 
dealing with the diagrams with unphysical Higgs bosons, we will con- 
sider the W-propagator in the unitary gauge. This corresponds to the 
choice £ -» oo in the Feynman rules of Fig. 13.3. 
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For the electron propagator, we use the expression derived in Eq. 
(16.21). Putting this expression into Eq. (16.24), we see that the first 
term in the square brackets appearing in the propagator gives just the 
self-energy of the u e in the vacuum. This part is not of interest to us. 
The matter-induced self-energy, which we will denote with a prime, is 
then given by 

o 2 f d^k 
K(P) = jj J^)3 S ( k2 ~ "iDMK /i, /?) 7 p #7 A LA pA (g) . (16.25) 

We can now evaluate this correction order-by-order in the Fermi 
constant Gp- For this, we write the W-propagator as a power series in 

A, A= '? j£ w =& + q9 *Z'" 9X +- (16.26) 

For the corrections to the leading order in 1/MJy, we note that in the 
rest frame of the medium where u 1 * = (1,0,0,0), we can rewrite the 
5-function as 

S(k 2 - m 2 e ) = ^~ [8(k - n K ) + 8(k Q + (l K )] , (16.27) 



where Six = \/k 2 + mf . Using now the identity jpjtY = —2jt as well as 
the expression for the number densities of the electrons and positrons in 
terms of the distribution function, 

we obtain 

,2 



9 

l w 



K(p) = J^2" (»e- " n e+ )7°L. (16.29) 



In a general frame, the factor of 7 should be replaced by i/l. Thus, in 
the notation introduced in §16.1.1, we obtain [7, 8, 2] 

a - 0, 

b = V2G F (n e - - n e+ ) . (16.30) 
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From Eq. (16.9), we can now write down the dispersion relation for the 
neutrinos: 

E P = P + V2G F (n c - - n e +) , (16.31) 

whereas for the antineutrinos it is 

E P = P- V2G F (n e - - n e+ ) , (16.32) 

In normal matter where no positrons are present, Eq. (16.31) is the 
same as the relation obtained in Eq. (5.61). Similarly, contribution of 
the diagram Fig. 16.1b is equivalent to the potential given in Eq. (5.64). 

□ Exercise 16.3 Find the contribution of Fig. 16.1c to the neutrino self- 
energy in a medium containing neutrinos and antineutrinos. 

Although this correction to the dispersion relation is sufficient for 
the purpose of discussing neutrino propagation in terrestrial or stellar 
media, it may prove insignificant in the early universe where n e - « n e + , 
and so the correction term is small. For such cases, it is useful to go to 
the next order in the expansion of Eq. (16.26). In this case, unlike the 
lowest order case, both a and b will be non-zero, and will also depend 
on E and P [7, 9, 10]. In addition, there is an extra complication 
coming from the fact that if we work in the renormalizable ^-gauges 
introduced in §13.3.1, the contributions to a and b turn out to be gauge 
dependent at this order of calculation. However, the dispersion relations 
are independent of the gauge parameter [10] £. 

□ Exercise 16.4 Consider a model in which the Majorana neutrinos 
interact with a massless real scalar field S through the interaction 

_£? int = hv\C' x v L S + h.c. . (16.33) 

In a background consisting of the neutrinos and the S particle only, 
calculate a and b at the 1-loop level. (For the sake of simplicity, assume 
T ;» m v .) From these results, show that [2] Ep — Ep. 

16.2 Electromagnetic properties of neutrinos in 
a medium 

16.2.1 General considerations 

Electromagnetic form factors of a neutrino were discussed in §13.1. The 
vertex function T\ was introduced in Eq. (13.3), and subsequently it was 
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shown that the electromagnetic gauge invariance imposes the following 
constraint on it: 

q X T x = 0. (16.34) 

Subject to this constraint, the most general form for T\ applicable in 
the vacuum was written down in Bq. (13.9). 

This form involves the photon momentum q only. In a medium, as 
we discussed earlier in this chapter, a new 4- vector u M appears in the 
problem. As a result, additional terms will be allowed. We denote these 
terms with a prime [11, 12]: 

ri = (« ■ U7A - iu\)(C E + iD' E j b ) 

+£\ pa pl P q a u l5 {CM + iD' Ml s) . (16.35) 

Using the explicit form of the plane wave solutions given in §4.3, it is 
easy to verify that in the non-relativistic limit, the terms Ce and Cm 
vanish, whereas the D' E term gives a new contribution to the electric 
dipole moment. Similarly, the D' M term corresponds to a new contribu- 
tion to the magnetic dipole moment in that limit. These can be called 
the matter-induced electromagnetic form factors of the neutrino. Her- 
miticity of the effective Lagrangian implies the condition given in Eq. 
(13.4), which dictates that the form factors appearing in Eq. (16.35) are 
all real. In addition, the form factors may satisfy some extra conditions 
depending on the symmetry under some discrete operations like P, C, 
T or their combinations. 

However, regarding the question of symmetry under discrete opera- 
tions, one thing should be understood clearly. Suppose we are talking 
about CP. The constraints imposed by the CP symmetry will be valid if 
the particle interactions are CP invariant and the background medium 
is CP symmetric as well. If any one of these conditions is not valid, the 
constraints imposed by the CP symmetry will not be realized. With this 
in mind, one can check the consequences of the discrete symmetries. For 
this purpose, let us denote the vertex function by T\(p,p', u), where the 
incoming and the outgoing fermion momenta were denned in Fig. 13.1 
(page 258), and the dependence on the medium appears through the 
center of mass velocity u. Then, the effect of P, C and T can be written 
as 

r x ( P) p',u) A rf(p >P ' \u) (16.36) 
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Table 16.1: The transformation properties of various quantities under the dis- 
crete operations P, C and T. 





Sp 


5c 


5t 


1 


+ 


+ 


+ 


i 


+ 


+ 


— 


7A 


+ 


— 


— 


7A75 


— 


+ 


— 


£\pa/3 


— 


+ 


— 



r x {p, P ',u) A -if (-*/,-*«) 
r\{p,p',u) A -r[(-p,-p',-u), 



(16.37) 
(16.38) 



where T p , e.g., can be obtained from V by multiplying each quantity 
appearing in T by its parity phase dp given in Table 16.1. The CP and 
CPT phases of any quantity can be obtained simply by multiplying the 
individual phases, i.e., 5qp = $c$p etc. 

If the Lagrangian as well as the medium are symmetric with respect 
to any of these operations, the arrow appearing in the transformation 
equations should be replaced by an equality sign. Proceeding this way, 
we obtain the following conditions [11] on the matter-induced form fac- 
tors in the static limit (i.e., q — > 0), when they depend only on E and 
P as denned in Eq. (16.5): 



P symmetry : 
C symmetry : 

T symmetry : 
CP symmetry : 

CPT symmetry 



D' E = 0, C M = , 

D' E M odd functions of E, 

Ce,m even functions of E, 

C M = 0,D' e = 

Ce and D' M odd in E, 

Cm and D' E even in E, , 

D' E M odd functions of E, 

C E m even functions of E, 



(16.39) 



□ Exercise 16.5 Show that, without imposing the consequence of her- 
miticity, T symmetry gives Cm, D' e imaginary and Ce, Dm real. 

For Majorana neutrinos, there is the extra condition 



r x (p, P ',u) = r ( z(- P ',-p,u), 



(16.40) 
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which implies 

C EM {-E,P) = -C E)M (£,P), 

D' e , m {-E,P) = D' EiM (E,P). (16.41) 

Thus, if the background medium is CPT-symmetric, all the matter in- 
duced form-factors must vanish for Majorana neutrinos. Normal matter, 
however, is not CPT-symmetric, so these form factors can be non-zero 
even for Majorana neutrinos. In particular, this implies that they can 
have matter-induced electric and magnetic dipole moments. 

16.2.2 Calculation of the vertex in a background of elec- 
trons 

In the standard model, the 1-loop diagrams for the electromagnetic ver- 
tex is obtained from the diagrams of Fig. 16.1 by attaching a photon 
line to every possible internal line. Thus, Fig. 16.1a will give rise to 
two diagrams since the photon line can attach to either of the inter- 
nal lines, while Fig. 16.1b will give one diagram corresponding to each 
charged fermion in the loop. As an illustration, we will perform the 
calculation for a medium whose effects come predominantly from elec- 
trons [13, 14, 15]. 

Restricting ourselves to the temperature range T «C Mjy, we can 
write down the amplitudes for the diagrams easily, using the thermal 
electron propagator from Eq. (16.21). This will produce three kinds of 
terms. First, there will be terms with no occurrence of the factor r)p- 
These give the vacuum contributions to the vertex, which we do not 
discuss here. Second, in Fig. 16.1b, there will be a term with two factors 
of T}f- This will give an absorptive part in the amplitude, which also 
will not be discussed. We will discuss only the third kind of term, which 
contains only one factor of the distribution functions. We will denote 
this by T' A . 

The contribution from the Z-mediated diagram of Fig. 16.1b can be 
written as [14] 

rf } = r A ( ;VL, (ie.42) 

where, to the leading order in the Fermi constant, 
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x 



a[(fc- g ) 2 -m^ F (fc-g,/z,/3) 6[k 2 -m 2 e ]r} F {k,^P) 
k 2 — m 2 (k — q) 2 - m 2 



(16.43) 

Here, we have used the shorthand 

9z =9/(2 cos 6 W ), (16.44) 

and g^y and gy were denned in Eq. (2.28). Carrying out the traces 
in Eq. (16.43) and making a change of variable in one of the terms, we 
obtain 



<r( z )- ifs| f .(e) / 2k x k p + (k x q p + qxk p ) - g Xp k - q , A 

Ta " - M 2 \ 9v \ q 2 +2k-q +{<1 ~* q) l 

- ig^ewfrf ( Q 2 + 2k . q + (* -> "«))_} > ( 16 



+ 
.45) 



where in this equation 



^ = (fi/f, Jfc) , ft* = y/k 2 + m e 2 (16.46) 

and the angular brackets stand for 

(2?r) 3 2njc * (/f(*, **, /?) ± M*. -/*, P)) ■ (16-47) 

n Exercise 16.6 Write down the contribution of the W-mediated dia- 
grams to r' A . Use the identity 

-yxLA^L = -7 A LTr {A-y x L) (16.48) 

which is valid for any 4x4 matrix A to show that, in the leading order 
in Gf, r' A ' can be obtained from T A by making the substitutions 

Mf ^ 2M2, ' 5 ^ ^ 2 ' 9A ^ 2 ■ (16 - 49) 

Of course, T\ p = T Xp ' + 7^ . Using the expression given in Eq. 
(16.45), we see that it satisfies the condition 

q X T Xp = , (16.50) 
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which is a consequence of the electromagnetic gauge invariance. How- 
ever, the 1-loop expression given in Eq. (16.45) also satisfies [14] 

q p T Xp = 0, (16.51) 

which is an accidental symmetry, not expected to be valid at higher or- 
ders. The most general form of T\ p consistent with these two conditions 
can be written as [16] 

T Xp = T T Rxp + TlQx p + TpPxp , (16.52) 

where 7t,l,p are form factors associated with the tensors 

R\ P = 9x P - -jT - Q\p 

P\ P = ^£\ P apq a uP , (16.53) 

in which we have introduced the notations 

ux = u x -^~ (16.54) 

and 

u) = q-u, Q = yju; 2 - q 2 . (16.55) 

□ Exercise 16.7 The most general tensor with two independent 4- 
vectors was given in Eq. (2.72]. Use this for the vectors q and u, and 
impose the conditions of Eqs. (16.50) and (16.51), to arrive at the form 
for Tx P given in Eq. (16.52). 

It is now straight forward to find the expressions for the form factors [14]: 

T T = -2eG F (gP + l) (^ - £) , 

T L = -4eG F ($ + 1)4 , 

T P = 4eG F (^ e) - \)QC , (16.56) 
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where 



A = 



2m\ ~ 2k 



q 2 + 2k>q 




\ q l + 2k ■ q 

c ={7T^)_ + {q ^- q) - (16 ' 57) 

The expressions are complicated, and analytic expressions [14] can be 
obtained only in the limits of either w or Q small. Rather than giv- 
ing those expressions, let us try to see some of the possible physical 
consequences of the induced electromagnetic vertex. 

16.2.3 Induced electric charge of neutrinos 

The effective charge of a fermion is denned in terms of the electromag- 
netic vertex function in the static limit (u> = 0), when the 3-momentum 
transfer is vanishing, i.e.: 

e e ff = ^u{p)T (lj = 0, Q -> 0)u(p) . (16.58) 

It is easy to see from Eq. (13.9) that the vertex function obtained in the 
vacuum vanishes in the specified limit, so the neutrino charge is zero, as 
it should be. In a medium, however, this need not be the case. 

To check this, we use the expression of T' x obtained in §16.2.2 and 
try to interpret it in the rest frame of the medium. For r' , we need only 
the components % p due to the definition in Eq. (16.42). For w = 0, Eq. 
(16.53) tells us that 

Ro P = Pop = , Qxp = u x u p (16.59) 

in this frame. Thus, only the form factor 71 is relevant for our purpose 
here, and so we need only to evaluate the quantity B defined in Eq. 
(16.57). Notice, however, that B does not vanish at u) = when Q — » 0. 
Rather, in this frame, 

= / -4nW + *(k.qf 

o,=o \ q*-4(k-q) 2 , i 
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«~>o /Cl 2 K - K 2 cos 2 9^ 



K 2 cos 2 9 

+ 



(16.60) 



where is the angle between k and q. 



□ Exercise 16.8 If the background consists of a non-relativistic electron 
gas, show that, for w = and small Q, 

A = B = 2m e C = - jn e j3 + 0{Q 2 ). (16.61) 

For a non-relativistic background of electrons, using Eq. (16.61) into the 
definition of Eq. (16.58), we obtain [17, 18] 

e e ff = ^eGpnePigfi + 1) (16.62) 

for the effective charge of i/ e 's. For v^ or v T , since the charged current 
diagram is absent, the factor (gy + 1) should be replaced by gy . 

16.2.4 Radiative neutrino decay in a medium 

The results described so far in this chapter are valid for neutrinos in 
the standard model, which are massless in the vacuum. However, if the 
neutrinos are massive in the vacuum, then other effects can arise. For 
example, we can use the results derived in §16.2.2 to calculate the rate 
of radiative decays of neutrinos: 

^a->*V+7- (16.63) 

Assuming that the mechanism given rise to neutrino masses does not 
give rise to flavor-changing neutral currents, only the charged current 
mediated vertex, T\ ' , is relevant for our purpose. The vertex will now 
involve elements of the mixing matrix U, and has to be evaluated at 
q 2 — 0, since the matter effects on the dispersion relations of photons and 
neutrinos will produce higher order corrections to the decay amplitude. 
From Eq. (16.56), it is easy to see that the form factors Tl,p vanish for 
q 2 — since both of them contain a factor of 1/u 2 , and u 2 = —Q 2 /q 2 
from the definition in Eq. (16.54). Thus we are left with 

T' x = U ea U* ea ,T T Rx P YI- , (16.64) 
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with Tt obtained from Eq. (16.57) with q 2 = 0: 

{2 * ?mK (M*> V> P) + fF(k t -A*, /?)) ■ (16-65) 
Using the photon polarization sum 

E e*xb)eM = -Rxp> ( 16 - 66 ) 



transverse 
modes 



the matter-induced decay rate can be easily obtained in the rest frame 
of the medium [19]: 

r' = "f " ^ If/eaC/eVTTl 2 F(V) , (16.67) 

where V is the magnitude of the 3-velocity of the incoming neutrinos in 
this frame, and [20] 



F(V) = Vl-V 2 



V 1 1-V 6+ ml 



a 



(16.68) 



For a non-relativistic electron background, Eq. (16.65) implies 

Tt = -V2eG F n e /m e , (16.69) 

so that the decay rate calculated from Eq. (16.67), assuming m Q / «C m Q) 

is 

I* = \<xG 2 F \U ca U' ea ,\ 2 F(V) x ^ . (16.70) 

For normal matter densities, this can be many orders of magnitude larger 
than the corresponding decay rate in the vacuum. For example, if we 
disregard the third generation of fermions and assume m2 ^> mi , the 
rate for V2 — > v\ + 7 in the vacuum, derived from Eq. (13.35), is given 

by 

r =!©) 2 ^ 2 ^&) 4 ' <«■»> 

whereas the corresponding rate in the medium is 

T' = ^sin^cos^V) x ^$- ■ (16-72) 

2 mi 
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Thus, 

The main reason for the increase in the decay rate is that the leptonic 
GIM suppression, which reduces the decay rate in the vacuum, is not 
applicable in this case, since the background is not flavor symmetric 
in the sense that it contains electrons but not muons or taus. Further 
enhancements are obtained if one considers the effect of the photons in 
the background medium [21]. 

16.3 Other effects 

As promised at the beginning of this chapter, we have only tried to give a 
glimpse of how physics can be modified when the neutrinos are traveling 
through a medium. Here, we cannot possibly discuss many other such 
effects in detail. Therefore, we are giving a brief summary of the type 
of applications of the general ideas discussed in this chapter. 

The electromagnetic vertex can be used to calculate the decay of 
plasmons into vv pairs [14], which is an important source of energy loss 
in stars. The coupling to an external magnetic field can be derived [14] 
from the formulation of §16.2.2. This modifies the dispersion relations 
of neutrinos in the presence of an external magnetic field. The resulting 
dispersion relations are anisotropic due to the directionality of the mag- 
netic field [14]. This can have important consequences [22] for resonant 
neutrino oscillations, and can explain some interesting properties of pul- 
sars [23]. Many other interesting effects can take place in an external 
magnetic field [24]. 

On the other hand, if the modification of photon dispersion relations 
in a medium are taken into account, it is possible to show that even 
a single neutrino can emit a photon in a medium, giving rise to the 
Cerenkov effect [25, 26]. The effect is present even for neutrinos in the 
standard model, but it can also be induced if the neutrino has a magnetic 
moment [25, 27]. 

In Ch. 7, we discussed various Majoron models, where we commented 
that the decay rate of a neutrino to a lighter neutrino with the emission 
of a Majoron is very small. This is because the transformation that 
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diagonalizes the neutrino mass matrix also diagonalizes their coupling 
to the Majoron, at least to a very high order of accuracy. However, 
in a medium, the mass matrix changes, so this conclusion is not valid 
any more. The majoronic decay is therefore highly enhanced [28]. In 
addition, the dispersion relation of a neutrino is not the same as that of 
its antineutrino within a medium, as shown in §16.1.1. This brings in 
the extra possibility that a neutrino can decay to its own antineutrino 
by emitting a Majoron [29]. 



Chapter 17 

Neutrinos from supernovae 

For massive stars, the end of stellar evolution process is a gigantic ex- 
plosion known as the supernova, after which the stellar core becomes 
either a neutron star or a black hole whereas the mantle explodes in a 
brilliant display of fireworks throwing its debris of heavy elements into 
interstellar space that eventually end up in planets. The aspect of the 
supernova that concerns us again is the neutrino emission during super- 
nova explosion. As we will discuss later, during the supernova, almost 
99% of the energy released comes out in the form of neutrinos, with only 
1-2% coming out as light. These neutrinos carry in their spectrum key 
information not only about the detailed nature of supernova collapse but 
also about properties of neutrino, not yet explorable in the laboratory. 
Indeed, SN1987A which was first observed on February 23, 1987 and 
has been quite well studied by many earth-based experiments, has not 
only confirmed the existing theories of supernova but has enabled us to 
push further the frontiers of our knowledge in neutrino physics. It is the 
purpose of this chapter to discuss these topics [1]. 

17.1 Qualitative picture of supernova collapse 

As stars evolve, they first get their energy burning hydrogen to helium. 
The helium, being heavier, settles to the core of the star. The duration of 
this process depends on the mass of the star - the process lasting longer 
for less massive stars and shorter for more massive ones. Towards the end 
the hydrogen burning period, a period of gravitational contraction heats 
up the core and starts the phase of He burning to Carbon. The carbon 
being heavier will settle to the center with He and H floating above it. 
The process of contraction and heating repeats itself towards the end 

340 
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of the helium burning phase when carbon will start burning to neon. 
Similar process then leads from neon to oxygen, and from oxygen to 
silicon. If a star is more massive than 5-10 solar masses, silicon burning 
can start at T ~ 3.4 x 10 9 K giving rise to iron. As the iron core grows, 
the mass of the core will exceed the Chandrasekhar mass (I.4M0), at 
which point the (degenerate) electron Fermi pressure will fail to support 
the gravitational pull and the core will begin to contract and get hotter. 
However, iron being the most stable nucleus, its burning cannot lead 
to any other heavier nucleus. Instead, iron will photo disintegrate as 
follows: 

56 Fe ->• 13 4 He + 4n - 124.4MeV . (17.1) 

This absorbs energy and accelerates the collapse even further. At this 
time the temperature is high enough that electrons get absorbed by 
protons to give a neutron and a neutrino. The absorption of electron 
leads to further loss of electron pressure, again adding to the collapse 
rate. This increases nuclear density and temperature until the collapse 
is suddenly halted by the hard core nuclear repulsion leading to a bounce 
back. In this process of bounce back, through a mechanism not com- 
pletely understood, the stellar envelope explodes causing the brilliant 
firework that is seen. 

In the process of the collapse, the stellar core of about 1.4 to 2 solar 
masses forms a neutron star (or a black hole, if the mass is larger). The 
rest of the mass of the star gets ejected into the intergalactic space. This 
is called a Type II supernova. As the core collapses, it gets more tightly 
bound gravitationally, so it releases the extra energy. The energy release 
AE is given by 



AE = 



G N M' A 
R 



G N M* 
R 



(17.2) 

NS 



star 

Note that JP^tar is several times 10 10 cm where a neutron star (NS) has 
a radius of only a few kilometers. Therefore, even though M is bigger 
than Mns, AE is dominated by the second term and we get, 

Where does this energy go? The nuclear binding energy is about 
3.2 MeV per nucleus. Since the number of nuclei per unit mass is 6 x 10 23 , 
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total energy of photo disintegration is Mns x 6 x 10 23 x 3.2 MeV ~ 
(6Mns/1.4M ) x 10 51 erg. The kinetic energy in the explosion is 

\Mv 2 = 2.5 x 10 51 erg • {-^A ( ° , V , (17.4) 

2 6 \10MqJ V5000km/sy ' v ' 

which is small even under very extreme assumptions about the mass 
and the velocity. The optical energy ( < 10 49 erg) and the gravitational 
energy emitted are much smaller. It is therefore clear that bulk (about 
99%) of the gravitational binding energy released must be carried away 
by the neutrinos. Below we study the characteristics of the neutrino flux 
[2] that is a result of this process. 

17.2 Flux of supernova neutrinos 

To study the characteristics of neutrinos emitted from the supernova, we 
have to discuss the mechanism for their production. There are basically 
two components to the neutrino flux. The first one occurs during the 
first few milliseconds of stellar collapse, when electrons get absorbed into 
protons to give neutrinos via the inverse /3-decay process 

e~+p->n + v e . (17.5) 

These are known as the deleptonization neutrinos, which are very ener- 
getic. This burst lasts for about a hundred milliseconds. 

As the core collapse proceeds, a second stage of neutrino emission 
begins. The flux of these neutrinos consist of v e , V e , v^ v^ v T and u T . 
They have energy in the range of 15 to 20 MeV. This corresponds to an 
emission temperature of about 5-6 MeV if one assumes a thermal dis- 
tribution with zero chemical potential. These neutrinos originate from 
reactions such as e + e~ — » u^Vi, n + p -> n + p + v t + Vi etc. These 
processes thermalize the neutrinos which bounce back and forth be- 
fore being finally emitted, within a sphere called the neutrino sphere, 
whose size is much larger than the collapsed core radius. The temper- 
ature in the neutrino sphere depends on the distance from the core. 
The stronger the interaction of a neutrino, the further from the core 
its sphere extends. Since the emission temperature corresponds to the 
surface temperature, the neutrinos having stronger interaction emerge 
with lower energy. Since u e e scattering gets a contribution from the 
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charged current interactions unlike u^e and v T e scattering, it therefore 
follows that the u e and V e will leave the neutrino sphere at lower energy 
than the v^ and v T . This theoretical expectation of course has not been 
tested because a water Cerenkov detector can detect only fast electrons 
and positrons, whereas v^ and v T can interact only with the detector via 
neutral current interactions such as u^N -> v M N. 

There were four neutrino detectors in operation at the time the su- 
pernova 1987A signal reached the earth: i) Kamiokande II in Japan; 
ii) 1MB in the United States; Hi) Baksan in Soviet Union and iv) Mont 
Blanc in Europe. The signals at Mont Blanc [3] occurred 4.7 hours before 
the signals were observed simultaneously at Kamiokande and 1MB. For 
various reasons, it is not conclusively established whether these signals 
are from SN1987A. First, the energies of the observed recoil electron are 
too close to the threshold. Secondly, Kamiokande with a much larger 
detector did not observe any signal coinciding with them. Similarly, the 
Baksan detector reported [4] a burst of six events within about 25 sec- 
onds of the first 1MB event. One out of the six events is attributed to 
the background. 

The neutrinos observed by Kamiokande II [5] and 1MB [6] are be- 
lieved to be from SN1987A from their energy as well as event character- 
istic. Eleven events were observed by Kamiokande and eight by 1MB. 
These have been demonstrated in Table 17.1. Since the angular distri- 
bution in both the experiments is isotropic, these events are supposed 
to arise from the reaction 

P e +p->e + + n. (17.6) 

The v e e scattering is forward peaked and also has a much lower cross 
section (see Ch. 2). For example, at E v = lOMeV, <^v e el^ eP — 10~ 2 . 
By using these events, one can calculate the total neutrino luminosity 
L- of SN1987A and compare it with the gravitational binding energy 
estimated in §17.1 to test the supernova models. 

To estimate L~, we assume that the number of V e emitted is N* , and 
these have an average energy E^ . Let D be the distance from the earth 
to the supernova. In the case of the SN1987A, this as well as other 
parameters are summarized in Table 17.2. The Kamiokande detector 
contains 2.2 kTon (i.e., 2.2 x 10 9 g) of water, which has (2.2 x 10 9 ) x (6 x 
10 23 ) or 1.32 x 10 33 nucleons. Of these, a fraction 2/18, i.e., 6.6 x 10 32 
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Table 17.1: The neutrino events of SN1987A. The angle 8 e gives the direction 
of the electron produced in the detector with respect to the direction of the Large 
Magellanic Cloud where the progenitor star of SN1987A was located. 



Event 


t in s 


E e in MeV 


e 


Kamiokande data 


1 





20.0 ± 2.9 


18 ± 18 


2 


0.107 


13.5 ± 3.2 


40 ± 27 


3 


0.303 


7.5 ± 2.0 


108± 32 


4 


0.324 


9.2 ± 2.7 


70 ±30 


5 


0.507 


12.8 ± 2.9 


135 ± 23 


6 


0.686 


6.3 ± 1.7 


68 ±77 


7 


1.541 


35.4 ± 8 


32 ± 16 


8 


1.728 


21.0 ± 4.2 


30 ± 18 


9 


1.915 


19.8 ± 3.2 


38 ± 22 


10 


9.219 


8.6 ± 2.7 


122 ± 30 


11 


10.433 


13.0 ± 2.6 


49 ±26 


12 


12.439 


8.9 ± 1.9 


91 ±39 


1MB data 


1 





38 ± 7 


80 ± 10 


2 


0.412 


37 ± 7 


44 ± 15 


3 


0.650 


28 ± 6 


56 ± 20 


4 


1.141 


39 ± 7 


65 ± 20 


5 


1.562 


36 ± 9 


33 ± 15 


6 


2.684 


36 ± 6 


52 ± 10 


7 


5.010 


19 ± 5 


42 ± 20 


8 


5.582 


22 ± 5 


104 ± 20 
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are Hydrogen nucleus or proton. The number of events observed in this 
detector is given by 

No. of events = -~^ o E (v e p) x 6.6 • 10 32 
4nD z 

_^ N~ e x 9.75 • l(T 42 cm 2 • (£N/10MeV) 2 x 6.6 • 10 32 

~ 47r(1.44.10 23 cm) 2 ' 

(17.7) 

using the cross section from Ch. 2. Since the number of events is about 
20, we get 




Assuming average neutrino energy to be (E) ~ 15MeV, we get the V 
luminosity to be about N-p (E) ~ 3 x 10 52 erg. Multiplying this by six for 
three neutrinos and their antineutrinos, we get the total energy emitted 
to be roughly 2 x 10 53 erg. Thus, this rough calculation leads almost to 
the gravitational binding energy release calculated in Eq. (17.3). From 
more detailed analysis, it indeed appears that almost all the energy 
released in the stellar collapse is emitted in neutrinos as is expected 
from theoretical models of supernovae. 

17.3 Neutrino properties implied by SN1987A 
observations 

There are three different ways to obtain constraints on new physics from 
supernova observations: 

1. The fact that all observed neutrino events are clustered within a 
time of 10-12 seconds. 

2. All observed neutrino energies are less than 60 MeV. 

3. Observed neutrino events account for practically all the gravita- 
tional binding energy released in the process of core collapse. 

If any property of the neutrino (such as its mass or charge) will cause 
time spreading of the signal, the first point above will constrain that 
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Table 17.2: Average parameters of SN1987A for t < 1 s. 



Distance to Earth 


55 kpc 




(~ 1.4 x 10 23 cm) 


Core density (p COT e) 


8 x 10 14 g/ cm 3 


Radius (R) 


10 km 


Mass 


(1.4 to 2) xM© 


Binding Energy 


(2 to 4) x 10 53 erg 


Core temperature (T c ) 


30 to 60 MeV 


Magnetic field in the core (B c ) 


10 12 G 


Fermi energy of electrons (Ep ') 


300 MeV 


Fermi energy of neutrinos (Ep) 


200 MeV 


Fractional number density of neutrinos (Y v ) 


0.04 


Fractional number density of electrons (Y e ) 


0.3 


Density of neutrons 


4.8 x 10 38 /cm 3 



property. Similarly, if the introduction of a new particle (such as right- 
handed neutrino, Majoron or axion) can add a new mechanism for energy 
loss from core collapse, properties of those particles (e.g. their mass and 
couplings) will be constrained. Let us apply these considerations to ob- 
tain constraints on the properties of the neutrino, the weak interactions 
of the vr etc. 



17.3.1 Neutrino mass 

The basic idea here is that, for a given energy, a heavier mass neutrino 
will travel slower and reach later [7]. To quantify, one needs the relation 



1 ml 



(17.9) 



If t e is the time when a particular neutrino is emitted from the supernova 
and t a is the time when it arrived on the earth, then, using Eq. (17.9) 
we get 



t a -t e = D 



i + In£ 

2E2 



(17.10) 
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where D is the distance traveled. For two neutrino events of energies E\ 
and E2, this implies 



|A«. - At e | = \Dml ■ ^J 1 . (17.11) 

Experimentally, At a < 12 s. At this point, one needs to do a statistical 
analysis to see which pair of events will provide the most stringent con- 
straint on m v . For the sake of illustration, if we choose events number 
6 and 11 of Kamiokande, the time separation and energy difference is 
large enough. We get, 

|9.8s - Ai e | = 0.09 s • (m„/leV) 2 . (17.12) 

Assuming At e < 10 s, we get m„ < 15 eV. More careful analysis of this 
kind [7] comes up with upper limits on m„ ranging from 19 eV to 30 eV. 
If neutrinos are Dirac particles, neutrino scattering in the supernova 
core will produce the corresponding right handed neutrinos which have 
no weak interaction. Therefore, they will drain energy from the core 
very efficiently. Since the rate of this process is proportional to the mass 
of the neutrino, one can obtain upper limits on v T and v^ mass [8] of 
about 14keV. 

17.3.2 Neutrino lifetime 

The fact that electron antineutrinos were observed implies that they did 
not decay in flight. If rp is the lifetime in the rest frame, we get 

(E„/m„) • r~ >5x 10 12 s, (17.13) 

taking time dilation into account. This implies 

r~ • (E u /20 MeV) > (m„/l eV) • 2.5 x 10 5 s . (17.14) 

The result is interesting since it rules out neutrino decay as a way to 
resolve the solar neutrino puzzle. 

17.3.3 Magnetic moment of the neutrino 

As discussed in Ch. 13, one can talk about two kinds of magnetic mo- 
ments in relation to the neutrinos: the direct magnetic moment that 
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couples the left-handed neutrino with its right-handed counterpart, or 
transition magnetic moment connecting different species of neutrinos to 
one another. We will see now that supernova constraints on magnetic 
moments [9] applies to the direct magnetic moment. 

In the presence of the magnetic moment interaction, the v e i in the 
supernova core will scatter against electrons and protons to produce 
right handed neutrinos. The cross section for this scattering is obtained 
from the following square of the scattering amplitude M a , where a de- 
notes the target: 



|2 _ 2eV t (s-m 2 a )(u- m 2 ) 
m 2 (t - m 2 )'- 



im,i 2 - ~ - " -y%- --' . (i7.i5) 



Here 5, t, and u are the standard Mandelstam variables, k is the magnetic 
moment in units of the Bohr magneton e/(2m e ), and m 7 is the Debye 
mass of the photon in a relativistic plasma, given by m 2 = (4a/37r)/i 2 
where ju e is the electron chemical potential. Prom this, one can calculate 
the total vr production via the magnetic moment interaction. Once 
the vr is produced, it can interact with matter only via the magnetic 
moment interaction or via any possible right-handed current interaction 
as in left-right symmetric theories (see Ch. 8). The cross section for 
magnetic moment interaction is 

a ~ -^-k 2 \n{q 2 /ml) ~ 2.5 x 1(T 2 V cm 2 , (17.16) 

m z e 

choosing q 2 = (3. IT) 2 , T being the core temperature. For k « 10 -10 , 
we obtain a cross section of order 10~ 45 cm 2 , leading to a vr mean free 
path 

A^ ~ ss 2.6 x 10 6 cm > R m , (17.17) 

<T7l e 

using /5 core from Table 17.2 to estimate n e . 

Similarly, for right-handed gauge interactions, we get 

a ~ QnBG 2 F E 2 , (17.18) 

where 

*=< 2+ (£) 4 - ^ 
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For M Wr , M z > > 1 TeV, we obtain 

1 7 

\ VR ^ > 10 7 cm > i?NS • (17.20) 

crn e 

Thus, if v R has only these interactions, its mean free path is bigger than 
the radius of the neutron star. So it escapes, opening a new channel for 
energy loss from core collapse. Furthermore, since these vr come from 
the core, their average energy is in the range of 100-200 MeV. One can 
make a rough estimate of this energy loss as follows: 

Qv R ~ V cove n e n v (E) u VR . (17.21) 

If the cross section of vr is dominated by the magnetic moment term in 
Eq. (17.16), we get 

Q, fl «5x 10 55 (10 10 K) 2 erg/s. (17.22) 

We now require that the energy loss is less than about one-third of the 
total binding energy of the neutron star, and that the vr emission lasts 
for about 1 s. Thus, the luminosity is 

Q„ < 10 53 erg/s. (17.23) 

Under these very generous constraints, we obtain k < 5 x 10 -12 , which 
is more stringent than limits from other sources (see Table 13.1). 

This limit is further improved once we realize that the vr produced 
in the magnetic moment interaction can flip its helicity back to u L , since 
for the galactic magnetic field B gSL \ « 10 -6 G and the distance given in 
Table 17.2, 

H„B gal D «2x 10 13 /c , (17.24) 

which can be large for k > 10~ 13 . In that case, these should have 
produced high energy ui in the underground detectors. No such signal 
is seen, which translates into a bound k < 10~ 13 . 

The bound derived above becomes meaningless if there are strong 
Higgs interactions of vr which would make the mean free path smaller 
than the core radius. Such interactions might anyway be needed theo- 
retically [9] to generate large magnetic moment of neutrino. 
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At this point, one should consider whether the vr produced via the 
magnetic moment interaction could flip back to vl through spin rotation 
in the magnetic field of the core. As noted in our discussion of the 
solar neutrino puzzle, the condition for this rotation to be effective is 
\i v BL ~ 1. In the case of the neutron star, L ~ 10 6 cm, B ~ 10 12 G. 
For K cz. 10 -10 , we thus get \i v BL > 1. Therefore, naively one would 
expect rapid flipping back of vr. 

However, in discussing the flipping, one must also include the matter 
effect, since in the neutron star the density of n, p, e and v e are rather 
high. The matter effect on v^ is characterized by the matter contribution 
to the diagonal term in the neutrino mass matrix [9]: 

Am = V2G F (n e - -n n + 2n v J (17.25) 

where n a represents the number density of the particle a. The first 
two terms in this formula represent the contributions of electron, proton 
and neutron. As shown in Ch. 5, the neutral current contribution of the 
electron and the proton cancel, so that the term n e gives the charged 
current contribution from v e e scattering and the term n n is the neutral 
current contribution of the neutron. In addition to the analysis of Ch. 5, 
here the background contains neutrinos as well, which gives the n„ term. 
This term has a factor 2 because of identity of i/ e 's in the initial and final 
states, which gives two diagrams. 

In the core, the dominant component is neutrons. In fact, defining 
Y a to be the fraction of particles of type a compared to nucleons, we 
have Y n + Y p = 1. Also, Y e = Y p from charge neutrality. Thus, only 
Y e and Y v are independent. The estimates of Y a in the supernova core 
are theoretical and therefore model dependent. According to Burrows 
and Lattimer [2], Y e ~ 0.3, Y v ~ 0.04. Using p cote from Table 17.2 to 
estimate the number densities, one now obtains in the supernova core, 

Am ~ y/2G F n e ~ 32 eV , (17.26) 

whereas p, v B ~ 10 -9 eV. Thus, the matter effect dominates, suppressing 
the flip-back of vr to vi. If, however, the term within the parentheses 
in Eq. (17.25) goes through a zero, vr flipping back to v L can occur, 
thereby avoiding the bound on \i v . 
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R 




Figure 17.1: The curved line is the bent path of a charged particle in a magnetic 
field. The solid straight line denotes the path of an uncharged particle. 



17.3.4 Electric charge of neutrino 

If the neutrino had a tiny electric charge its path would bend in the 
galactic magnetic field B ga \. This would lead to a longer path traveled 
by the less energetic neutrinos than the more energetic ones [10]. To 
estimate the extra distance, let us look at Fig. 17.1. If neutrino has a 
charge Q w , it will travel the curved path with radius given by 



R 



m v v 



Q u eB zi & 



(17.27) 



From Fig. 17.1 using simple geometry, we find the extra distance traveled 
by a neutrino of energy E v to be 



2R$ - D = ^^{ 1 



+ 



ml 
El 



(17.28) 



So the fractional time delay between two neutrinos with energies E\ and 
E2 is given by 



At = At e + 



D 3 Qle 2 B 2 gal ( 1 1 



24 



E\ 



El 



(17.29) 



Setting At e < 20 s and considering as an example Kamioka events num- 
ber 7 and 12, we get Q v < 10~ 18 using B ga[ ~ 10~ 6 G. A more careful 
statistical analysis [11], taking the non-uniformity of the galactic mag- 
netic field into account, leads to Q v < 10~ . 
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17.3.5 Strength of right-handed weak interactions 

Consider the left-right model of Ch. 8 where there are gauge bosons W^ 
which couple to charged currents of right handed fermions. There is 
also a neutral gauge boson Z' which couples to right handed neutrinos. 
In such a case, if the vr has a mass less than 10-100 MeV, it can be 
produced in the supernova core via the following interactions: 

eR + V ->■ n + V R 

e + + e~ -> vr + v l 

n + p^n + p+v R + V L . (17.30) 

The first two interactions involve the exchange of Wr whereas the second 
two involve the exchange of Z'. The argument now goes similar to the 
one in §17.3.3. Once the vr is produced, it escapes unless My/ R or Mz> 
is less than about 4Mw- This would drain the energy from core collapse 
without leaving enough energy for the left-handed neutrinos. Using this, 
one can show [12] that 

6G 2 

Q„ R = — £-Bvn p n e (E u ) , (17.31) 

where B is defined in Eq. (17.19). Using the constraint from Eq. (17.23), 
we then get 

B < 10 -10 . (17.32) 

This implies that £ < 10~ 5 and Mw 2 > 23 TeV, which are rather strin- 
gent bounds. Similarly, one obtains Mz> > (30 — > 85)M^ from the last 
two processes of Eq. (17.30). 

17.3.6 Radiative decay of neutrinos 

At the time SN1987A was observed, the Solar Maximum Mission (SMM) 
was taking data with a gamma ray spectrometer. It did not find any 
7-ray signal above the background [13]. For the period of about 10 s in 
which all the neutrinos arrived, it set the following limits on the time- 
integrated flux (often called fluence) of 7-rays: 

0.9cm" 2 for 4.1 MeV < E y < 6.4 MeV 
F 7 < { 0.4 cm- 2 for 10 MeV < E 7 < 25 MeV (17.33) 

0.6 cm" 2 for 25 MeV < E 1 < 100 MeV . 
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If a massive neutrino decays radiatively, the photon from the decay 
would contribute to the fluence. Thus, one can use Eq. (17.33) to con- 
strain radiative lifetimes of neutrinos. 

To get the bound, we first note that there would be a delay in the 
arrival of the photon flux from the decay of a neutrino. This is because 
the parent neutrino, being massive, travels slower than light. The delay 
is characterized by At ~ \Dm? v jEl ~ 0.02s(m„/leV) 2 , taking the 
average neutrino energy to be 12 MeV. The spreading in the arrival times 
of photon would also be of the same order of magnitude. If m v < 20 eV, 
we get bd < 10 s, so the decay photons should have reached the earth. 
For a certain species of neutrinos, the fluence from the supernova is given 
by 

Total energy released 
Average v energy x number of v species x ^irD 2 
~ 1.4 x 10 10 cm- 2 . (17.34) 

Thus, if Bry is the branching ratio of the neutrinos decays into radiative 
modes, the fluence of photons would be 



/ 7 = foB 



( Dm v 
1 — exp I 



(17.35) 



E v t v J . 
= hB 1 • — ^ , (17.36) 

assuming r v ^> Dm v jE v at the last step. If one assumes a blackbody 
distribution for the emitted neutrinos with a temperature of 4 MeV and 
that Ej = 2-Ev, on 6 obtains that about a quarter of the decay photons 
would be in the range of 4.1 to 6.4 MeV. Thus, using the bound in the 
first line of Eq. (17.33), one obtains [14] 

^- > 1.7 x 10 15 s ■ (^-] for m v < 20 eV. (17.37) 

i? 7 \ 1 eV / 

In other mass ranges, one can perform similar analysis. As long as 
r v > Dm v jE v , we get [14] 

^- > 8.4 x 10 17 s • f— ) for 100 eV < m v < few MeV, 
B-y \ m u ) 

^■>3.4x 10 16 7grs s for 20eV ~ m " ~ lOOeV. (17.38) 






'7 
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Here 7grs is the instrument background of the gamma ray spectrometer. 
In the other extreme, i.e., r v <^ Dm v jE v , Eq. (17.35) gives 

A - foB y . (17.39) 

Similar analysis then puts bounds on the photonic branching ratios By. 

\ 1.4 x 10- n 7oRs (fev) for 20eV ~ m " ~ 100eV ' 

B 7 < I GRSVleV/ (174Q) 

[ 2.8 x 10~ 10 otherwise . 

A similar limit can also be obtained by considering the 7-ray background 
from all previous supernovae [15]: 

— \- > 3 x 10 16 s/eV. (17.41) 

17.3.7 Bounds on Majoronic decay modes 

The time profile and energetic considerations for the observed electron 
neutrinos from the SN1987A implies upper and lower bounds on the 
lifetimes for the heavier neutrinos such as v^ and v T decaying to v e (or 
V e ) + J, where J is an invisible, weakly interacting particle such as the 
Majoron or familon. 

Let us first discuss the upper bound. Consider a heavier neutrino 
with mass less than 3-4 MeV so that as it emerges from the neutrino 
sphere, it is relativistic. If it is unstable and has a lifetime r, then its 
travel time to the earth, to, can be divided into two parts if r -C to. If 
we can make the instantaneous decay approximation, then for a time 
Er/m UH , it will travel with a velocity of p/E. After that time, it will 
decay to u e + J, of which the v e will travel with the speed of light. The 
time T from the emission of the heavy neutrino to the arrival of the 
secondary v e on the earth is 

T= J- t+ [l-^-\. (17.42) 

The time delay At of the secondary neutrinos with respect to the primary 
ones is [16]: 



T*H<-. m w.tr S - ( 17 - 44 ) 
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The delayed *Vs would have roughly similar energy profile as the 
original. It was estimated that the delayed pulse would roughly contain 
4-15 neutrinos [17]. Neither 1MB nor Kamiokande experiments observed 
any delayed pulse between 15 s to 1 hour. This translates to an upper 
limit on At < 15 s leading to a constraint on heavy neutrino lifetime of 
about 

300 
m VH j\ MeV 

In order to derive a lower bound note that if the lifetime of vh is r, 
then in time At c± Erjm VH , half the energy in the vh + Vh components 
would escape the core of the supernova in the form of J's, due to their 
decay. For low mass relativistic ^i/'s, this energy can be estimated to 
be: 

Wj ~ i (W UH +W„ H ) = l -W iot . (17.45) 

Since weak interaction processes continuously replenish the vh con- 
tent of the supernova, it takes time t J ~ 6 m " g for the total energy to 
decrease by a e-fold. For this cooling mechanism to be ineffective, we 
require that t J > 15 s. (which is the typical SN ^/-emission time). This 
implies the lower bound 

For a 1 MeV v Hi one gets 0.1s < r < 300s. 

17.3.8 Bound on neutrino mixings 

It appears that one way to understand the abundance of heavy ele- 
ments in the universe is to assume that the hot bubble surrounding a 
Type II supernova provides a neutron-rich environment, where heavy 
elements are synthesized by nuclear reaction among the nucleons in the 
ejector from the supernova. This is the so-called r-process nucleosyn- 
thesis. Crucial to the success of this mechanism is the presence of an 
abundance of neutrinos. The neutron abundance of course depends on 
the weak interaction rates in that environment; for instance if there are 
too many high energy ^ e 's, then the reaction v e + n — >• p + e~ will de- 
plete the neutron abundance making the r-process nucleosynthesis less 
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effective. It has been argued [18] that for a certain range of Am^^ 
(where x — // or r) and mixing angles, the MSW mechanism makes the 
conversion of higher energy i/^s and ^ r 's {E v ~ 2-E^) so efficient that 
the hot bubble surrounding the supernova contains an excess of ener- 
getic ^ e 's, which deplete the neutron content, thereby retarding severely 
the r-process nucleosynthesis. Therefore, to the extent that r-process 
nucleosynthesis is accepted as an explanation for the heavier element 
abundance in the universe, a certain range of values of (Am 2 , sin 2 29) 
must be forbidden. Roughly, it is found [18] that for Am 2 > 2eV 2 , one 
must have sin 2 29 < 10 -4 . This is a very severe constraint in a very 
interesting mass range for the neutrinos. This is, of course, independent 
of whether the neutrinos are Dirac or Majorana type. 



17.3.9 Test of weak equivalence principle for neutrinos 

Observation of the neutrino burst within a few hours of the optical 
burst from SN1987A implies that neutrinos and photons obey roughly 
the same equivalence principle. More quantitatively, if there were a new 
force coupling to neutrinos whose range is bigger than galactic distance 
scales, then its strength must be less than 5 x 10~ 3 Gn- 



It is clear from the above discussion that the SN1987A has provided 
a great deal of extremely useful constraints on the properties of neutrino 
beyond the standard model, thereby strongly constraining the kind of 
new physics beyond the standard model one can envisage. It is also 
hoped that more information both about particle physics as well as stel- 
lar physics will be gained from future supernovae. At least some of 
the particle physics information such as the limit on neutrino magnetic 
moment or the strength of right-handed currents could not have been 
gained from laboratory experiments. New detectors are being planned 
to keep the supernova watch. It is believed that roughly one to two 
supernova collapse occurs in our own galaxy in every thirty years and 
the observed extra-galactic rate [19] is about of order one per hundred 
years per 10 10 Lfe where L^ is the measured blue luminosity density of 
the universe. This translates to a present rate for type II supernova of 
about 10 _85 cm _3 s _1 . 
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17.4 Inferring neutrino spectrum from nearby 
supernovae 

A very interesting application of supernova neutrino observations is to 
determine the nature of the neutrino spectrum. As discussed in Ch. 11, 
present observations allow three different neutrino spectra. If we denote 
the two neutrino mass eigenstates which are responsible for solar neu- 
trino oscillation as v\ and v-i, and the third neutrino oscillations involv- 
ing which are responsible for atmospheric neutrino deficit denoted 1/3 , we 
can write the three types of spectra as (i) normal hierarchy where ^1,2 
are lighter than 1/3; (n) inverted hierarchy where V\^ are heavier than 1/3 
and (Hi) almost degenerate where all three neutrinos have nearly same 
mass above 0.05 eV each. The normal and inverted hierarchies are dis- 
tinguished by the fact that the sign of the atmospheric neutrino mass 
difference square Amj tm = m$ — m^, changes from positive in the nor- 
mal case to negative in the inverted case. It is also well known from our 
discussion of MSW phenomenon that whether a resonance in neutrino 
oscillation probability occurs in matter depends on the sign of the mass 
differences. Therefore, a dense matter environment is an ideal place to 
look for a way to distinguishing between the normal and inverted hi- 
erarchies. Supernovae provide just such an environment and has been 
extensively studied [20]. 

The main idea behind these works is that the contribution of the 
matter effect changes sign as one goes from neutrinos to antineutrinos 
whereas the resonance condition for neutrino propagation is given by 

{m\ - m\) cos 20 ~ ±2\/2G F n e E (17.47) 

where the plus sign corresponds to neutrinos and minus sign to anti- 
neutrinos. In the case of normal hierarchy at high density, the resonance 
will take place for neutrinos whereas for the inverted hierarchy, it will 
occur for antineutrinos. Since in the process of resonance transition 
the energy of the neutrinos are not changed but only flavor changes, 
one would roughly expect more high energy electron type neutrinos in 
the case of a normal hierarchy and more high energy anti-neutrinos in 
the case of inverted hierarchy. Observations in Earth based detectors 
can discriminate between these possibilities if a supernova occurs in our 
galaxy and can therefore provide a way to determine the nature of the 
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neutrino spectra. 

To see whether resonance occurs inside the supernova, we can look 
at the above equation and find out the resonance density. It is given by 

Putting in numbers, we get 

„ res ~ 1.4 x 10° g/ cm* (££) (H£V) (05) cos 2e (17 49) 

For Am 2 tm , the required density is about 10 3 to 10 4 g/cm 3 . This is 
far outside the core of the supernova so that one does not expect the 
neutrino transitions to affect the supernova dynamics and yet other in- 
teresting consequences are possible. 

One may also calculate the transition probability by using the 
Landau-Zenner-Stuckelberg jumping formula discussed in Ch. 5, which 
is given by P ~ e -7r7 / 4 , where the adiabaticity parameter 7 is: 



Am 2 sin 2 20 I d\nn 
7 2Ecos20 



(^r- <™» 



This can be evaluated assuming density fall-off in supernova to be given 
by a power law i.e. p = Ar~ n . We assume the exponential formula for 
the jumping probability remains unchanged for a general density profile. 
Using the resonance condition to eliminate r, one gets the following 
expression for the transition probability: 

P ~ exp [- (Er/E) ~1 (17.51) 

where E r is a function of neutrino masses, mixings as well as the param- 
eter A parameterizing the density fall-off in the supernova. Prom this 
we see that for low energies E < 0.1i£ r , PkO whereas for higher E i.e. 
E > 100.EV, P ~ 1 i.e. most high energy neutrinos i/ T will become v e 
for the case of normal hierarchy and P T 's will convert to P e 's for inverted 
hierarchy. This will provide a way to infer the neutrino mass hierarchy 
from supernova observations. 



Chapter 18 



Neutrino cosmology 

In the standard big-bang cosmology, neutrinos are the most abundant 
form of matter in the universe next to radiation. Therefore, not only- 
do the neutrinos play an important role in the evolution of the universe 
from its beginnings to the present state but cosmological observations 
also imply important restrictions on the possible neutrino properties 
beyond the standard model. In this chapter, we will present an overview 
of neutrino cosmology. 

18.1 The Big Bang model 

18.1.1 Cosmological evolution 

One of the basic assumptions of the standard big bang model of the uni- 
verse [1] is the homogeneity and isotropy of the universe. The universe 
on large scales is observed to be homogeneous. The microwave back- 
ground radiation, which is believed to be a relic of the early universe, is 
observed to be isotropic to a very high degree of accuracy on very large 
scales. Friedman, Robertson and Walker proposed the following metric 
which describes the homogeneous and isotropic space that our universe 
is supposed to be: 

ds 2 = dt 2 - a 2 {t) ( ^ 2 + r 2 dd 2 + r 2 sin 2 9 d(j> 2 ) . (18.1) 

Here (t, r, 0, <f>) are the coordinates, Cb{t) is the cosmic scale factor, k 
takes values +1,0, —1 for spaces with positive, zero and negative curva- 
ture. In order to describe the evolution of the universe from the moment 
after the big bang (or Planck time ~ 10 -43 s) to now, we have to study 
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the variation of d(t) with time by solving the Einstein equation 

#*" _ l Rg t»> = SttGnT^ + Ag^ . (18.2) 

Here, Gm is Newton's gravitational constant, T* v is the stress-energy- 
momentum tensor, R^ u is the Ricci tensor and R = g^R^ . The last 
term in the equation is allowed from general considerations [2], and the 
co-efficient A is called the cosmological constant. 

Assuming the universe to be a perfect fluid, we can write 

T", = diag(p, -p, -p, -p) (18.3) 

where p is the energy density and p is the pressure. The stress-energy- 
momentum tensor is covariantly conserved, which means ^T'V = 0, 
where @ is the covariant derivative operator in presence of gravitation. 
For the form of matter given in Eq. (18.3), this condition gives 

d{pa?)+pda? = 0. (18.4) 

For radiation (which in cosmology means any collection of relativistic 
particles), 

P=\p (18.5) 

so we get 

p oc a' 4 , (18.6) 

by solving Eq. (18.4). On the other hand, pressure is negligible com- 
pared to the mass density of non-relativistic particles (called matter in 
cosmological literature). Thus, putting p = for matter, we get 

pocGT 3 . (18.7) 

We can now use Eq. (18.3), as well as the metric implied by Eq. 
(18.1), to obtain the evolution equation of the universe. For an arbi- 
trary metric, Eq. (18.2) gives ten equations. But the metric implied by 
Eq. (18.1) is highly symmetric, and so we obtain only two independent 
equations. One of them is equivalent to Eq. (18.4), and the other is 

2 

k 8ttGn / x A , Hn n . 

+ ¥ = -T-M + 3 • (18 - 8) 
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The quantity 

H(t) = a/a (18.9) 

is called the Hubble parameter or the expansion rate of the universe. At 
the present time, its value is generally denoted by Hq. By analogy, we 
will always use the subscript to indicate the value of any parameter in 
the present era. For example, po will mean the present energy density 
of matter. 

Taking Eq. (18.8) for the present era and dividing both sides by H$, 
we obtain 

n + n A + n k = i, (18.10) 

where 

a ^iii f "" Qa = WZ' Uk ~-i^rr (18 ' u) 

These are called the cosmological parameters. Notice that all these 
definitions involve quantities at the present era only. Eq. (18.10) shows 
that f^ is not an independent parameter. The evolution of the universe 
therefore depends on the values of the other two parameters, Qo and 

Strictly speaking, there is one more parameter. This is because Uq 
contains contributions from both matter and radiation. As Eqs. (18.6) 
and (18.7) show us, their energy density evolve differently with time. 
Thus, we can write 

n = n m + a r (18.12) 

for the present quantities, where the subscripts m and r denote mat- 
ter and radiation respectively. Then the energy density of matter and 
radiation at time t should be given by 

orr2 

P(t) = ^^ ((1 + z) 3 Q m + (1 + z) 4 U r ) , (18.13) 

where z is the cosmological red-shift z for any era, defined by the relation 

1+2 = W)- (1814) 
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< 




Figure 18.1: Contours of equal i/o*o in the fi m -^A parameter space. Starting 
from the lower right corner of the plot, the values of H Q t Q for the contours are 0.5, 
0.6, 0.7, 0.8, 0.9, 1.0, 1.2, 1.5, 2.0 and 5.0 respectively. [After Ref. [3].] 



Observational evidence indicates that the matter density in the present 
universe is much larger compared to the radiation density, i.e., Sl m ^> O r . 
So, in Eq. (18.15), one often neglects fi r . The evolution of the universe is 
then governed by the two parameters Cl m and £l\, through the equation 
obtained by substituting Eqs. (18.13) and (18.14) into Eq. (18.8): 



dz\ 2 



Hl(l + z)' 



i + n m * + n A (_L- _i) 



(18.15) 



Measurement of various physical quantities can then determine the 
values of H m and Q&, along with that of Ho. For example, the age of the 
universe can be calculated easily from Eq. (18.15). Big-bang cosmology 
assumes that the universe was very small to begin with, i.e., CL = 0, or 
z = oo at t = 0. In that case, integration of Eq. (18.15) gives the present 
age of the universe to be 

1 /-CO A 7 \-|-V2 

*° = it / rr- V 1 + *) f 1 + M " °a*( 2 + *)) • ( 18 - 16 ) 

H Q Jq 1 + z L / -i 

Combinations of Ct m and Q,\ which give equal values of Hoto have been 
shown as contours in Fig. 18.1. The age of the universe plays an impor- 
tant role in constraining neutrino properties, as we will see later. It also 
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Table 18.1: Cosmological parameters, assuming Q m + Q^ — 1. The last column 
gives the age of the universe in the unit of a billion years. 



Collaboration 


h 


' "m 


Age 


Supernova Cosmology Project 
WMAP collaboration 


0.63 
0.71 


0.22 
0.27 


14.5 
13.7 



helps as a check to the determinations of the cosmological parameters 
H , ft m and Qa- 

□ Exercise 18.1 Show that, if the total energy density has contributions 
from matter, radiation and the A-term, the age formula is 






to = tt / dx 1 - ft tot + 
where 12 t ot = O m + £} r + £2a . 



9. 



J Lv 



^-\ 



+ -5- + Qax' 
x x 2 



y* 



(18.17) 



Until recently, various indirect methods were employed to determine 
the cosmological parameters. Since the late 1990s, there have been two 
direct determinations of these parameters. One was [4] through the red- 
shift vs distance relation of type- la supernova, carried on by the Super- 
nova Cosmology Project. The second one is by the WMAP (Wilkinson 
Microwave Anisotropy Project) collaboration [5]. As the name of the 
collaboration indicates, they measure the anisotropics in the microwave 
background radiation. Since the evolution of these anisotropics depend 
on the cosmological parameters, one can use them to find the parameters 
themselves. In general, both these groups find a region in the £l m -ftA 
plane which is allowed by their data. If we restrict their results to the 
line fi m + l^A = I which is favored by inflationary models, the best values 
of the parameters obtained are summarized in Table 18.1. The value of 
Hq is given in terms of the parameter h, defined by 



-l 



H = 100ft km s -1 Mpc 



,-i 



(18.18) 



where 'Mpc' stands for Megaparsec, which is roughly 3.09 x 10 24 cm. 
Once these parameters are determined, they can also be used to obtain 
the age of the universe via Eq. (18.16). The best estimate for the age is 
also included in Table 18.1. 



364 Chapter 18. Neutrino cosmology 

18.1.2 Early universe 

Let us now look back at Eq. (18.8). The curvature term goes as a -2 . 
The cosmological constant term is independent of (X. On the other hand, 
the density term goes like a -3 if the density is dominated by matter, 
and AT 4 if dominated by radiation. Therefore, in early enough times in 
the universe, when a was small, the density term must have dominated 
the evolution of a. For this era, we can ignore the other terms and write 

= *fL M . (18.19) 

This equation thus expresses the expansion rate of the universe in terms 
of its the energy density and plays a crucial role in the study of various 
cosmological situations in the early universe. 

Solution of Eq. (18.19) gives the dependence of the scale factor a 
with time. Using Eq. (18.6) for a radiation dominated (RD) universe, 
we get 

iocfl 2 . (18.20) 

Similarly, using Eq. (18.7), we obtain 




.3, 



t oc a h (18.21) 

for matter dominated (MD) universe. If the universe remained either 
RD or MD throughout its history, we should have expected 

,_ J§(l + *)- 2 tf - 1 (forRD), 

*-\ §(! + *)-%#-! (forMD). {1 *' 22] 

At the present era, z = which follows from the definition of Eq. (18.14). 
So the present age should have been given by \H^ 1 for a universe which 
remained RD throughout, and by § Hq 1 for a universe which remained 
MD throughout. The time Hq 1 is often called the Hubble time, which 
therefore sets up a benchmark value for the age of the universe. 

How do we determine whether the universe is dominated by radiation 
or matter at a given era? For this, we need to know the energy density 
and number density of different species of particles — relativistic or 
non-relativistic, fermions or bosons. We give them below: 
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• Relativistic gas: 

_ f (7r 2 /30) 9 T 4 Bose, . 

p - \ I (7r 2 /30) 9 T 4 Fermi; (lS " U > 

1!(C(3)/t 2 ) 9 T 3 Fermi. < 18 - MJ 

• Non-relativistic gas (Bose and Fermi): 

p = mn , 

n = fl Ur) "KV-j- (18 ' 25) 

In the above expressions, g denotes the number of spin states, fx is the 
chemical potential, and £(3) ~ 1.202 is a Riemann zeta function. In 
writing the energy density of a NR gas, we have given only the contribu- 
tion to the mass energy. Although usually disregarded in non-relativistic 
formulation of thermodynamics and statistical mechanics, this contribu- 
tion is much larger than that of kinetic energy. Total energy density is 
of course the sum of the individual energy densities. From Eq. (18.6) 
and Eq. (18.23), we get that dT is constant for relativistic particles. 



□ Exercise 18.2 Show that 

*°° E N dE / 1 \ f°° E N dE 



r°° E N dE / j_\ r 



,0E_ 1 



(18.26) 



Use this to derive that the number and energy densities of a massless 
Fermi gas are smaller by the factors 3/4 and 7/8 respectively compared 
to a massless Bose gas with equal number of spin degrees of freedom, as 
shown in Eqs. (18.23) and (18.24). 

In writing relations such as Eq. (18.16), we neglected the contribution 
of the energy density of radiation. The reason for this was explained 
in Eq. (18.13) and in the text following this equation. However, it is 
important to realize that radiation cannot be neglected from Eq. (18.13) 
when we deal with the phenomena in the very early universe. There are 
two reasons for this. First, Eq. (18.13) shows that at early times, when 
z was large, the radiation energy density might dominate even thought 
Q r <C £l m in the present universe. Second, some of the particles which 
count as "matter" in the present universe would count as "radiation" 
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in an early enough era when the temperature was much larger than 
the mass of these particles. In fact, Eqs. (18.6) and (18.7) show that 
radiation energy density has a sharper dependence on a than matter 
energy density in the early universe. Therefore, in the early universe, 
we can neglect matter energy density, and also the fc-term in Eq. (18.19), 
and write 

SttGn tt 2 ^ 4 




n ^9* T ( 18 - 27 ) 

3 30 

where g* is the effective number of relativistic degrees of freedom con- 
tributing to the energy density. Solution of Eq. (18.27) gives 

t = o. 39 ;*f^ s ;*(ifX) 2 . ls , (18 . 28) 

where Mpi is the Planck mass, denned through the gravitational con- 
stant by 

C?j V = 1/M| 1 . (18.29) 

□ Exercise 18.3 Using h, c and the gravitational constant Gn, con- 
struct the quantities Mpi with dimensions of mass and tp\ with dimen- 
sions of time. Evaluate these quantities in conventional units. 



18.2 Neutrino decoupling 

In giving the energy density and the particle number densities we have 
assumed that all the particles are in thermal equilibrium. It is therefore 
appropriate to describe at this stage the condition for equilibrium in 
an expanding universe. In a gaseous ensemble of atoms or molecules, 
thermal equilibrium is said to be attained when the state of the sys- 
tem (number of particles at a given energy level) does not change with 
time. In an expanding universe, the temperature is constantly chang- 
ing. Therefore, to be in equilibrium particles must adjust there energy 
faster than the time it takes to change the temperature. For this to be 
achievable, the interaction rate of the particles must be faster than the 
expansion rate of the universe, i.e., 

T int (t) > H(t) . (18.30) 
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Table 18.2: Milestones in the history of the universe. 



Age of the universe 


Temperature 


Major event 


(approximately) 


(inK) 




lCT 43 s 


10 32 


Gravitation becomes negli- 
gible 


10 -43_ 10 -35 s 


10 32 — 10 28 


Period of GUT inflation 


10 -35_ 10 -12 s 


10 28_1 16 


Generation of baryon asy- 
mmetry 


10- 12 s 


10 16 


Electroweak phase transition 


KT 4 s 


10 12 


Quark-hadron transition, /z + - 
H~ annihilations 


Is 


10 10 


Neutrinos decouple, nucle- 
osynthesis begins 


10 s 


5 xlO 9 


e + -e~ annihilations 


10 5 yr 


4000 


Atoms form; radiation decou- 
ples from matter 


2 x 10 5 — 10 9 yr 




Galaxy formation 


(10—18) x 10 9 yr 


2.7 


Now 



If this condition fails to hold at some era during the evolution of the 
universe for some particular species of particles, those particles are said 
to decouple or freeze-out, i.e., they fall out of thermal equilibrium. 

As an application of this, consider the interaction of the neutrinos. 
Neutrinos interact only via weak interaction. At energies small com- 
pared to the TV-mass, the cross section of these interactions is of order 
GjpE 2 , where for relativistic particles the energy E is of order of the 
temperature T. The number density for relativistic particles is of order 
T 3 . Therefore, a typical neutrino interaction rate is given by: 



r hit - <0"wkn^} 



G 2 F T 5 



On the other hand, from Eq. (18.27), we get 



H{t) ~ 1.66^ /2 -j 



y 2 T 2 



Mpi 



(18.31) 



(18.32) 



Thus, r^ t falls faster than H (t) as the temperature of the universe 
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decreases. The equilibrium condition in Eq. (18.30) then implies that, 
below a temperature Tp when the interaction rates are smaller than the 
expansion rates, the neutrinos are no more in thermal equilibrium. This 
temperature is given by a solution of the equation 

G< F T D = 9f^ (18.33) 

i.e., 

T ° = (ofe) ' • (1834) 

Using Afpi = 1.2 x 10 19 GeV and G F ~ 10- 5 GeV -2 , we obtain T D ~ 
lMeV. In practical terms, it means that there is (almost) no neutrino 
scattering below a temperature of 1 MeV or after the universe is older 
than about 1 s. Neutrinos expand as a free gas, with their temperature 
going down like 1/a. 

In Table 18.2, we present some milestones in the history of the uni- 
verse. Of course, many entries in the column denoting the age of the 
universe are expectations rather than established times. 

18.3 Nucleosynthesis and the number of neu- 
trino species 

Nucleosynthesis [6] is the first step in the formation of heavy elements 
out of neutrons and protons in the universe. As we see from Table 
18.2, below the quark-hadron transition temperature Tjj ~ 100 MeV, the 
universe consists of a hot soup of neutrons, protons, pions etc. These 
particles are in equilibrium via the strong, electromagnetic and weak 
interactions. Since the protons and neutrons are already non-relativistic, 
their number densities are given by Eq. (18.25). For T » lMeV, the 
weak interaction reactions 

n — > pev e , v e n -¥ pe~ , e + n — > pV e (18.35) 

are much faster than the expansion rate of the universe given in Eq. 
(18.32). As a result, we have fj, p = fj, n for the case of no lepton degen- 
eracy, i.e., when the number of neutrinos equal that of antineutrinos, 
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and the number of electrons equal that of positrons. The nuclear bind- 
ing energies are of the order of several MeVs — e.g., 2.2 MeV for 2 H, 
8.5 MeV for 3 H, 7.7 MeV for 3 He, 28.2 MeV for 4 He. So, unless the tem- 
perature of the universe is below an MeV, the energetic photons in the 
tail of the thermal distribution will wipe out any nuclei manufactured 
out of neutrons and protons. The ratio of protons and neutrons in the 
universe is fixed by weak interactions. We saw that neutrinos decouple 
below Td — 1 MeV. So at t ~ 1 s, we have 

n n fm p -m n \ 1 , 1S „^ 

^ = exp (-fu^r) = e • (18 - 36) 

Beyond this point, the ratio of neutron to proton remains frozen except 
for small changes due to neutron beta decay. 

^ ~ -e-^ T . (18.37) 

Up 6 

Roughly speaking the 4 He formation takes place soon after this. If we 
assume that all the neutrons combine to form 4 He, then the final number 
of 4 He nuclei is given by n n /2. The 4 He abundance parameter Y is then 
calculated to be 

Y = Mass of 4He = 2 n " x4 = 2n n/n p . 18 3g , 

Total mass n p -\- n n 1 + n n /n p 

If we use n n /n p = 1/6 as in Eq. (18.36), we obtain Y = 2/7. Since 
beta decay reduces the value of n n /n p slightly to 1/7, one actually gets 
Y ~ 0.25. A crucial assumption going into calculations is the value of 
the neutrino decoupling temperature Tp. 

If there are more species of neutrinos they will contribute to the 
energy density, thereby increasing the value of the decoupling tempera- 
ture. The higher the decoupling temperature, the higher the neutron to 
proton ratio and from that one would get higher Y. Thus, qualitatively 
it is clear that the observed 4 He abundance would imply a restriction 
on the number of neutrino species. It is worth noting here that, if there 
is a right-handed neutrino vr which can convert to v^ via some inter- 
action that is in equilibrium at the epoch of nucleosynthesis (such as 
a large magnetic moment), that vr will count as an additional particle 
species in the energy density and its number will be restricted. Similar 
arguments will apply to massless bosons such as a triplet Majoron. 
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For a quantitative expression of the dependence of Y on the number 
of additional species of neutrinos or some other kind of particles, we see 
that, 

Y= 2exp (- Am ^) = ? M839) 

l + exp{-Am/T D ) exp(Am/Tc) + 1 K ' 

where Am is the neutron proton mass difference. Thus 

AY = l -Y{2 - Y) In (^) ■ (*T D /T D ) . (18.40) 

By differentiating the expression for Tp in Eq. (18.34), we get 

AT D 1 Ao* 
Id 6 9* 
For three generation of neutrinos, we have 

7 
9* = 9y + g x (3$„ + 3^ 4- &- + g e +) 

= 2+^x(3 + 3 + 2 + 2) = 10.75 . (18.42) 

o 

Notice that the spin degeneracy has been set equal to one for each neu- 
trino, but two for the electron or the positron. This is because what is 
important here is the number of interacting species. The right handed 
neutrinos either do not exist or they have little interaction with other 
kind of matter, so we neglect them. If the number of neutrino species is 
not 3 but 3 + AN U , we would get A#* = (7/4)Ai\T„. Using Eq. (18.40) 
and Eq. (18.41), we thus get AY ~ 0.01 AJV„. 

There are also other factors that control Y. These include, for exam- 
ple, the beta decay lifetime of the neutron, the initial baryon to photon 
ratio etc. For instance, a shorter neutron halflife reduces the Y value 
and so does a smaller baryon to photon ratio since the rate of the nuclear 
reaction responsible for 4 He production depends on the initial ns/ny. 
All these factors have been carefully analyzed [7, 8] to lead to AN V < 0.4 
from a fit to observed abundances of 4 He, deuterium, 3 He and 7 Li. The 
observed abundances for these are: 

0.22 < Y < 0.26 

10" 5 < (D/H) 

[D + 3 He]/H < 8 x 10~ 5 
10 -10 < ( 7 Li/H) < 2 x 10 -10 . (18.43) 
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The dependence of Y on the various variables are 

Y = 0.226 + 0.012AJV„ + 0.010 log r) 10 + 0.012(t„ - 887 s) , (18.44) 

where AN U = N v — 3, 7710 = 10 10 n j g/^ 7 and r n is the neutron lifetime. 
In obtaining the bound AN U < 0.4, the latest measurement of neutron 
lifetime [9] is used, which gives r n = 887.0±2.0s, which implies a half-life 
of r n ln2 = 10.25 min. 

This subject has recently been under intense investigation [10]. The 
determination of the baryon-to-photon ratio by the WMAP observa- 
tions serves to further constrain the number of neutrinos. Much of this 
discussion will take us too far from the purpose of this book. As a sum- 
mary, we add the following: the present consensus seems to be that if 
Helium abundance derived from cosmological observations of ionized He 
lines from the extra galactic HII regions is taken seriously, then the total 
number of allowed neutrino species is slightly less than 3 whereas if the 
precision of Helium data is reduced due to the presence of systematics, 
the total number can be as large as 5. 

18.4 Constraints on stable neutrino properties 

If neutrinos are stable, their energy density is constrained by cosmolog- 
ical considerations. The basic idea is simple and obvious: the energy 
density of neutrinos must not be larger than the total energy density 
of the universe from all sources other than the cosmological constant, 
which was denoted by po earlier. It is customary to define the quantity 

ZH 2 

which is called the critical density. Using the value of Newton's constant 
and the parametrization of Eq. (18.18), we can write it as 

p c = X0 A h 2 eV/cm 3 . (18.46) 

Eq. (18.11) implies that 

Po = tooPc, (18.47) 

and therefore 

p v < po = 10 4 h 2 O eV/ cm 3 . (18.48) 
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We can use h « 0.7 and Q m tm 0.25 as indicated from Table 18.1. Alter- 
natively, we can use the bound on the product appearing in Eq. (18.48) 
as given by the WMAP collaboration [5]: 

h 2 Q m = 0.135±g:ggg . (18.49) 

Using the highest value allowed by the errors at the la level, we can 
rewrite Eq. (18.48) as 

p v <2.1keV/cm 3 . (18.50) 

For what follows, we will however keep using the bound in the form 
given in Eq. (18.48). 

18.4.1 Bound on the degeneracy of massless neutrinos 

Let the neutrinos have a chemical potential fi. Consider, for simplicity, 
the temperature of the neutrino gas to be zero. In this case, the Fermi 
distribution function is unity for all energies less than or equal to fi, and 
zero for higher energies. The energy density of the neutrinos is then 
given by 

^ = / 7^3 M = *V 18 - 51 

J\ p \=o (27r) d 87r 2 

Using Eq. (18.48), then, we obtain [2] 

H < (fc 2 ft ) 1/4 8.8 x HT 3 eV < 6.0 x 10 -3 eV . (18.52) 

18.4.2 Bound on light neutrino masses 

One can also use Eq. (18.48) to put an upper limit on the masses of the 
light stable neutrinos [11], assuming that they are non-degenerate. To 
derive this limit, we have to find out the number density of neutrinos 
in the present universe. This depends on whether the neutrinos were 
relativistic or non-relativistic at the time of decoupling. For now, let us 
assume the former possibility, which implies m u «C 1 MeV. Then, at the 
time of decoupling t ~ 1 s, 

n u {T D ) = -n y (T D ), (18.53) 
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where the factor | appears due to the different statistics followed by 
neutrinos and photons, as shown in Eq. (18.24). 

The ratio of neutrino density to photon density remained constant 
since that time until T < ^ MeV when e + e~ annihilation to photons 
increased the photon temperature. To see how much this increase in 
temperature was, we recall that before and after the e + e~ annihilation, 
the entropy remained the same. Entropy density of a relativistic gas 
with zero chemical potential is given by 

s= P±P = 4p = 2^ 3 (lg54) 

T 3 T 45 y V ] 

But before e + e~ annihilation, g+ = 2 + 2 x (7/4) = 11/2 coming from 7, 
e~ and e + whereas afterwards the contribution is just from the photons, 
so g+ — 2. Entropy conservation therefore implies 

5 *<T 3 = p*>T 3 , (18.55) 

which gives 

T> = (11/4)V 3 T<. (18.56) 

The T„ however remained same as before. Therefore, in the present 
universe, 

T 7 ° = (ll/4)^7; . (18.57) 

Using T° = 2.7 K, we get T° = 1.9 K. Using Eq. (18.24), we then get 
the present number density of a Dirac neutrino to be 

n v = j(C(3)/tt 2 ) x 2 x (1.9 K) 3 = 109/ cm 3 , (18.58) 

using IK = 4.3 cm -1 . Since the neutrino energy density p v = m u n v 
must be less than pq, we obtain [11] 

m v < 92/i 2 ft eV < 19 eV, (18.59) 

using Eqs. (18.48) and (18.49). This is a very stringent constraint indeed. 
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Figure 18.2: Upper limit on cosmological neutrino asymmetry as a function 
of neutrino mass. The bounds are drawn with h 2 fl m < 0.21 as inspired by Eq. 
(18.49). Starting from the bottom one, the three lines correspond to Cl v being \, 
| and the entire portion of Q m . 



18.4.3 Bound on degenerate light neutrinos 

The two cases discussed so far can be treated as special cases of bounds 
on a light neutrino whose number in the universe is not necessarily equal 
to the number of its antineutrinos. This general case, where the mass 
of the neutrino and its net lepton number in the universe are both non- 
zero, cannot be treated analytically. Numerical solutions, however, are 
easy to obtain, and has been obtained by different authors [12]. 

The formulation of the problem is simple. The energy density of 
neutrinos and antineutrinos is given by 

Pv + ** = 2^ C dp P 2 Jp 2+m2 [f(P) + /(P)] > ( 18 ' 6 °) 

where f(p) and f(p) denote the distribution function of neutrinos and 
antineutrinos respectively. At early enough times, these particles were 
in equilibrium, so the distribution functions are the usual Fermi-Dirac 
type, i.e., 



f(p) = 



exp 



( v p+ T m " ) + l 



(18.61) 



whereas f(p) can be obtained by changing the sign of the chemical po- 
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tential. This distribution could be used until the neutrinos decoupled, 
when the temperature was To and the chemical potential /i#. Since 
then, the distribution did not adjust itself at all due to collisions. Only 
the momenta suffered cosmological red-shift from then upto the present 
time. In this period of time, all momenta have decreased by a factor 



r = a D /oo, (18.62) 

where CLd was the value of the cosmic scale factor at the time of decou- 
pling. Thus the present distribution will be given by fo(p) = Jd{p/t), 
where fo is the distribution function at the decoupling time. Making a 
simple change of variables, it can be written as 

{Pu -r- Pu) Q = ^ f™ dpp 2 Jr*p 2 + m2[f D (p) + f D (p)} . (18.63) 

Similarly, the difference in number densities of neutrinos and antineu- 
trinos in the present era is given by 

(n„ - n F ) Q = ^ j™ dp p 2 [f D (p) - f D (p)] . (18.64) 

Starting with given values of m and /^d, one can now calculate To, and 
hence the number density asymmetry and the energy density. Putting 
the constraints on the energy density as in Eq. (18.48), one can find out 
which combinations of mass and asymmetry is allowed by the energy 
density constraint of the universe. These results were obtained [12] for 
various contribution of neutrinos to the energy density of the universe. 
Here, we redraw the graphs in Fig. 18.2, using the recent upper limit of 
h 2 Q m from Eq. (18.49). Surely enough, the left end of this plot shows the 
bound on the degeneracy of massless neutrinos derived in Eq. (18.52), 
whereas the right end shows the bound on the mass of non-degenerate 
neutrinos derived in Eq. (18.59). 

18.4.4 Bound on heavy stable neutrino masses 

If neutrino masses are much bigger than 1 MeV, the neutrinos become 
non-relativistic while in equilibrium. Therefore, their number density 
falls exponentially with temperature as exp(-ra/T). In such a case, 
when they decouple, their number density is already so small that their 
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contribution to mass density need not exceed the total allowable density 
[13]. The reduction in the number density of heavy neutrinos occurs via 
its annihilation to // where / is a lighter fermion. Let us parameterize 
the matrix element of the effective four-Fermion interaction as 



J&ff = 



4G F \_ { a-brtz \ 1 f_ y ( Cf + C'fT* \ 

7T r™ v — 2 — ; uh \ • r 7 1 — 2 — ) v r 



, (18.65) 



where the subscripts H and / denote spinors for the heavy neutrinos 
and for the fermions /. The annihilation cross-section can then be easily 
calculated to give 






(a 2 + 6 2 )(C 2 + C' f 2 ){l + i(l - 7" 2 )(1 - z})} 



+(a 2 + 6 2 )(C 2 -C} 2 ), 2 (l-i 7 - 2 ) 
+(a 2 -6 2 )(C / 2 + C} 2 ) 7 - 2 (l-iz 2 ) 



2 



'2\ -2_2 



+(a z -b z )(Cf-C'/)i- 2 zf 



(18.66) 



where E is the energy of the incoming neutrinos in the center of mass 
frame, zj = rrif/E and 7 = E/m v . In SU(2)l x ^(l)y model, we 
can put a = 1, b = 1 for a Dirac neutrino, and Cj and C* are given by 
Hl ~~ %Q sm2 6\v and ^3^ respectively. For Majorana neutrinos described 
in the models of Ch. 7, the matrix element of the vector current vanishes, 
i.e., a = 0. The matrix element of the axial current can be evaluated 
in the way shown in §12.4, and the result is b = 2. If vh participates 
in interactions beyond the SU(2)l x U(1)y model, C and C may have 
new contributions. 

To calculate the neutrino decoupling temperature, we must solve the 
following equation for the number density n v : 



-JL = -3-n„ - (a ann v) (n 2 - n 2 ) . (18.67) 



On the right hand side, the first term denotes change of the number 
density due to the overall expansion of the universe and the second term 
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due to annihilation. We now define new dimensionless variables which 
are convenient for the problem at hand: 

x = mJT , y = — , (18.68) 

s 

where s = (47r 2 /45)T 3 is the photon entropy density. Using Eq. (18.28), 
we can write 

where #(T) is the Hubble parameter at the era when the temperature 
is T, as given in Eq. (18.32). With these variables, we can rewrite Eq. 
(18.67) as 

dy S (cr ann ?;) 2 2 x 

iV -J/eq) 



da: xH{T) 

_ Veq J- ann 

~ V if (T) 




-1 



(18.70) 



where in the last step we have introduced T ann = n eq (cr ann v). 

From this equation, it is easily seen that if the condition T ann -C 
H(T) is satisfied, y cannot change noticeably. We have assumed that 
we are talking of heavy neutrinos which decouple when they are non- 
relativistic. Using Eq. (18.66) for a Dirac neutrino and neglecting the 
masses of the product particle, we obtain a ann v « G 2 F ml/2iv for each 
channel of annihilation. We thus write N a . nn G%ml/2'K for the total an- 
nihilation cross section, where AT ann is the number of channels open for 
annihilation, whose value will be specified later. As for n eq , we can use 
Eq. (18.25) with g = 2, assuming p = 0. Then, 

j0r = 1.2 x 10- 2 9 ; 1/2 N^GJrmlM^ e~ x , (18.71) 

which shows that it vanishes as x becomes large, so that y does not 
change. Physically, it means that the neutrinos become so rare that 
after a while, they cannot find each other, so that annihilation effectively 
stops. We can thus say that the neutrinos decouple when r ann /il ~ 1. 
From Eq. (18.71), we thus see that X£>, the value of x at decoupling, will 
be the solution of the equation 

72 



h-' D = ^-{^F<M^)'\ (18.72) 



ann 
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or 



x D - - In x D = In 



N : 



ann >-»2 _3 



L82^ 2 



^GJ-mJAfpi 



(18.73) 



To obtain a rough analytic solution to this equation, we can neglect the 
log term on the left side to a first approximation, since xp is large by 
our assumption. This gives a zeroth order solution 



xf = In 



N, 



ann n i 3 



82</. 



^G z F mlM m 



(18.74) 



Putting this back into Eq. (18.73), we can obtain a better estimate: 



xd ~ In 



N t 



ann n 2 3 



L82<7 



YT-Gpm^Mpi 



+ -lnl„ 



iV, 



ann x-,2 „3 



m 9 



y-G^m^Mpi 



(18.75) 



Above a few hundred MeV, we should take the quark-gluon degrees 
of freedom into account to estimate g+. Thus we get, for m s <Td < m T , 



9* = 9y + 8g 9 

7 

+ g X fei/e + 9v„ + 9v T + 9e + g» + 3[# u + fif d + 9a\) 

= 59.75, 



(18.76) 



where we have put g v — 2 for each species of neutrinos, and g = 4 for 
all charged fermions, and the factor of 3 in front of the quarks denote 
the color degeneracy. Also, iV an n ~ 10 for the range of temperature we 
are looking at. Putting these values, we obtain 



In 



N, 



ann n 2 _3 



820*' 



£-GJ.mJMpi 



L /2 



= 17 + 31n 



lGeV; 



(18.77) 



And then the second term on the right side of Eq. (18.75) can be written 
as 



5-M i+ Hi£v)}] 

= 1.4 + 0.0 9 lnfe), 



(18.78) 
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where in the last step we have assumed that m v ^> 1 GeV, so that 
31n(mi / /lGeV) <C 17. Putting these numerical estimates back in Eq. 
(18.75), we thus obtain 

x D « 18.4 + 3.09 ln(m„/l GeV). (18.79) 

This implies for instance that, a 2 GeV neutrino will decouple roughly 
at 93MeV. 

By definition, the value of y does not change after the decoupling 
time, so the density goes down only due to volume expansion, leading 
to the present density 

MTo) = n v (T D ) x (|M . (18.80) 

Using Eq. (18.25), we thus obtain 

n " (To) = ^j% x ° e ~ XDT ° 



(ifxy cm -3, (18 . 81) 



using Eq. (18.72). The contribution of these relic neutrinos to the density 
parameter Qq is then easily calculated, using the value of the critical 
density from Eq. (18.45): 

which gives, using Eq. (18.81) and inserting the solution for xd from 
Eq. (18.79), 



h 2 Q v (T Q ) = 14.7 



m v \\ ZlGeVN 



2 



1+016i nrG5vJJl^r; • (M - M) 



Using Eqs. (18.48) and (18.49) now, we get m„ > 10 GeV. We have 
presented a rather rough derivation of the lower bound to illustrate 
the physics. A more careful evaluation gives m v > 2 GeV for Dirac 
neutrinos [13], where h 2 Cto < 1 was assumed for the calculations. This 
is known as the Lee- Weinberg bound. If, inspired by Eq. (18.49), we use 
h 2 Cl m < 0.21, the calculated lower bound of neutrinos will go up. 
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For Majorana neutrinos, looking back at Eq. (18.66), we find that 
for zf = 0, the cross section is proportional to the square of the velocity 
of the incoming neutrinos. Since the neutrinos are non-relativist ic, this 
means that the cross-sections are much smaller. As a result, the anni- 
hilation process is less efficient, and one needs to go to higher values of 
mass in order to obtain acceptable energy density. Detailed calculations 
show that m u > 6GeV for Majorana neutrinos [14]. Prom this, we see 
that for stable neutrinos, the cosmologically forbidden mass range is 

92h 2 Q eV < m v < , % GeV . (18.84) 

\/h 2 Qo 



□ Exercise 18.4 U se the thermal average velocity of a non-relativistic 
particle, y/ST/irm, to estimate the annihilation cross-section for a Ma- 
jorana neutrino, assuming Zf — 0. Using this, follow the steps given in 
the text to estimate the energy density of relic Majorana neutrinos in 
the present universe and hence find the minimum allowed mass for such 
a neutrino. 



18.5 Constraints on heavy unstable neutrinos 

So far, we have been discussing stable neutrinos. However, in most 
gauge models for massive neutrinos, we expect the heavier neutrinos 
to be unstable. It is therefore important to derive constraints on the 
masses of the unstable heavy neutrinos. Obviously this will depend 
on the lifetime of the neutrino. For example, if an unstable neutrino 
has a lifetime bigger than 10 17 s (the present age of the universe), for 
our purposes it is stable and the mass bounds derived in the previous 
section will apply. On the other hand, if a neutrino has a lifetime less 
than the age of the universe the shorter its lifetime, the heavier it can 
be for the following reason. When a neutrino decays, its decay products 
(typically, lighter neutrinos, photon or Majoron) are all relativistic and 
will therefore undergo red-shift as the universe expands. If they are red- 
shifted so much that their energy is small enough to contribute less than 
the critical energy density at present, those masses of heavy neutrinos 
are acceptable. But whether their energy red-shifts enough depends 
both on the mass of the parent heavy neutrino [vh] and the time of its 
decay. Thus, in this case, we will get a correlated bound between m UH 
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Figure 18.3: Bounds on the lifetimes of unstable neutrinos from the energy 
density of the universe. 



and t Vh . Further ramifications to this bound arise from considerations 
of what the decay products do to the universe. 

To get this bound [15], we first consider the case m VH < lMeV. 
Thus, the vr are relativistic when they decouple around t ~ 1 s. Their 
number density for later times is given by Eq. (18.80). 

To obtain a simple estimate [16], we assume that all the neutrinos 
decay at the era t ~ r, where r is the lifetime. The decay products share 
the total energy m VjI at the time of decay. Since the decay products are 
in general much lighter, they are relativistic. Their energy makes the 
universe radiation dominated. In Eq. (18.20), we saw that in an RD 
universe, the scale parameter varies as the square root of time. There- 
fore, the energy of the decay products red-shift according to (r/to) ^ . 
The contribution to the present energy density from i/#-decay can be 
written as: 



n UH {To) - m UH ( — J . 



(18.85) 



Using the number density from Eq. (18.58), we thus obtain 



m 



"H 



©** 



92h 2 n eV 



(18.86) 
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This bound was used in §8.2.2 to put constraints on the left-right sym- 
metric model. 

A similar treatment leads to the following bounds for neutrinos heav- 
ier than an MeV [17]: 



m 



1 i — I < 0.5/i 2 Dirac 

< 0.05/i 2 Majorana. (18.87) 



0V H 



V m VH J \toJ 

These limits are shown in Fig. 18.3. These limits, as discussed, come 
from energy density arguments and are valid irrespective of the nature 
of the decay products. If it happens that the final state contains a 
photon or charged leptons, stronger bounds may apply, as discussed in 
§18.6. But such particles in the final state do not necessarily arise since 
neutrinos can decay to invisible particles. 

Two types of invisible decays have been implied by particle physics 
models: i) v H — y Zv [18] and ii) vh — » v e + J [19], where J is the 
Majoron. However, since these decay modes generally tend to fill the 
universe with relativistic particles, they may interfere with some mecha- 
nisms for galaxy formation. The reason for this is that galaxy formation 
requires gravitational density fluctuations to grow. The presence of free 
streaming relativistic particles will generally impede this process. This 
would imply that even the lifetimes for invisible decays must be short 
enough so that the relativistic final states have enough time to degrade 
their energy through red-shifting. These kind of bounds, however, do 
not apply, when the galaxy formation is triggered by superconductive 
strings. In the later case, the masses and lifetimes are subject only to 
the general mass density bounds. 



18.6 Limits for radiative neutrino decays 

If one of the decay products of neutrino decay is an easily detectable 
particle such as e^ or photon, there exists other constraints on the mass 
and lifetime [20]. There exist a large variety of measurements of the 
photon background from A ~ 10 3 m (radio waves) to A ~ 10~ 24 m (x- 
rays), as shown in Fig. 18.4. These can be used for the purpose of getting 
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detailed limits [21]. The limits arise only if the neutrinos matter dom- 
inate and vary depending on the various ranges of lifetimes. For light 
neutrinos, the conditions for matter dominance is T/m UH < 0.1 and for 
heavy neutrinos, it is Tjm VH < 6 x 10 -8 (m„ H /lGeV) 3 . 

• r>3xl0 17 s 

If the lifetime of a heavy neutrino is bigger than the age of the universe, 
then its decay is continuously contributing to the photon background 
and roughly speaking, the differential photon flux will be given by 

_ n v tQ 10 29 s _ 2 i i /,«„«v 

F 7 ~ -^ ~ cm 2 s _1 sr _1 . (18.88) 

47TT r ' 



Observations indicate that, for photons of energy E. 



7> 



„ . lMeV oil , 

F 7 < — =— cm" 2 s _1 sr" 1 . (18.89) 

hi™ 

We expect E 1 ~ m v j2. This gives 

r>(^)-10 23 s, (18.90) 

using the number density of neutrinos from Eq. (18.58). 

D Exercise 18.5 Show that, if the decay time r for X -> Y + 7 is much 
larger than to, the differential flux of photons from the cosmological 
decay of X per unit solid angle in the sky is given by 



dFy cno 

dE 4ttt 



^ dy y 6(yE - fy) • (-^j , (18.91) 



where no is the present number density of the X particles, E y is the 
energy of the photon in the rest frame of the decaying X, and y — 1 + z, 
z being the cosmological red-shift. For the path of light in a matter- 
dominated universe, show that 

at ! (i-n + n yr 1/2 , (18.92) 



so that 



dy Hoy' 



dF y cn / n E^\~ l/2 

'1-fio + ^o-F 1 • ( 18 - 93 ) 
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Figure 18.4: The regions marked A, B, C and D are not allowed if the decay 
products contain photons. The region marked E is ruled out by the mass density 
of the universe, as shown in Fig. 18.3. (Adapted from Ref. [17]) 



For neutrinos in the GeV range, we have to use Eq. (18.81) for n v . 
This gives the theoretical expectation of 



10 23 cm -2 s _1 sr _1 

7 ~ (m^/lGeVyV/ls) 

Using Eq. (18.89) once again, we derive 



T> 



5 x 10 25 s 



(18.94) 



(18.95) 



(m^/lGeV) 2 ' 
As lifetimes becomes shorter, other constraints apply. 

• 2 x 10 12 s <r < 3 x 10 17 s 

The lower limit here corresponds to recombination time, after which 
matter becomes transparent to radiation. So, any photon from neutrino 
decay would survive. If m v < T, the decay products will contribute 
an energy density which is less than the existing radiation energy den- 
sity and will escape detection. If however, m v > T, these photons are 
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detectable. No evidence exists for any such additional energy density. 
Therefore, if m„ < T at the time of decay, this range of lifetimes is 
forbidden. 



10 6 s < r < t 



rec 



Here the lower limit corresponds to the thermalization time which means 
that if energetic photons appear before this time, they scatter and reseat - 
ter against electrons and thermalize. On the other hand, if the neutrinos 
decay after this time with m v > T, it is likely to cause a distortion of 
the cosmic blackbody spectrum. 

• 3 min < r < 10 6 s 

Here the lower limit corresponds to the time when nucleosynthesis ends. 
The point here is that if neutrinos matter dominate the universe be- 
fore 10 6 s and decay before they dump extra photons into the universe 
thereby reducing 77 = ns/ny from its value at nucleosynthesis. But 
the value required for successful completion of nucleosynthesis is be- 
tween (2 to 6) xlO -10 . The presently inferred value of 77 is also about 
10~ 9 to 10~ 10 . Therefore, dumping of such extra photons would not be 
acceptable ruling out this range of lifetimes for a neutrino that matter 
dominates in this regime. 

• 1 s < r < 3 min 

This range of lifetimes corresponds to the duration of nucleosynthesis. If 
neutrinos matter dominate the universe during this phase, in Eq. (18.30) 
describing the equilibrium condition, we will have new contributions in 
the right-hand side leading to higher than desired neutrino decoupling 
temperature Tp and thus, higher value of the Helium abundance pa- 
rameter Y. Therefore [22], for m v ~ 1 to lOMeV (required to matter 
dominate), r < 1 s. There are also constraints from photo-fusion of deu- 
terium by photons produced in radiative neutrino decays if m„ is in the 
MeV range [20]. 

On the whole, we see that severe constraints must be satisfied by 
mass and lifetimes of unstable neutrinos, if the final state involves a 
photon or e + e~. 
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18.7 Limits on neutrino properties from nucle- 
osynthesis 

In §18.3, we saw that the most recent analysis of nucleosynthesis implies 
that numbers of extra neutrino species beyond the three known (i.e. v e , 
i/fj, and i/ T ) is less than 0.4. This result has important implications for 
the properties of neutrinos beyond the standard model, as we discuss 
now. It must however be pointed out that, these bounds are sensitively 
dependent on AN„ < 0.4. For instance, if the upper bound is 0.8, all 
the bounds disappear. 

18.7.1 Limit on interaction of right-handed neutrinos 

As a paradigm, we discuss the limit on the strengths of possible new 
interactions of the right-handed neutrino. We will focus on the neutral 
current interactions of vr mediated by a heavy Z-boson such as the one 
present in the left-right symmetric model and charged Higgs interactions 
discussed in connection with the magnetic moment of the neutrino. 

The general argument goes as follows. If the new interaction is strong 
enough that the scattering of vr with electrons, protons or neutrons can 
keep the vr in equilibrium at t = 1 s, then the Vr will contribute to the 
energy density of the universe like an extra species of neutrino implying 
AN y = 1 in disagreement with nucleosynthesis data. On the other hand, 
if the vr decouples at a higher temperature Tr > lMeV, then after 
decoupling, the z/r's undergo free expansion. The density relative to 
photon density, p VR j ' p 1 remains unchanged with cosmological evolution 
unless the temperature Tr so high that it exceeds the muon mass. In the 
later case, jj, + yT annihilation will increase photon temperature while Tr 
remains same. The effect of vr on the cosmological expansion is then 
reduced by a factor [#*(T„) / '<7*(T#)]% where <7*(T„) are the number of 
degrees of freedom of particles contributing to energy density at the 
neutrino decoupling temperature T v whereas g^Tji) denotes the same 
quantity at Tr. 

The nucleosynthesis constraint then implies that 

~\ <0.4, (18.96) 

which gives g+{T R ) > 21.5. From Table 18.3, we thus infer T R > 
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Table 18.3: Effective number of spin degrees of freedom for different tempera- 
tures. 



Temperature 
range 


Contributing particles 


9-k 


Gauge bosons 


Fermions 


Scalars 


1 MeV <T Km^ 


7 


^e, *V> u t, e 




43/4 


my < T < m n 


7 


above and /z 




57/4 


m* < T < Tqcd 


7 


above 


7T ± , 7T° 


69/4 


Tqcd<T < lGeV 


7, 8 gluons 


above, u, d, s 




261/4 



200 to 400 MeV, above the deconfinement temperature in QCD. 

To infer the interaction strength from this, we denote the cross sec- 
tion of the fastest process involving vr and any other fermion by a and 
demand that the interaction rate is comparable to the expansion rate 
given in Eq. (18.32). Let us apply this discussion to the left-right model 
assuming m UR < 1 MeV. Using Eq. (8.24) for the vr-b neutral current 
coupling via the Z 1 exchange, we obtain 



* - h^ 2 * 2 



(18.97) 



where e 

(anv) ~ 



(Mz/Mz>) 2 . Using (E 2 } ~ 9T 2 for a thermalized gas, we get 
2 ji> 



G 2 F € 2 T 5 . This leads to 



Tr 



9t 



iy 3 



e 2 G 2 F M Pl 



(18.98) 



Imposing T R > 200 MeV then gives Mz> > 36M^. One can obtain simi- 
lar bounds for Higgs mediated interactions as well. If all three neutrinos 
are of Dirac type and m Vr < lMeV, then we get ^*(Tr) > 50, which 
still implies Tr > 200 MeV as before. So, no new constraint emerges for 
this case. 



18.7.2 Neutrino mass 

The gauge interactions distinguish between the left and the right chiral- 
ities of the neutrino, vl and vr. If neutrinos have mass, these are not 
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the same as the helicity eigenstates v- and u + : 

v-ttv L + —v R , v + ttv R - —v L . (18.99) 

Thus, if the mass is large enough, even the v+ can thermalize owing to 
the small admixture of vl in it [23] . This can violate the bound of Eq. 
(18.96). The cross sections of reactions with only one v R in the initial 
or final states is now given by 

a ~ (m/E) 2 G 2 F E 2 = G 2 F m 2 . (18.100) 

So, in place of Eq. (18.33), we now obtain 

G 2 F mlTl « ^*(T+) x T H M P » ( 18 - 101 ) 

Using 0*(T+) > 21.5 and T + > 200 MeV as before, we get 

m„ < 160 keV. (18.102) 

This bound is useless for the electron neutrino because the direct exper- 
imental bounds are many orders of magnitude smaller. In the light of 
the mass bound given in Eq. (18.59), this might seem irrelevant for v^ 
and v T as well. But this is not so, because here we have not assumed the 
neutrinos to be surviving to the present era. They need to be present 
only at the time of nucleosynthesis. 

More detailed calculations, taking all different modes of scattering 
into account, produces [24] the upper limits of 480 keV for v^ and 740 keV 
for v T . 

18.7.3 Neutrino magnetic moment 

The magnetic moment interaction changes chirality. Thus, a magnetic 
moment is bounded for the same reason the mass is [25]. The magnetic 
moment interaction implies a neutrino effective coupling with the pho- 
ton. Through this, it can interact with the electron. The cross-section 
of vie «-> i/Re mediated by a photon is given by 

a ^ a 2 fit. (18.103) 

Using this in place of Eq. (18.100) and following the same steps, we now 
obtain 

\l v < 8 x lO -11 ^ , (18.104) 

where fiB is the Bohr magneton. 
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18.8 Neutrinos and dark matter in the universe 

Earlier in this chapter, we mentioned that the total energy density of 
the universe, p, has an upper bound of p c from various considerations. 
Inflationary models predict that p should in fact equal p c . Luminous 
baryonic matter in stars account for j^p c at most. Thus, if one believes 
the inflationary models, an immediate conclusion is that 90% or more 
energy of the universe is in the form of non-luminous or dark matter. 
Even without the inflationary models, there are various indications of 
dark matter [26] in the universe, as we briefly discuss in this section. 

If the neutrinos are massless, their energy density is comparable to 
that of the photons and hence negligible compared to baryons. If they 
are massive and stable (or r ^§> to if unstable), we showed in §18.4 that 
considerations of the total energy density of the universe constrain their 
masses to be less than 92/i 2 f2 eV or greater than about 2GeV. If the 
masses are close to these extreme values, neutrino mass can be the dom- 
inant source of energy density of the universe. The possibility of the 
existence of a neutrino barely heavier than 2 GeV has been ruled out by 
measurements of the decay width of the Z boson. In this section, we con- 
sider the implications of the other possibility, i.e., of m u ~ 92h 2 QoeV, 
on the dark matter problem. 

18.8.1 Galactic halos and neutrinos 

A galaxy is composed of stars moving under the spell of mutual attrac- 
tion. If one plots the speed of these stars against the distance of the 
stars from the galactic center, the resulting plot is called the rotation 
curve of the galaxy. In Fig. 18.5, we show some such rotation curves for 
various types of galaxies. 

Galaxies have a central bright region which extend typically upto a 
distance of 10 kpc from the center. Almost all the mass of a galaxy is 
concentrated in this region. Beyond that, there are a few stars, upto 
a distance of several tens of kpc, which are still gravitationally bound 
to the galaxy. The outer parts of the rotation curves are obtained by 
observations on these lone stars and the diffused Hydrogen gas in these 
parts. However, the curves show that the velocities are roughly constant 
for stars as far as 40 kpc for some galaxies. This presents a puzzle for 
the reason described below. 



390 Chapter 18. Neutrino cosmology 



200 



150 



Radius (kpc) 

5 10 



1 ? r t 

A 1 1 1 ' It 



UGC 12496 

Pegasus 



10 20 30 40 50 

Radius (Arcsec) 



Radius (kpc) 
5 10 15 




10 20 30 40 50 60 
Radius (Arcsec) 



400 



300 



m 200 



§ 100 
5 

rr 



Radius (kpc) 
5 10 15 20 25 



Ir 


o 


If 


+ 


n 


p 

NGC2 
CBnc 


595 

er 





20 40 60 80 

Radius (Arcsec) 



Radius (kpc) 
5 10 15 20 25 

300 !■■ 




10 20 30 40 50 

Radius (Arcsec) 



Figure 18.5: Rotation curves of various galaxies. (Courtesy R. D. Prabhu.) 
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Consider, for example, a particle of mass m, rotating in a spherically 
symmetric mass distribution with an orbit of radius r. It speed v is 
given by 

G N M(r)m = m^ 
r 2 r 

where M(r) is the total mass within a sphere of radius r. Thus 

v* = GnM( - t) . (18.106) 

r 

If luminous matter constitutes all matter in a galaxy, M(r) hardly 
increases for r > lOkpc. Thus, from Eq. (18.106), we would expect v to 
go down as r / 2 . On the contrary, the rotation curves indicate an almost 
constant v, implying M(r) oc r. In other words, there is indication that 
galactic matter extends to radii several times larger than the radius of 
luminous matter. It is not known what constitutes this dark halo of 
galaxies. 

A measure of this halo could be obtained from the mass to light ratio 
M/L, where M is the mass determined from the rotation curves using 
Eq. (18.106) and L is the absolute luminosity. For typical galaxies, one 
obtains 

(Af/£)gai ~ l0h(M/L) Q , (18.107) 

where the subscript stands as usual for the sun, and h parameterizes 
the expansion rate of the universe through Eq. (18.18). The halo be- 
comes more prominent if one considers bound objects larger than galax- 
ies. For example, in small groups of galaxies, one typically obtains 

(M/L) smallgroup ~ 100/i(M/L) o . (18.108) 

This means that bulk of the matter is dark. 

We know that a particle can be bound by the gravitational pull of 
a body of mass M and radius R if its velocity is less than the escape 
velocity 

«a S c = J^. (18.109) 
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For typical galaxies with M ~ 10 11 M© and R ~ lOkpc, we get v esc ~ 
10 -3 . If neutrinos have mass, they become non-relativistic at some era 
of cosmological evolution and can be bound to the galaxies, thereby 
providing the non-luminous halo. 

For this to happen, there is a strong bound to be satisfied [27]. It 
comes from the fact that the neutrinos are fermions, and therefore there 
cannot be more than one neutrino in unit volume of phase space. Since 
the maximum velocity is v esc , the maximum momentum is is m v v esc for 
a neutrino of mass m v . Within a sphere of radius R ) the phase space 
volume is thus given by 

4ir 4-7T 

— R^—( mt>Vesc f, (18.110) 

which also gives the maximum number of neutrinos in this volume. The 
total mass of these neutrinos is then bounded by 

M< (^pj m$(2G N MRf 2 , (18.111) 

using the expression for the escape velocity. Thus 

m u > (G 3 n R 3 m) % . (18.112) 

As we saw earlier, non-luminous matter constitutes bulk of the mass. 
Hence, a good approximation for M in this equation could be the total 
mass of the galaxy, which is typically or order 10 11 M o . Using R ~ 
lOkpc, we obtain 

m^lOeV. (18.113) 

While the above comments are true for typical galaxies, some prob- 
lems arise [28] if one considers a special class of galaxies which are smaller 
(R ~ 0.1 kpc) and lighter (M ~ 10 7 M o ). For these dwarf galaxies, Eq. 
(18.112) gives m,, > 500 eV. The present neutrino data thus precludes 
any of the active neutrinos forming the galactic halo dark matter. How- 
ever, one could have sterile neutrinos with keV range mass play this 
role [29]. 
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18.8.2 Galaxy formation and neutrinos 

In the big bang model, the universe is assumed to be homogeneous and 
isotropic. Observations of the microwave background indicate that this 
is probably true at large scale. However, the assumption of homogeneity 
is certainly not true at smaller scales where we see stars and galaxies or 
clusters of galaxies, with vast empty space in between. One can then 
ask how these various structures were formed if the early universe was 
a homogeneous soup of particles. 

The standard approach to attack this problem is as follows. One 
assumes that the early universe had small density fluctuations at all 
scales. The origin of these fluctuations are undefined in the standard 
big bang model, but can be explained in inflationary models. Once the 
fluctuations are there, they might either grow or die, depending on the 
size of the fluctuation and the dynamics of the universe. If they happen 
to grow, we get some structures in the universe. 

Let us see the implications of such analysis on a baryon dominated 
universe. For T > leV, atoms cannot form, as indicated in Table 18.2. 
In that era, protons and electrons are in thermal equilibrium with pho- 
tons, and their interaction hinders growth of fluctuations at galactic 
scales. At the era when atoms form (called the recombination era), 
the density fluctuation of the photons must be related to that of the 
baryons. Observations of the microwave background radiation indicates 
(dp/p)^ < 10 -4 . Starting from this value at the recombination era, 
the baryonic perturbation can grow. However, the universe is matter 
dominated in this era, and perturbations grow as the scale factor CL in 
a matter dominated universe. Since z ~ 10 3 at the recombination era, 
starting from the value of order 10" 4 at that era, the density perturba- 
tion can grow only upto ~ 10 -1 . However, since the intergalactic space 
is nearly empty, Sp/p ~ 1 in the present universe. This discrepancy 
clearly indicates that non-baryonic matter plays a very important role 
in the dynamical evolution of the universe. 

If massive neutrinos dominate the energy density of the Universe as 
can be the case if there are sterile neutrinos with masses in the keV 
range and very small coupling to the active neutrinos, the scenario of 
structure formation is quite different. As long as the neutrinos are rel- 
ativists, no fluctuations can grow [30]. They can free-stream and wash 
out perturbations at all scales within the horizon (which has a radius t 
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at time t). This free-streaming stops at the era T ~ m v when the neu- 
trinos become non-relativistic. In order to survive the free-streaming, a 
fluctuation in neutrino density must be larger in linear dimension than 
d v , which is the horizon size at the era T ~ m v . Using Eq. (18.28), we 
see that d„ ~ Mpi/ml- Since the energy density at that era is of order 
T 4 , i.e. m 4 , the minimum mass that can survive freestreaming [30] is 
given by Mj ~ djra 4 , ~ M^/raJ. For m u in the range of tens of eV, 
this gives Mj ~ 10 16 M Q . This is the typical mass of a supercluster of 
galaxies. Thus, superclusters would be the first structures to form in a 
neutrino dominated universe. 

Galaxies typically have masses of order lO n M0. They can form 
subsequently, when the supercluster size structures evolve to develop 
gravitational instabilities [31]. Numerical simulations, however, indicate 
that it takes a large time for these instabilities to grow, so that the 
galaxies can form only at time when [32] z < 2. However, various ways 
of measuring the ages of galaxies indicate that galaxies were formed at 
z > 3. Mainly because of this discrepancy, the possibility of a universe 
dominated by massive neutrinos is disfavored today. 

There are of course, some assumptions going into the last statement. 
One of them is that the contribution to the energy density of the uni- 
verse from any particles other than neutrinos is negligible. This may not 
be true. Neutrinos may be only one major component in a complicated 
distribution of energy density. The other assumption is that the domi- 
nant interaction of neutrinos is that mediated by the weak gauge bosons. 
This may not be true. There can be Higgs boson mediated interations 
between neutrinos which are stronger than the weak gauge interactions 
[33]. 

Structure formation can produce important bounds for unstable neu- 
trinos. The point is that, the decay products are in general much lighter 
than the parent particle, and so they are relativistic at the time the de- 
cay occurs. So they can make the universe RD. In the RD era, density 
fluctuations cannot grow, so structures cannot form easily, as discussed 
earlier. If the decay products have some mass m^ki this RD phase will 
end when their energies will red-shift to a value around m^k, ie., at a 
time £nr given by 

( r v \ 1/2 
m v [— — J ~m dk . (18.114) 
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After £nr, the universe is matter dominated (MD) again. In an MD 
era, the time-evolution of the scale factor is given in Eq. (18.21), which 
enables us to write 

1 + z NR = -5L = OV /3 . (18.115) 

"NR \tNR/ 

Now require [35, 36] that t^R must have been sufficiently early, say 
earlier than some specific time t-*, so that structures can form between 
then and now. This means znr > z+. Then 

tNR * (TTZF72 • ( 18 - 116 ) 

or, using Eq. (18.114), 

To use it in a specific situation, consider the possibility of v T -» 3^, 
where these i/ M 's are stable. But in this case, it should be emphasized 
that the bound on the mass of v^ is much stronger than that given in Eq. 
(18.59). This is because the number density of the v^s in the present 
universe not only has a contribution from the primordial neutrinos, but 
also from the decay of v T . Since each v T contributes three i^'s, the total 
number density of v^ is 4 times the number given in Eq. (18.58). Thus, 
the mass of these neutrinos is bounded by [16] 

m dk <23h 2 Q Q eV. (18.118) 

As for z*, one can use a conservative estimate of z+ = 5 since quasars 
have been observed at such red-shifts. Then Eq. (18.117) simplifies to 

(t N 1 / 2 
m v\f) <6/i 2 fi eV< 1.2 eV, (18.119) 

using Eq. (18.49) at the last step. 

18.9 Leptogenesis and baryogenesis 

18.9.1 Connection between baryogenesis and neutrinos 

One of the outstanding problems of modern cosmology is understanding 
the origin of matter-antimatter asymmetry observed in nature. The 
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present universe seems to be by and large devoid of any primordial 
antimatter. All the observed antimatter in cosmic rays can be explained 
to arise as a result of collision of primary particles with the interstellar 
medium. 

The amount of baryons in the universe is constrained by Big Bang nu- 
cleosynthesis process described in §18.3 as well as by the recent WMAP 
observations of the cosmic microwave background angular power spec- 
trum. Denning the baryon to photon ratio as tjb = ns/rij, the value of 
tjb at the present epoch is given by WMAP data to be 

V% MB = (6.0i5;|) x 10_1 ° • (18.120) 

Since there are no antibaryons, tjb is the same as tjb — "Hb an d wu l De 
designated as the baryon asymmetry parameter. 

It was suggested by Sakharov in 1967 that starting with a baryon 
symmetric universe, microphysics may be able to generate baryon asym- 
metry provided three basic conditions are met: 

1. existence of baryon number violation; 

2. existence of CP violation; 

3. baryon number violating processes out of equilibrium. 

CP violation is of course known to exist in the domain of particle physics 
in order to explain the observed decay processes K\ — > 2ir and CP asym- 
metries in Bd — > J/ipKg etc. As far as baryon number non-conservation 
is concerned, there is no evidence for it. However, grand unified theories 
generally have baryon number violating interactions, which has been 
the main motivation behind searches for proton decay at various lab- 
oratories. The out of equilibrium condition for a physical process can 
be formulated as the inverse of the Eq. (18.30), i.e. when all scattering 
rates involving a particle or its decay rate are smaller than the expansion 
rate at an epoch of the Big Bang expansion of the universe, the particle 
is said to be decoupled. Only the decays of such particles can produce 
a net baryon number. 

When Sakharov originally proposed his mechanism in the late 1960's, 
baryon number was considered to be a conserved quantum number. Only 
in the late 1970's, serious theoretical discussion of baryogenesis started, 
after the introduction of grand unified theories such as SU(5) which 
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predicted baryon number violation, thereby providing a complete theo- 
retical framework for estimating of baryon asymmetry. 

The discussion so far would imply that there is no connection be- 
tween baryon asymmetry and neutrino physics. This is however not true. 
Starting in the early 1980's, a drastic change in thinking about baryo- 
genesis took place with the observation by 't Hooft that even though 
at the perturbative level, the standard model conserves both baryon 
and lepton number separately, there exist nonperturbative solutions of 
the the standard model called sphalerons that violate baryon number 
as well as lepton number but keep the combination B — L conserved. 
This is connected with the fact that at the one loop level, the currents 
corresponding to baryon and lepton number separately have anomalies 
but the combination B — L current is anomaly free. This mechanism 
for baryon number violating interactions would have been a disaster for 
standard model except for the fact that its strength goes like e _47r / a 2 ) 
which is a very tiny number. 

Shortly afterwards, Kuzmin, Rubakov and Shaposnikov [37] pointed 
out that even though at zero temperature (i.e. the present epoch), these 
baryon number violating interactions are negligible, they may play a 
very significant role in the early universe, where quantum fluctuations 
can enable states of one baryon number jump to another baryon num- 
ber more easily. This can happen above the temperature of the universe 
T > ^wk, where v w k is the symmetry breaking parameter of the stan- 
dard model. A further important property of the sphaleron interactions 
is that while they conserve B — L quantum number, they do violate 
B + L quantum number quite rapidly above the electro weak tempera- 
ture. This suggests that a theory does not necessarily have to violate 
baryon number to get baryon asymmetry but if there was some way to 
generate lepton asymmetry, one could use the sphalerons to generate 
baryon asymmetry. 

The first model of this type was proposed by Pukugita and Yanagida 
[38], in the context of see-saw models for neutrino masses. Recall that 
the see-saw mechanism for understanding small neutrino masses requires 
that the right handed neutrino must be a Majorana fermion and must 
have a high mass. The proposal is that in the very early universe, 
the Majorana right handed neutrinos will decay to the leptons of the 
standard model along with a Higgs boson. When the decay rate is slower 
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than the Hubble expansion rate, the back reaction will be suppressed 
and a lepton number will be created. In the absence of CP violation, an 
equal amount of anti-leptons will also be produced so that net lepton 
number of the universe ni — n-^ will vanish. However, in the presence 
of CP violation in leptonic interactions, the above process can generate 
an asymmetry between the number of leptons and antileptons, leading 
to a net lepton excess in the universe. The rapid sphaleron interactions 
which keep the B — L violating interactions in equilibrium will convert 
this lepton number into a baryon number, thereby explaining the origin 
of matter. 

This idea connects neutrino masses to the origin of matter and since 
neutrino mass is now a well established fact, this raises the hope that 
one may be on way to resolving one of the most fundamental mysteries 
of nature, i.e. origin of matter [39]. 

18.9.2 Details of the right handed neutrino decay mech- 
anism 

To present some of the salient features of the mechanism, let us consider 
the lepton sector of the standard model expanded by the inclusion of 
three right-handed neutrino, one per family (denoted by Nm). The 
most general Lagrangian involving the leptons and the Higgs boson of 
the standard model was discussed in §7.2. We repeat it here for the sake 
of convenience [40], in a little different notation that will suit the present 
purpose: 



■#Y= [£— ^L04R 



+ £ W«L#V&R + y EM a N? R C- 1 N aR ] 4- h.c. , (18.121) 

where a, 6 are generation indices, and xjj denotes the lepton doublet. We 
have chosen a basis for the right-handed neutrinos and the ipi so that the 
matrices for charged leptons and right handed neutrinos are diagonal. 
Allowing for the Yukawa couplings h^ to be complex parameters leads 
to CP violation. The right-handed neutrino mass is of Majorana type, 
which means there is lepton number violation in the model. Thus if we 
could guarantee that the model satisfies the out of equilibrium condition 
at a certain temperature of the universe, T*, then we would have satisfied 
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all the requirements of Sakharov to generate a lepton asymmetry. The 
first thing to check therefore is whether the out of equilibrium condition 
involving the right-handed neutrinos is satisfied. 

The above Lagrangian leads to two kinds of processes involving Nr 
that must be out of equilibrium. For simplicity let us assume that the 
right handed neutrino masses are hierarchical i.e. M\ <C M2 <C M3. In 
this basis, h is a general complex 3x3 matrix. We can diagonalize this 
matrix by a biunitary transformation. The seesaw formula in this basis 
looks like 

M v = -v 2 h J M- l h, (18.122) 

where v is the vacuum expectation value of the Higgs doublet </>. 

Typically, all three RH neutrinos will decay to charged leptons and 
the Higgs boson with a decay width 

Ta^ £IM 2 ' (18-123) 

8tt Y 

The out of equilibrium condition therefore becomes 

M 2 
T a < H(T) -y/9~*j^ (18-124) 



This implies that 



m. > ^ £ W • < m25 > 



A priori, we do not have any information on the couplings /i &. Even 
though see-saw formula relates them to the neutrino masses and mixings, 
the neutrino information is not sufficient for this purpose. For instance, 
if we ignore CP violation effects, then there are nine parameters in the 
matrix h and three additional ones in the form of M a ; on the other 
hand for neutrinos, there are only six observables (without CP violation) 
i.e. three masses and three mixing angles. We therefore need to make 
assumptions to get information on the matrix elements of h. 

If we assume the up quark Yukawa couplings as a guideline, then 
typically h a (, ~ ra Ua / v wk- I n this case, the out of equilibrium conditions 
require that M x > 10 7 GeV, M 2 > 10 12 GeV and M 3 > 10 16 GeV. This 
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kind of spectrum is quite reasonable from the point of view of neutrino 
masses (see Ch. 9). 

As far as scattering processes go, the rates for dominant processes 
such as N a + 1 -» tb temperature T <M{ are also typically of the form 
~ (hiht) 2 Mi/64n 3 and as temperature fall below M a , this expression 
needs to be multiplied by e~ Ma ^ T which brings these rates down very 
rapidly. 

Once these reactions rates fall below the Hubble expansion rate 
H(T), the conditions for leptogenesis are met. We will assume that this 
process starts around T ~ M\ where M\ is the lightest right-handed 
neutrino. We will assume that at earlier temperatures the right-handed 
neutrinos were in thermal equilibrium so that un — n 7 . At temperature 
T <~ Mi , the heavier RH neutrinos have practically disappeared through 
decay and annihilation. The decay of the lightest Nr then is responsible 
for producing the lepton asymmetry. 

To give the formula for lepton asymmetry, we define a decay asym- 
metry parameter ei as follows: 



= ryr^ffl-iw-: 



Here, £ and <j> stand for the lepton doublet and the Higgs doublet of 
the standard model. At super high temperatures, the Higgs vacuum 
expectation values vanish and therefore all members of the Higgs doublet 
of the standard model are physical particles. 

In order to get a contribution to the imaginary part, we need to in- 
clude one loop corrections since the tree level contributions are equal for 
the lepton and the anti-lepton mode. In terms of the Yukawa couplings 
hab given in Eq. (18.121), one has [39] 

^ = R ^gl-[(^)? 4 ]/(f), (18-127) 

where 



/(x) = v ^[(l + x)ln( r ^) 



+ y— ^1 . (18.128) 

1 — x\ 

In the case of hierarchical mass spectrum for the RH neutrinos, we have 

x ^> 1 in which case we get f(x) ~ —Zjlyfx, leading to 

-=-iMkr£ Im ^%]S- (m29) 
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So far we have only calculated the lepton asymmetry. The sphaleron 
interactions will convert this lepton asymmetry to baryon asymmetry. 
We will denote this factor by a. There are also dilution factors coming 
from two sources: one having to do with the fact that thermodynamic 
processes in the early universe could reduce the lepton asymmetry due to 
scattering and inverse decays, to be denoted by Ki . The second is from 
the fact that as heavier degrees of freedom disappear from the Universe, 
they increase the entropy, thereby reducing the ratio ns/n^. This is 
denoted by g Q /g*. Combining all these effects, we get for the baryon to 
photon ratio 

^ = ^ = ^E^ (18-130) 

n f 9 

These factors have been estimated under plausible assumptions [40]: one 
finds that ag®/g* «5x 10~ 3 and a = —8/15. 

In order to see that observed neutrino masses and mixings are com- 
patible with the right order of magnitude for the baryon to photon ratio 
t]b, we need the decay asymmetry parameter roughly of order 10 -6 or 
so. 

As a typical example, we may consider the following form for h: 






ce 3 


de z 


ce 3 


ae 2 


be 2 


dt 3 


be 2 


e a> 



h = h \ ce s ae 2 be 2 , (18.131) 

Vde 3 be 2 e^J 

and the right handed neutrino masses of the form M diag(ej , ei, 1). For 
e ~ e/ < 1 and a, b ~ 1 but complex, we get large solar and atmospheric 
neutrino mixings to be large, as is easy to see by a straight forward 
application of the see-saw formula. The decay asymmetry parameter in 
this case can be estimated using Eq. (18.129) to be of order ~ 10 _1 e 4 eJ. 
For e ~ tf ~ 0.2, we get t\ ~ 10 -6 as desired. These kind of simple 
estimates increases the hope that baryogenesis via leptogenesis may be 
a very hopeful mechanism to understand the origin of matter and in 
particular tying it to neutrino physics in such an intimate way. 



Chapter 19 

Sterile neutrinos 

Practically all except one particle physics experiments seem to be consis- 
tent with the hypothesis that there are three neutrino species v e ,n,T one 
per family. As has been discussed in the earlier chapters, these neutrinos 
have full strength weak interactions of both neutral as well as charged 
current type. The measurement of invisible width of the Z boson at LEP 
collider gives the experimental value of N v = 2.984 ±0.008 and precludes 
the existence of any other light neutrino species with full strength weak 
interaction. 

However, it does not preclude the existence of light (or even ultra- 
light) neutrinos that are particles like the known neutrinos in all aspects 
such as mass, mixing etc., except that they do not have weak interac- 
tions. Neutrinos which do not have the conventional weak interaction 
like the known neutrinos are called sterile neutrinos. In this chapter, 
we will discuss whether there is a need for sterile neutrinos and what 
possible theoretical schemes can lead to such particles. 

One class of sterile neutrinos which have already been discussed in 
Ch. 7 and Ch. 8 are the right handed partners of the known neutrinos 
that occur in the left-right symmetric theories and that participate in the 
see-saw mechanism for neutrino masses. These right handed neutrinos 
are assumed to be superheavy (see below for an exceptional situation) 
and are not the kind of sterile neutrinos of interest to us in this chapter. 
From the experimental point of view, interpretation of the LosAlamos 
LSND experiment seems to require that there may be ultralight sterile 
neutrinos that mix with the known neutrinos. In this chapter, we discuss 
some aspects of the physics of ultralight sterile neutrinos. 
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19.1 Results from the LSND experiment 

The LSND collaboration has reported [1] observation of v^ to V e oscil- 
lation using the liquid scintillation detector at Los Alamos. Combining 
their results which indicate a positive result with the negative results 
by the E776 group and the Bugey reactor data, one can conclude that 
a mass difference squared between the u e and the v^ lies between 

0.27 eV 2 < Am 2 < 2.3eV 2 , (19.1) 

with a point at 6 eV 2 also perhaps allowed. Later, the LSND group has 
also announced that they have evidence for oscillation in the v^ to v e 
channel with roughly similar mass difference and mixing angles [2] . The 
KARMEN collaboration has also searched for this oscillation [3]. Their 
negative results have ruled out a large portion of the LSND allowed 
region. The results from a CCFR collaboration [4] and the NOMAD [5] 
seem to rule out the high mass difference square region, although these 
also remain to be confirmed. Presently, MiniBooNE [6] experiment is 
under way at Fermilab to look for v^ to v e oscillation and it is expected 
that when it reports its results in two years, it will either rule out or 
confirm the LSND observations. 



19.2 Theoretical implications 

If results of the LSND experiment is confirmed by MiniBooNE exper- 
iment, three neutrinos oscillation hypothesis would not be able to ac- 
commodate it since the this would require a third mass difference square 
Am 2 ~ eV 2 which is very different from the solar and the atmospheric 
ones. It is quite possible that this is a manifestation of some new inter- 
action within a three neutrino picture [7]. While such proposals seem 
somewhat disfavored experimentally, it is too early to say that they are 
not admissible. 

Another straightforward way to understand the LSND observations 
is to admit the existence of a sterile neutrino and have it mix with 
the known neutrinos. There are then two ways to arrange the neutrino 
spectrum: the so-called 2+2 [8] and 3+1 [9] type in order to explain the 
LSND observations. 
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2+2 scenario 

According to the 2+2 scenario, the v^ and v T form a heavier pair while 
v e and v a form t he lighter pair with the spacing between the two pairs 

being equal to W Attend (** e- somewnere m the one eV range). The 
atmospheric data is explained by oscillation between v^ and v T and solar 
being due to MSW oscillation between v e and v s . In the purest form 
this model would imply that the neutral current and charged current 
flux observed in any solar neutrino experiment should be same. This is 
contrary to observations of neutral current flux by the SNO experiment. 

3+1 scenario 

According to this scenario, the three active neutrinos are b unched t o- 
gether with the heaviest of them having a mass equal to JAm* tm ~ 
0.05 eV and the sterile neutrino placed higher in mass with m Ua ~ 
0.2 to 2.0 eV. This picture is completely consistent with the SNO neutral 
current observations. However for this model to requires that roughly 
UesU^s ~ Ulsnd ~ 5%. This constraint on the mixings is also disfa- 
vored by most recent global analysis [10]. 

At the moment while both alternatives have difficulty accommodat- 
ing data, the 3+1 is perhaps somewhat more acceptable. It has also been 
recently pointed out that a 3+2 model with two sterile neutrinos, one 
around an eV and a second one around 5 eV, gives a better fit to data 
while remaining consistent with other observations [11]. Nevertheless, if 
we accept either of these scenarios, the immediate question that arises is 
how does one accommodate the extra sterile neutrino into a reasonable 
theoretical framework. 



19.3 Cosmological constraints 

There are also cosmological constraints on sterile neutrinos that mix 
with known active neutrinos. The main constraints comes from Big 
Bang nucleosynthesis. As discussed in Ch. 18, the primordial Helium, 
Deuterium and Lithium fractions of the Universe are determined by 
the thermodynamics of the cosmological soup when the temperature 
of the Universe was 1 MeV and the Universe was approximately one 
second old. A main component of the discussion has to do with weak 
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interactions going out of equilibrium, which means T w k < H, where 
T w k is the weak interaction rate and H is the Hubble expansion rate at 
the temperature of one MeV. The expansion rate of the Universe H is 
directly proportional to the number of relativistic species in equilibrium 
at that epoch. If the sterile neutrinos are in equilibrium, they would 
add to the effective number of species. This can happen if the masses 
and mixings are in the range required by the LSND experiment [12]. On 
the other hand, if the Universe has zero lepton asymmetry (or lepton 
asymmetry of order of the baryon asymmetry), current information on 
primordial light element abundance would imply that the total number 
of neutrinos allowed is: N v ~ 1.7 to 3 [13]. This leaves no room for any 
extra sterile neutrinos. 

This raises the possibility that perhaps the chemical potential for 
the neutrinos (or lepton asymmetry) could be allowed to be sizable in 
which case we could allow extra neutrino species and reconcile the sterile 
neutrino with big bang nucleosynthesis. However, it has been shown [14] 
that a large electron lepton asymmetry is limited by the beta equilibrium 
constraint, which means that if there are more i/ e 's than antics, then 
more neutrons get converted to protons via the reaction v e + n — )• p 4- e 
and reduce the number of neutrons available for Helium formation. If 
the LMA solution to the solar neutrino problem is correct, this implies 
that all other lepton asymmetries (i.e. muon and tau type) are also 
small being equal to that for electron type neutrinos. Therefore these 
constraints (which imply fj, e ^ )T /T < 0.2) rule out the possibility of ad- 
justing chemical potentials to accommodate sterile neutrinos. 

However, it has long been suspected that primordial Helium fraction 
determination from metallicity of stars suffers from large systematic er- 
rors. So one may like to use other more well determined parameters such 
as D/H ratio, which seems to be in good accord with the WMAP results 
on baryon to photon ratio. If one gives up the Helium constraints, big 
bang nucleosynthesis constraints allow as many as 5 neutrino species [14]. 

Thus confirmation of LSND result would not only usher in a revolu- 
tionary era in neutrino physics that will include sterile neutrinos but it 
will also have great significance for cosmology as well as physics beyond 
the standard model. 

A further cosmological constraint on the sterile neutrinos come from 
the WMAP upper bound on the sum of all neutrino masses that were 
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in equilibrium at the epoch of big bang nucleosynthesis. The limit is 
Si m ^i < 2.1 eV. This would rule out the 3+2 model discussed above. 
This upper limit is going to be more stringent after the PLANCK and 
other cosmological data e.g. from SDSS etc are fully analysed and they 
will severely constrain the models with sterile neutrinos. 

19.4 Understanding the sterile neutrino 

The main problem with constructing reasonable theories of sterile neu- 
trinos is the following. By definition, these neutrinos are singlets under 
the standard model gauge group. Therefore their mass apriori is not 
constrained by the standard model symmetry and can be very large. If 
on the other hand the sterile neutrino has to have an effect on neutrino 
oscillations, its mass must be in the eV range. The question then be- 
comes: "what is responsible for the sterile neutrinos being ultralight?" 
Below we discuss two classes of theories where this happens: (i) Singular 
see-saw [15] and (ii) mirror universe [16, 17]. These are by no means the 
only theories [18] but we focus on these as illustrative examples here. 

Singular seesaw 

In this section, we address the question of whether one can under- 
stand a ultralight sterile neutrino in the minimal quark-lepton symmet- 
ric schemes where there are three right handed neutrinos [15]. We will 
proceed as in the usual seesaw models except that we will assume that 
the seesaw mass matrices are constrained by a symmetry. In that case, 
it turns out that one of the right handed neutrinos remains massless in 
the leading order and picks up a small mass from loop effects. This can 
therefore play the role of a sterile neutrino. 

We start with a mass matrix of the form given in Eq. (11.21) on page 
229, in the basis where the charged leptons are mass eigenstates: 




M 3 = C A B . (19.2) 



This leads to the strict bimaximal pattern, as commented in §11.3. This 
mass matrix has a permutation symmetry 52 operating on the v^ and v T . 
Let us call this Sil since it acts only on the left-handed neutrinos. In the 
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limit of exact SU(2)l gauge symmetry of the electroweak interactions, 
this symmetry will also have consequences for the charged lepton masses 
(i.e. //, t masses). The difference of the ji and the r mass will then be 
attributed to its breaking. Note that the gauge interactions are invariant 
under S2L- 

As discussed in Ch. 11, if we restrict ourselves to the case A = B = 
0, the mass matrix has the symmetry L e — L^ — L T [19] in addition 
to the S2L symmetry. Let us therefore consider the combination of 
S2L x UiVjLe-Lp-Lr as a symmetry of the weak leptonic Lagrangian to 
zeroth order. 

We start with a theory with S2L x U(l)L e -L -l t symmetry. To 
implement the seesaw mechanism, we will include three right handed 
neutrinos (to be denoted by z/ e R, ^r, v t r). This makes the theory 
quark lepton symmetric. If we denote the mass matrix for the right 
handed neutrinos as Mr, then the complete 6x6 mass matrix involving 
the Dirac mass and Majorana mass for the neutrinos can be written as 

When Mr is not a singular matrix, one can obtain the mass matrix for 
the light neutrinos as 

M v = -M%Mr 1 M d . (19.4) 

This is the so-called type I seesaw formula. On the other hand when Mr 
matrix has a zero eigenvalue, in order to diagonalize the 6x6 seesaw 
matrix, the Dirac mass matrix of the neutrinos must also have a zero 
eigenvalue and to implement the seesaw mechanism, and one must "take 
them out" of the matrix before using the seesaw formula to obtain the 
light neutrino mass matrix. This will leave in addition to two light 
neutrinos, and two heavy RH neutrinos, there would be one massless 
laft handed and one massless right handed neutrino at the tree level. 
This massless right handed neutrino can then play the role of the sterile 
neutrino, if it can mix with the left handed neutrinos. 

To study this in detail, note that the symmetries of the theory force 
the Mr to take the form 

/ M M 
M R = M I . (19.5) 

U 
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The Dirac mass for the neutrinos that connects the left and the right 
handed neutrinos takes the form 

/mn \ 
M D = m m . (19.6) 

\ m m / 

Note that both Mo and Mr have one zero eigenvalue. They correspond 
to the linear combinations 

v --~m {"& ~ v rh) > Vs ^T/2 (^ ~ UtR ) ' ( 19J ) 

The seesaw mechanism now can be applied to the remaining 2x2 matrix 
to yield the following light neutrino mass matrix in the original 3x3 
basis. 

/ m m\ 
M i0) = m ; (19.8) 

\m ) 

with m = momu/y/2M. This matrix on diagonalization leads to the 
strict bimaximal PMNS matrix given above. We thus see that in the 
strict bimaximal limit there are two massless neutrinos: one, V- is an 
active left-handed neutrino and the other, v s is a right handed neutrino, 
that has no weak interactions of Fermi strength. The latter can therefore 
play the role of a sterile neutrino. Of course as is clear, in the exact 
symmetry limit, the sterile neutrino is massless — but small symmetry 
breaking effects could generate mass for it leading to 3+1 picture for the 
LSND results. 

It is also worth noting that the same mechanism can also give rise 
to the 2+2 picture by changing the symmetry from L e — L^ — L T to 
Le-L^-h L T [20]. 

Mirror universe 

The main problem with understanding a sterile neutrino is that by its 
very definition it is an SU{2)i x U(l)y singlet and therefore is allowed to 
have an arbitrary mass unless there are some compelling new symmetries 
that keep it massless. One possibility is [16] that there is an exact 
duplication of the standard model in both the gauge as well as the 
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fermion content i.e. an extra G' BtaDdaid with q' L , u' R , d' R , ip' L , e' R etc. 
This adds a new sector to the world of elementary particles, which will 
be called the shadow sector. It is then clear that we have three extra 
neutrinos which do not interact with the Z'-boson. We further assume 
that the only interactions that connect the known and the shadow sector 
is the gravitational interaction. 

Within this framework, it is easy to understand that the shadow neu- 
trinos (which will be the sterile neutrinos) are massless in the renormal- 
izable theory for exactly the same reason that the ordinary neutrinos are 
(i.e. the existence of a B' — V symmetry in the shadow standard model 
sector). We may assume that there is a "shadow" see-saw mechanism 
which operates exactly the same way to give tiny masses to the shadow 
neutrinos. The next question is how do the shadow (or sterile) neutrinos 
acquire small masses and mix with the known neutrinos? Here we use 
the existing lore that all global symmetries are broken by Planck scale 
effects. It was already pointed out [21] that one can write Planck scale 
induced operators such as ipi^ipL^/Mp, i/jlWl&'/Mp, i/j'^'i/j'^'/^p 
which violate both B — L as well as B' — V symmetries and after elec- 
troweak symmetry breaking in both the sectors lead to v~v' mixing. If 
we now make the additional assumption that v'^ ~ 30v w k, the resulting 
v e -v' e mass matrix gives a solution to the solar neutrino puzzle with small 
mixing angles. When this idea is combined with the postulate that there 
exists an L e -\-Ln~L T symmetry (instead of the overall B — L symmetry) 
that is broken by Planck scale effects, we come up with a neutrino mass 
matrix that explains all neutrino puzzles using the four-neutrino mass 
texture [20, 24]. 



19.5 Conclusion 

The idea of the sterile neutrino extends the boundaries of neutrino 
physics to a whole new domain with many implications. For example, it 
has been suggested that it may help in the understanding of supernova 
nucleosynthesis in the presence of neutrino mixings [22]. It may also 
help in the understanding of some experimental puzzles of the LMA so- 
lution to the solar neutrino observations [23]. Clearly as we saw in the 
text of this chapter, it may also imply the existence of a large nonzero 
lepton number of the Universe. Thus a lot hinges on the outcome of 
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the MiniBooNE experiment. If indeed a sterile neutrino is indicated by 
the MiniBooNE results, the excitement that we have seen in neutrino 
physics in the past decade will pale compared to what can come in the 
coming decades. 



Part IV 



Appendices 



This page intentionally left blank 



References 



The following abbreviations have been used for names of journals: 



APPh Astroparticle Physics 

A&A Astronomy and Astrophysics 

ApJ Astrophysics! Journal 

ApJL Astrophysical Journal Letters 

ApSp Astrophysics and Space Science 

ARAA Annual Reviews of Astronomy 
and Astrophysics 

ARNP Annual Reviews of Nuclear and 
Particle Sciences 

CJNP Chinese Journal of Nuclear 
Physics 

ComNPPh Comments on Nuclear and 
Particle Physics 

EuPJ European Physical Journal 

EuPL Europhysics Letters 

PPh Fortschritte der Physik 

JCAP Journal of Cosmology and Astro- 
physics 

JETP Journal of Experimental and The- 
oretical Physics 

JETPL Journal of Experimental and 
Theoretical Physics Letters 



JHEP Journal of High Energy Physics 

ModPL Modern Physics Letters 

MNR.S Monthly Notices of the Royal 
Society 

Nulns Nuclear Instruments and meth- 
ods 

NPh Nuclear Physics 

NuCim Nuovo Cimento 

PhRep Physics Reports 

PL Physics Letters 

PR Physical Review 

PRL Physical Review Letters 

PPNPh Progress in Particle and Nu- 
clear Physics 

PTP Progress of Theoretical Physics 

RepPrPh Reports on Progress in 
Physics 

RMP Reviews of Modern Physics 

S JNP Soviet Journal of Nuclear Physics 

Usp Soviet Physics Uspekhi 

ZPh Zeitschrift fur Physik 



References to Chapter 1 



1. References to early literature on the subject can be obtained in K Winter 

(ed): Neutrino Physics (Cambridge University Press 1991). 

2. For an English translation of the text of this letter, see Pauli's article in 

Ref. [1]. 



413 



414 References 

3. E Fermi: Ricercha Scient. 2 (1933) 12; ZPh 88 (1934) 161. 

4. E C G Sudarshan, R E Marshak: in Proc. Padua-Venice conf. on mesons 

and recently discovered particles (1957); 

R P Feynman, M Gell-Mann: PR 109 (1958) 193. 

5. N Cabibbo: PRL 10 (1963) 531; 

M Kobayashi, T Maskawa: PRP 49 (1973) 652. 

6. Particle Data Group: Review of Particle Physics, PR D54 (1996) 1. 

7. For a review, see L Littenberg: Proceedings of 1989 Lepton-Photon Sym- 

posium, ed. R Taylor, World Scientific (1990). 

8. M Fierz: ZPh 104 (1937) 553. 

9. For extensions of Fierz transformation rules in various Ways, see, e.g., 

R Delbourgo, V B Prasad: NuCim 21 A (1974) 32; 
J F Nieves, P B Pal: hep-ph/0306087. 

10. R N Mohapatra, J Subba Rao, R E Marshak: PR 171 (1968) 1502; 

B L IofTe, E P Shabalin: SJNP 6 (1967) 328; 

See R E Marshak, Riazuddin, C P Ryan: Theory of Weak Interactions in 
Particle Physics (John Wiley 1969). 

11. P Higgs: PL 12 (1964) 132; PRL 13 (1964) 508; 
F Englert, R Brout: PRL 13 (1964) 321; 

G S Guralnik, C R Hagen, T W B Kibble: PRL 13 (1964) 585; 
T W Kibble: PR 155 (1967) 1554. 

12. There exist a number of books on gauge theories dealing with the idea of 

spontaneous breakdown and their applications to weak interactions; 

a) J C Taylor: Gauge Theories of Weak Interactions (Cambridge 
Univ. Press 1976); 

b) C Quigg: Gauge Theories of Weak and Electromagnetic Interac- 
tions (Benjamin Cummings 1983); 

c) T P Cheng, L F Li: Gauge Theories of Weak Interactions (Oxford 
University Press 1985); 

d) R N Mohapatra: Unification and Supersymmetry (Springer- 
Verlag, 2nd edition 1991); 

e) G G Ross: Grandunified Theories (Benjamin Cummings 1985); 

f) L B Okun: Leptons and Quarks (North Holland 1984); 

g) P Frampton: Gauge Field Theories (Benjamin Cummings 1987); 

h) P Renton: Electroweak Interactions (Cambridge University Press 
1990); 

i) J F Donoghue, B R Holstein, E Golowich: Dynamics of the Stan- 
dard Model (Cambridge University Press 1992); 



References to Chapter 2 415 

j) Fayyazuddin, Riazuddin: A Modern introduction to particle 
physics (World Scientific 1994); 

k) W Greiner, B Miiller: Gauge theory of Weak Interaction (Springer- 

Verlag, 2nd edition 1996); 
1) P D B Collins, A D Martin, E J Squires: Particle Physics and 

Cosmology (Wiley Interscience cl989). 

13. G 'tHooft: NPh B33 (1971) 173; NPh B35 (1971) 167. 

14. S L Adler: PR 177 (1969) 2426; 

J S Bell, R Jackiw: NuCim A60 (1967) 47. 

References to Chapter 2 

1. S L Glashow: NPh 22 (1961) 579. 

2. A Salam, J C Ward: PL 13 (1964) 168. 

3. S Weinberg: PRL 19 (1967) 1264. 

4. A Salam: in Elementary Particle Theory, ed. N Svartholm (Almquist and 

Forlag 1968). 

5. SL Glashow, J Iliopoulos, L Maiani: PR D2 (1970) 1285. 

6. G 't Hooft: NPh B33 (1971) 173; B35 (1971) 167. 

7. D Gross, F Wilczek: PRL 30 (1973) 1343; 
H D Politzer. PRL 30 (1973) 1346. 

8. A Sirlin: PR D22 (1980) 971; PR D29 (1984) 89; 
W Marciano, A Sirlin: PR D22 (1980) 2695; 

D Kennedy, B W Lynn: NPh B322 (1989) 1; 

D Y Bardin, S Riemann, T Riemann: ZPh C32 (1986) 121; 

F Jegerlehney: ZPh C32 (1986) 425; 

For extensive references, see Radiative Corrections in SU(2)l x 17(1) Model, 
ed. B W Lynn and J F Wheater, (World Scientific 1984); 

W Hollik: FPh 38 (1990) 165. 

9. P Langacker, J Erler: in Review of Particle Physics, PR D54 (1996) 1. 

10. F J Hasert et al: PL B46 (1973) 121. 

11. A Benvenuti et al: PRL 32 (1974) 800. 

12. For a review see K Winter: Neutrinos ed. H V Klapdor (Springer- Verlag) 

p. 35. 

13. U Amaldi et al: PR D36 (1987) 1385. 

14. G Costa et al: NPh B297 (1988) 244. 

15. For reviews, see D Schaile, in Precision Tests of the Standard Electroweak 

Model, ed. P Langacker (World Scientific, Singapore, 1995); A Blondel, 



416 References 

ibid. 

16. K Abe et al: PRL 73 (1994) 25. 

17. F Abe et al: PRL 73 (1994) 225. 

18. R C Allen et al: PRL 55 (1988) 2401; 

D Krakauer: Univ. of Maryland PhD. Thesis (1988). 

19. F Reines, H S Gurr, H W Sobel: PRL 37 (1976) 315. 

20. H Faissner et al: PRL 41 (1978) 213; 
N Armenise et al: PL B86 (1979) 225; 
A M Crops et al: PRL 41 (1978) 6; 

R H Heisterberg et al: PRL 44 (1980) 635; 
F Bergsma et al: PL B147 (1984) 481; 
L A Ahrens et al: PRL 51 (1984) 1514; 
J Blietschau et al: NPh B114 (1976) 189. 

21. For details, see, e.g., the book by Renton, Ref. [12] of Ch. 1. 

22. G Degrassi, A Sirlin, W J Marciano: PR D39 (1989) 287; 
For experimental studies, see R Allen et al: PRD 43 (1991) 1. 

References to Chapter 3 

1. Most material introduced in this chapter will be discussed throughout the 

book. Detailed references will be given in later chapters. For additional 

references, see the following books and reviews: 
B Kayser, F Gibrat-Debu, F Perrier: The Physics of Massive Neutrinos, 

(World Scientific 1989); 
F Boehm, P Vogel: Physics of Massive Neutrinos, (Cambridge University 

Press 1987); 

C W Kim, A Pevsner: Neutrinos in Physics and Astrophysics, (Harwood 
Academic Publishers 1993); 

M Fukugita, A Suzuki (eds.): Physics and Astrophysics of Neutrinos 

(Springer- Ver lag, 1994); 
D Caldwell (ed.) Current aspects of neutrino physics, Springer-Verlag 

(2001); 
G Gelmini, E Roulet: RepPrPh 58 (1995) 1207; 
R N Mohapatra: ICTP lectures on theoretical aspects of neutrino masses 

and mixings, arXiv:hep-ph/0211252; 

C Gonzalez-Garcia, Y Nir. RMP 75 (2003) 345; 

S M Bilenky, C Giunti, J A Grifols, E Masso: PhRep 379 (2003) 69; 

V Barger, D Marfatia, K Whisnant: hep-ph/0308123; 



References to Chapter 5 417 

S F King: hep-ph/0310204. 

2. An extensive and frequently updated bibliography on neutrino physics and 

related physics issues, including papers, books and reviews, is main- 
tained on the internet by: 
C Giunti, M Leveder: http://www.to.infn.it/ giunti/NU/. 

3. N G Deshpande: Oregon preprint OITS-107 (1979); 
C Q Geng, R E Marshak: PR D39 (1989) 693; 

K S Babu, R N Mohapatra: PRL 63 (1989) 938; 

R Foot, G C Joshi, H Lew, R R Volkas: ModPL A5 (1990) 95; 

S Rudaz: PR D41 (1990) 2619; 

E Golowich, P B Pal: PR D41 (1990) 3537. 

4. See Babu and Mohapatra, Ref. [3]. 

5. Z Maki, M Nakagawa, S Sakata: PTP 28 (1962) 870; 
B Pontecorvo: JETP 26 (1968) 984. 

References to Chapter 4 

1. E Majorana: NuCim 14 (1937) 171. 

2. For other expositions of the properties of Majorana spinors, see e.g., 
K M Case: PR 107 (1957) 307. 

3. Discussion of this section follows the following articles. The notation has 

been modified in places so that the expressions are independent of the 
representation of the 7-matrices. 

B Kayser, A Goldhaber: PR D28 (1983) 2341; 

B Kayser: PR D30 (1984) 1023. 

4. At the time Majorana wrote his paper, violation of C was not known, so a 

Majorana spinor could be described as a C eigenstate. The importance 
of CVT was first emphasized, to our knowledge, in the following paper: 
J F Nieves: PR D26 (1982) 3152. 

5. Y B Zeldovich: Doklady 86 (1952) 505; 

E J Konopinski, H M Mahmoud: PR 92 (1953) 1045. 

References to Chapter 5 

1. B Pontecorvo: JETP 6 (1957) 429; 

V Gribov, B Pontecorvo: PL B28 (1969) 493. 

2. E K Akhmedov: Lectures given at ICTP Summer School in Particle 

Physics, Trieste, Italy, 7 Jun - 9 Jul 1999. Published in Trieste 1999, 



418 References 

Particle physics. 

3. S Nussinov: PL B63 (1976) 201; 
B Kayser: PR D24 (1981) 110; 

C Giunti, C W Kim, W Lam: PR D44 (1991) 3635. 

4. J Rich: PRD 48 (1993) 4318; 

W Grimus, P Stockinger, S Mohanty: PR D59 (1999) 013011. 

5. S M Bilenky, B Pontecorvo: PhRep 41 (1978) 225. 

6. P B Pal: Talk given at the "B and Nu Workshop" held at the Mehta 

Research Institute, Allahabad, India, January 1998. hep-ph/9802208. 

7. C Athanasopoulos et al [LSND collaboration]: PRL 77 (1996) 3082; PR 

C54 (1996) 2685. 

8. C Athanasopoulos et al [LSND collaboration]: PRL 81 (1998) 1774; 

Phys.Rev. C58 (1998) 2489. 

9. L Borodovsky et al: PRL 68 (1992) 274. 

10. B Zeitneitz et al: PPNPh 32 (1994) 351. 

11. G McGregor [MiniBooNE Collaboration]: AIP Conf. Proc. 655 (2003) 58. 

12. M Apollonio et al [CHOOZ Collaboration]: PL B420 (1998) 397. 

13. K. Eguchi et al. [KamLAND Collaboration]: PRL 90 (2003) 021802. 

14. G L Fogli, E Lisi, A Marrone, D Montanino, A Palazzo, A M Rotunno: PR 

D67 (2003) 073002; 

A Bandyopadhyay, S Choubey, R Gandhi, S Goswami, D P Roy: PL B559 
(2003) 121. 

15. M H Ahn et al [K2K Collaboration], PRL 90 (2003) 041801. 

16. K S Hirata et al [Kam-II Collaboration]: PL B280 (1992) 146. 

17. R Becker-Szendy et. al [1MB Collaboration]: PR D46 (1992) 3720; 
D Casper et al: PRL 66 (1991) 2561. 

18. M C Goodman [Soudan2 Collaboration]: Talk at the Neutrino 94 Confer- 

ence, NPh (Proc. Supp.) B38 (1995) 337. 

19. C Berger et al [FREJUS Collaboration]: PL B245 (1990) 305; 
M Aglietta et al [NUSEX Collaboration]: EuPL 8 (1991) 611. 

20. T K Gaisser, T Stanev, G Barr: PR D38 (1988) 85; 

W Frati, T Gaisser, A K Mann, T Stanev: PR D48 (1993) 1140. 

21. Y. Fukuda et al [Super-Kamiokande Collaboration]: PRL 81 (1998) 1562. 

22. M Shiozawa [Super-Kamiokande Collaboration]: Talk given at the "Neu- 

trino 2002" conference, obtainable from the conference homepage at 
ht tp : //neutr ino2002 . ph . turn . de 

23. J Learned, S Pakvasa, T Weiler. PL B207 (1988) 79; 



References to Chapter 6 419 

V Barger, K Whisnant: PL B209 (1988) 36; 

K Hidaka, M Honda, S Midorikawa: PRL 61 (1988) 1537. 

24. J A Frieman, H E Haber, K Freese: PL B200 (1988) 115. 

25. L Wolfenstein: PR D17 (1978) 2369. 

26. S P Mikheyev, A Y Smirnov: NuCim C9 (1986) 17. 

27. V Barger, R J N Phillips, K Whisnant: PR D34 (1986) 980. 

28. H Bethe: PRL 56 (1986) 1305. 

29. W C Haxton: PRL 57 (1986) 1271, PR D35 (1987) 2352; 
S J Parke: PRL 57 (1986) 1275. 

30. For details and further references, see P B Pal: IJMP A7 (1992) 5387. 

31. P Pizzochero: PR D36 (1987) 2293. 

32. S T Petcov: PL B200 (1988) 373; 

T K Kuo, J Pantaleone: PR D39 (1989) 1930; 

M M Guzzo, J Bellandi, V M Aquino: PR D49 (1994) 1404. 

33. For reviews and detailed references, see, e.g., 
T K Kuo, J Pantaleone: RMP 61 (1989) 937; 
P B Pal: IJMP A7 (1992) 5387. 

34. S P Rosen, J M Gelb: PR D34 (1986) 969; 

T K Kuo, J Pantaleone: PRL 57 (1986) 1805, PR D35 (1987) 3432, PL 

B198 (1987) 406; 
C W Kim, S Nussinov, W K Sze: PL B184 (1987) 403; 
C W Kim, W K Sze: PR D35 (1987) 1404; 
A Bottino, J Ingham, C W Kim: PR D39 (1989) 909; 
S T Petcov, S Toshev: PL B187 (1987) 120; 
S T Petcov: PL B214 (1988) 259; 
S P Mikheyev, A Y Smirnov: PL B200 (1988) 560; 

H W Zaglauer, K H Schwarzer: PL B198 (1987) 556, ZPh C40 (1988) 273; 
A Baldini, G F Giudice: PL B186 (1987) 211. 

References to Chapter 6 

1. An excellent discussion of the solar neutrino physics is given by J N Bahcall: 

Neutrino Astrophysics (Cambridge Univ. Press 1989). 

2. D D Clayton: Principles of Stellar Evolution and Nucleosynthesis (Univ. 

of Chicago Press, 2nd edition 1983). 

3. H Bethe: PR 55 (1939) 434. 

4. J N Bahcall, M H Pinsonneault, S Basu: ApJ 555 (2001) 990. 



420 References 

5. R Davis Jr.: PRL 12 (1964) 303. 

6. V A Kuzmin: JETP 22 (1966) 1051. 

7. V V Kuzminov, A Pomansky, V L Chihladze: Nulns A271 (1988) 257. 

8. W Haxton: PRL 60 (1988) 768. 

9. K S Hirata et al: PRL 58 (1987) 1490. 

10. J N Bahcall, R Ulrich: RMP 60 (1988) 297. 

11. S Turck-Chieze, S Cahen, M Casse, C Doom: ApJ 335 (1988) 415. 

12. J N Bahcall, M H Pinsonneault: RMP 64 (1992) 885. 
For other calculations of the solar neutrino flux, see 

S Turck-Chieze, I Lopes: ApJ 408 (1993) 347; 
A Dar, G Shaviv: NPh (supp) B38 (1995) 81; 
C Proffitt: ApJ 425 (1994) 849. 

13. J N Bahcall, M H Pinsonneault: RMP 67 (1995) 781. 

14. B T Cleveland et al: in Neutrino '94, Proceedings of the 16th International 

conference on Neutrino physics and astrophysics, edited by A Dar, G 
Eilam, M Gronau, appeared in NPh B (Proc. Suppl.) 38 (1995) 47. 

15. Y Suzuki: in Neutrino '94, Proceedings of the 16th International conference 

on Neutrino physics and astrophysics, edited by A Dar, G Eilam, M 
Gronau, appeared in NPh B (Proc. Suppl.) 38 (1995) 54. 

16. J N Abdurashitov et al [SAGE Collaboration]: JETP 95 (2002) 181. 

17. W Hampel et al [Gallex Collaboration]: PL B447 (1999) 127. 

18. Q R Ahmad et al [SNO Collaboration]: PRL 87 (2001) 071301. 

19. Q R Ahmad et al [SNO Collaboration]: PRL 89 (2002) 011302. 

20. D R O Morrison: Particle World 3 (1992) 30. 

21. J N Bahcall: PL B238 (1994) 276; 

V Castellani, S Degl'Innocenti, G Fiorentini: A&A 271 (1993) 601; 

S Degl'Innocenti, G Fiorentini, A Lissia: NPh Proc. Suppl. B43 (1995) 66; 
N Hata, S A Bludman, P Langacker: PR D49 (1994) 3622; 
W Kwong, S P Rosen: PRL 73 (1994) 369. 

22. V Castellani, S Degl'Innocenti, G Fiorentini, M. Lissia, B Ricci: PR D50 

(1994) 4749; 

V Berezinsky, G Fiorentini, M Lissia: PL B365 (1996) 185; 

V Berezinsky: ComNPPh 21 (1994) 249. 

23. J N Bahcall, P I Krastev: PR D53 (1996) 4211; 

24. P I Krastev, S T Petcov: PR D53 (1996) 1665; 
S T Petcov: NPh (Supp) B43 (1995) 12; 

Z Berezhiani, A Rossi: PL B367 (1996) 219. 



References to Chapter 7 421 

25. J N Bahcall, M C Gonzalez-Garcia, C Peiia-Garay: JHEP 0207 (2002) 054; 
V Barger, D Marfatia, K Whisnant, B P Wood: PL B537 (2002) 179; 

A Bandyopadhyay, S Choubey, S Goswami, D P Roy: PL B540 (2002) 14; 

P C de Holanda, A Y Smirnov: PR D66 (2002) 113005; 

M Maltoni, T Schwetz, M A Tortola, J W F Valle: PR D67 (2003) 013011; 

G L Fogli, G Lettera, E Lisi, A Marrone, A Palazzo, A Rotunno: PR D66 
(2002) 093008; 

G L Fogli, E Lisi, D Montanino, A Palazzo: PR D65 (2002) 117301. 

26. L Wolfenstein: PR D17 (1978) 2369. 

27. S P Mikheyev, A Yu Smirnov: NuCim C9 (1986) 17. 

28. S P Rosen, J Gelb: PR D34 (1986) 969; 

E W Kolb, M S Turner, T P Walker: PL B175 (1986) 478. 

29. V Barger, N Deshpande, P B Pal, R J N Phillips, K Whisnant: PR D43 

(1991) R1759. 

30. S A Bludman, N Hata, D C Kennedy, P G Langacker: PR D47 (1993) 

2220; 

P I Krastev, S T Petcov: NPh B449 (1995) 605. 

31. J Bahcall, N Cabibbo, A Yahil: PRL 28 (1972) 316. 

32. Y Chikashige, R N Mohaptra, R D Peccei: PL B98 (1981) 265. 

33. J Bahcall, S T Petcov, S Toshev, J W F Valle: PL B181 (1986) 369. 

34. J A Frieman, H E Haber, K Freese: PL B200 (1988) 115. 

35. A Bandyopadhyay, S Choubey, S Goswami: PL B555 (2003) 33. 

36. A Cisneros: ApSp 10 (1971) 87. 

37. M Voloshin, M Vysotskii, L B Okun: JETP 64 (1986) 446; SJNP 44 (1986) 

440. 

38. R Barbieri, G Fiorentini: NPh B304 (1988) 909. 

39. E Akhmedov, M Y Khlopov: ModPL A3 (1988) 451; 
C S Lim, W Marciano: PR D37 (1988) 1368; 

E Akhmedov: PL B213 (1988) 64; PL B 257 (1991) 163. 

40. K S Babu, R N Mohapartra, I Z Rothstein: PR D44 (1991) 2265; 
E Akhmedov, A Lanza, S Petcov: PL B303 (1993) 85. 

41. K S Babu, R N Mohapatra: PRL 63 (1989) 228; PR D42 (1990) 3778. 

42. Various models give rise to a large neutrino magnetic moment. For a review, 

see, e.g., P B Pal: IJMP A7 (1992) 5387. 

43. A Halprin, C N Leung: PRL 67 (1991) 1833. 

44. J Bahcall, C Peiia-Garay: hep-ph/0305159. 

45. P de Holanda, A Y Smirnov: hep-ph/0307266. 



422 References 

References to Chapter 7 

1. R Barbieri, J Ellis, M K Gaillard: PL B90 (1980) 249; 

E Akhmedov, Z Berezhiani, G Senjanovic: PRL 69 (1992) 3013. 

2. M Gell-Mann, P Rammond, R Slansky: in Supergravity, eds. D. Freedman 

et al (North-Holland, Amsterdam, 1980); 
T Yanagida: in Proc. KEK workshop, 1979 (unpublished); 
S L Glashow: Cargese lectures, (1979); 
R N Mohapatra, G Senjanovic: PRL 44 (1980) 912. 

3. T P Cheng, L F Li: PR D22 (1980) 2860. 

4. A Zee: Phys. Lett B93 (1980) 389. 

5. L Wolfenstein: NPh B175 (1980) 93. 

6. K S Babu: PL B203 (1988) 132. 

7. Y Chikashige, R N Mohapatra, R D Peccei: PL B98 (1981) 265; PRL 45 

(1980) 1926. 

8. G B Gelmini, M Roncadelli: PL B99 (1981) 411. 

9. C S Aulakh, R N Mohapatra: PL B119 (1983) 136. 

10. S Bertolini, A Santamaria: NPh B310 (1988) 714. 

11. D A Bryman, E T H Clifford: PRL 57 (1986) 2787. 

12. V Barger, W Y Keung, S Pakvasa: PR D25 (1982) 907. 

13. See, e.g., D D Clayton: Principles of stellar evolution and nucleosynthesis 

(Univ. of Chicago Press, 2nd edition 1983). 

14. D A Dicus, E W Kolb, V L Teplitz, R Wagoner: PR D18 (1978) 1829; 
M Fukugita, S Watamura, M Yoshimura: PR D26 (1982) 1840; 

A Pantziris, K Kang: PR D33 (1986) 3509; 

R Chanda, J F Nieves, P B Pal: PR D37 (1988) 2714. 

15. K Choi, C W Kim: PR D37 (1988) 3225. 

16. J Schechter, J W F Valle: PR D25 (1982) 774; 

17. J M Cline, K Kainulainen, S Paban: PL B319 (1993) 513. 

18. R N Mohapatra, P B Pal: PR D38 (1988) 2226. 

19. H Georgi, S L Glashow, S Nussinov: NPh B193 (1981) 297. 

20. D Chang, W Y Keung, P B Pal: PRL 61 (1988) 2420. 



References to Chapter 8 

1. J C Pati, A Salam: PR D10 (1974) 275; 

R N Mohapatra, 1 J C Pati: PR Dll (1975) 566, 2558; 



References to Chapter 8 423 

G Senjanovic, R N Mohapatra: PR D12 (1975) 1502. 

2. R N Mohapatra, R E Marshak: PL B91 (1980) 222; 
A Davidson: PR D20 (1979) 776. 

3. R N Mohapatra, R E Marshak: PRL 44 (1980) 1316. 

4. For a detailed review of neutron-antineutron oscillation, see R N Mohapa- 

tra, Proceedings of the Workshop on Fundamental Physics with slow 
neutrons, ed. D Dubbers, Nulns A284 (1989) 1. 

5. H Georgi, S Weinberg: PR D17 (1978) 275. 

6. R N Mohapatra, D P Sidhu: PRL 38 (1977) 667; 

R N Mohapatra, F E Paige, D P Sidhu: PR D17 (1978) 2462. 

7. R N Mohapatra, G Senjanovic: PRL 44 (1980) 912; PR D23 (1981) 165. 

8. L Durkin, P Langacker: PL B166 (1986) 436; 
P Langacker, M Luo: PR D45 (1992) 278. 

9. V Barger, J Hewett, T Rizzo: PR D42 (1990) 152. 

10. F Abe et al: PR D51 (1995) 949. 

11. G Altarelli, R Cassalbuoni, D Dominici, F Feruglio, R Gatto: NPh B342 

(1990) 15. 

12. M A B Beg, R Budny, R N Mohapatra, A Sirlin: PRL 38 (1978) 1252. 

13. A Jodidio et al: PR D34 (1986) 1967. 

14. The bounds are based on: 

a) A Jodidio et al: Ref. [13]; 

6) F T Calaprice et al: PRL 35 (1975) 1566; B Holstein, S Treiman: 
PR D16 (1977) 2369; 

c) J van Klinken: NPh 75 (1966) 145; 

d) J Peoples: Ph. D. thesis (Columbia University), Nevis Cyclotron 
Laboratory report 147 (1966); 

e) R N Mohapatra: PR D34 (1986) 909; 

/) G Beall et al: Ref. [15]; 

g) V A Wichers, T R Hageman, J van Klinken, H W Wilschut, D 
Atkinson: PRL 58 (1987) 1821; 

h) J Deutsch: Proceedings of the workshop on Breaking of Funda- 
mental Symmetries in Nuclei, ed. J Ginocchio and S P Rosen 
(World Scientific 1989); 

i) F Abe et al [CDF Colloboration]: PRL 74 (1995) 2900. 

For additional references, see : 
P Herczeg: PR D34 (1986) 3449; 



424 References 

A S Carnoy, J Deutsch, B R Holstein: PR D38 (1988) 1636; 
J F Donoghue, B R Holstein: PL B113 (1982) 382; 
1 1 Bigi, J M Frere: PL B110 (1982) 255. 

15. G Beall, M Bander, A Soni: PRL 48 (1982) 848. 

16. R N Mohapatra, G Senjanovic, M Trahn: Phys. Rev. D28 (1983) 546; 
G Ecker, W Grimus, H Neufeld: NPh B229 (1983) 421; 

F J Gilman, M H Reno: PR D29 (1984) 937. 

17. D Chang, J Basecq, L F Li, P B Pal: PR D30 (1984) 1601; 
W S Hou, A Soni: PR D32 (1985) 163; 

J Basecq, L F Li, P B Pal: PR D32 (1985) 175. 

18. 1 1 Bigi, J M Frere: PL B129 (1983) 469; 

G Ecker, W Grimus: NPh B258 (1985) 328. 

19. R Barbieri, R N Mohapatra: PR D39 (1989) 1229; 
G Raffelt, D Seckel: PRL 60 (1988) 1793. 

20. K Kanaya: PTP 64 (1980) 2278. 

21. M Gell-Mann, P Ramond, R Slansky: in Supergravity, ed. P van Nieuwen- 

huizen and D Z Freedman (North Holland 1979); 

T Yanagida: in Proceedings of Workshop on Unified Theory and Baryon 
number in the Universe, ed. Sawada and A Sugamoto (KEK 1979); 

S L Glashow, Cargese lectures, (1979). 

22. S S Gershtein, Y B Zeldovich: JETP Lett. 4 (1966) 120; 
R Cowsik, J Mclelland: PRL 29 (1972) 699. 

23. D A Dicus, E W Kolb, V L Teplitz: PR D18 (1978) 1819. 

24. U Chattopadhyay, P B Pal: PR D34 (1986) 3444. 

25. M Roncadelli, G Senjanovic: PL 107B (1983) 59. 

26. P B Pal: NPh B227 (1983) 237. 

27. P Herczeg, R N Mohapatra: PRL 69 (1992) 2475. 

28. S Willis et al: PRL 44 (1980) 522. 

29. K Jungman: Talk at the Beyond 91 conference in Ringberg Castle, June 

8-12, 1997 (to appear in the proceedings). 

30. A Dar, S Dado: PRL 59 (1987) 2368. 

31. A Boesgard, G Steigman: ARAA 23 (1985) 318. 

32. R N Mohapatra, S Nussinov: PR D39 (1989) 1378. 

33. W Keung, G Senjanovic: PRL 50 (1983) 1427; 

B Kayser, N G Deshpande, J Gunion: Proceedings of 3rd Telemark mini- 
conference on neutrino mass and low energy weak interactions, p 221. 

34. D Chang, R N Mohapatra: PR D32 (1985) 1248. 



References to Chapter 9 425 

35. D Chang, R N Mohapatra, M K Parida: PRL 52 (1984) 1072. 

36. A Kumar, R N Mohapatra: PL B150 (1985) 191; 
R N Mohapatra, P B Pal: PR D38 (1988) 2226. 

37. R N Mohapatra: PL B201 (1988) 517; 

B S Balakrishna, R N Mohapatra: PL B216 (1989) 349. 

38. K S Babu, X G He: ModPL A4 (1989) 61. 

39. D Chang, R N Mohapatra: PRL 58 (1987) 1600. 

40. S Rajpoot: PL B191 (1987) 122; 

A Davidson, K C Wali: PRL 59 (1987) 393; 

K S Babu, R N Mohapatra: PRL 62 (1989) 1079. 

41. B S Balakrishna: PRL 60 (1988) 1602; 

B S Balakrishna, A Kagan, R N Mohapatra: PL B205 (1988) 345. 

References to Chapter 9 

1. R N Mohapatra: Unification and Supersymmetry (Springer- Verlag, 2nd 

edition 1991); 

G G Ross: Grandunified Theories (Benjamin-Cummings 1985). 

2. H Georgi, S L Glashow: PRL 32 (1974) 438. 

3. G B Gelmini, M Roncadelli: PL B99 (1981) 411. 

4. G S Abrams et al [Mark II collaboration]: PRL 63 (1989) 2173; 
F Abe et al [CDF collaboration]: PRL 63 (1989) 720; 

D Buskulic et al [ALEPH collaboration]: ZPh C62 (1994) 539; 
M Acciarri et al [L3 collaboration]: ZPh C62(1994) 551; 
R Akers et al [OPAL collaboration]: ZPh C61 (1994) 19; 
P Abreu et al [DELPHI collaboration]: NPh B418 (1994) 403. 

5. For ways to construct the spinor and other low dimensional representations 

of 5O(10), see: 

R N Mohapatra, B Sakita: PR D21 (1980) 1062; 
F Wilczek, A Zee: PR D25 (1982) 553; 
P Nath, R Sayed: NPh B618 (2001) 138. 

6. D Chang, R N Mohapatra, M K Parida: PRL 52 (1984) 1072. 

7. D Chang, R N Mohapatra, M K Parida: PR D30 (1984) 1052; 

D Chang, R N Mohapatra, J Gipson, R E Marshak, M K Parida: PR D31 
(1985) 1718; 

8. N G Deshpande, E Keith, P B Pal: PR D46 (1992) 2261; 
R N Mohapatra, M K Parida: PR D47 (1993) 264. 



426 References 

9. M Gell-Mann, P Ramond, R Slansky: in Supergravity, ed. P van Nieuwen- 
huizen and D Z Preedman (North Holland 1979); 

T Yanagida: in Proceedings of Workshop on Unified Theory and Baryon 
number in the Universe, ed. Sawada, A Sugamoto (KEK 1979); 

R N Mohapatra, G Senjanovic: PRL 44 (1980) 912, PR D23 (1981) 165. 

10. Particle Data Group, K Hagiwara et al.: Review of Particle Properties, PR 

D66 (2002) 010001. 

11. P Chankowski, Z Pluciennik: PL B316 (1993) 312; 

K S Babu, C N Leung, J Pantaleone: PL B319 (1993) 191; 

S Antusch, M Drees, J Kersten, M Lindner, M Ratz: PL B519 (2001) 238. 

12. F Abe et al: PRL 73 (1994) 225. 

13. R N Mohapatra, G Senjanovic: ZPh C17 (1983) 53; 
R Holman, G Lazarides, Q Shan: PR D27 (1983) 995; 

14. J E Kim: PRL 43 (1979) 103; 

M Dine, W Fischler, M Srednicki: PL B104 (1981) 199; 

A Zhitnitskii: SJNP 31 (1980) 260; 

M Shifman, A Vainstein, V Zakharov: NPh B166 (1980) 493. 

15. E Witten: PL B91 (1980) 81. 

16. D Chang, R N Mohapatra: PR D32 (1985) 1248. 

17. K S Babu, R N Mohapatra: PRL 70 (1993) 2845. 

18. D-G Lee, R N Mohapatra: PR D51 (1995) 1353. 

19. K S Babu, R N Mohapatra: PRL 70 (1993) 2845; 
L Lavoura: PR D48 (1993) 5440; 

D G Lee, R N Mohapatra: PR D51 (1995) 1353; 

B Brahraachari, R N Mohapatra: PR D58 (1998) 015003; 

K Oda, E Takasugi, M Tanaka, M Yoshimura: PR D59 (1999) 055001. 

20. T Fukuyama, N Okada: ModPL A18 (2003) 719; 

K Matsuda, Y Koide, T Fukuyama, H Nishiura: PR D65 (2002) 033008; 
PR D65 (2002) 079904 (E). 

21. B Bajc, G Senjanovic, F Vissani: PRL 90 (2003) 051802; 
H S Goh, R N Mohapatra, S-P. Ng: PL B570 (2003) 215. 

22. S Dimopoulos, L Hall, S Raby: PR D47 (1993) 3697; 
Y Achiman, T Greiner: NPh B443 (1995) 3; 

G Amelino-Camelia, Pisanti, L Rosa: NPh (Proc. Supp.) B43 (1995) 86; 

K S Babu, J C Pati, F Wilczek: NPh B566 (2000) 33; 

C Albright, S M Barr: PRL 85 (2001) 244; 

T Blazek, S Raby, K Tobe: PR D62 (2000) 055001; 



References to Chapter 10 427 

M C Chen, K T Mahanthappa: PR D62 (2000) 113007; 
Z Berezhiani, A Rossi: NPh B594 (2001) 113; 
R Kitano, Y Mimura: PR D63 (2001) 016008. 

23. F Gursey, P Sikivie, P Ramond: PL B60 (1976) 117; 
F Gursey, M Serdaroglu: NuCim A65 (1981) 337; 

Y Achiman, B Stech: PL B77 (1977) 389; 
Q Shaft: PL B79 (1978) 301; 

For a review and detailed references, see J L Hewett, T G Rizzo: PhRep 
183 (1989) 193. 

24. J Breit, B Ovrut, G Segre: PL B158 (1985) 33; 
A Sen: PRL 55 (1985) 33. 

25. R N Mohapatra, J W F Valle: PR D34 (1986) 1642. 



References to Chapter 10 

1. J Bagger, J Wess: Supersymmetry and Supergravity (Princeton University 

Press 1983); 
P C West: Introduction to Supersymmetry and Supergravity (World Sci- 
entific, 2nd edition 1990). 

2. R N Mohapatra: Unification and Supersymmetry, Springer- Verlag, Second 

edition (1991); 

3. H Haber, G Kane: PhRep 117 (1984) 76; 
H P Nilles: PhRep 110 (1984) 1. 

4. M Grisaru, M Rocek, W Siegel: NPh B159 (1979) 429. 

5. For a survey of experimental efforts, see, e.g.: 

Supersymmetry-96: Theoretical Perspectives and Experimental Out- 
look, ed. R N Mohapatra, A Rasin: NPh (Proc. Supp.) B52A (1997). 

6. R Arnowitt, A Chamsheddine, P Nath: PRL 49 (1982) 970; 
R Barbieri, S Ferrara, C Savoy: PL B 119 (1982) 343. 

7. M Dine, A Nelson: PR D48 (1993) 1277; 

L Alvarez-gaume, M Claudson, M Wise: NPh B207 (1982) 96. 

8. P Binetruy, E Dudas: PL B389 (1996) 503; 
G Dvali, A Pomarol: PRL 77 (1996) 3728; 

R N Mohapatra, A Riotto: PR D55 (1997) 1138. 

9. R N Mohapatra: PR D34 (1986) 3457; 

R Kuchimanchi, R N Mohapatra: PR D48 (1993) 4352. 
10. C S Aulakh, R N Mohapatra, PL B 119 (1982) 136. 



428 References 

11. A Y Smirnov, F Vissani: NPh B460 (1996) 37; 

B Mukhopadhyay, S Roy, F Vissani: PL B443 (1998) 191; 
R Godbole, P Roy, X Tata: NPh B401 (1993) 67; 
S Rakshit, G Bhattacharyya, A Raychaudhuri: PRD 59 (1999) 091701; 
E J Chun, S K Kang, C W Kim, U W Lee: NPh B544 (1999) 89; 
J W F Valle: hep-ph/97 12277; 
Y Grossman, H Haber: PRL 78 (1997) 3438; 

A Abada, G Bhattacharyya, M Losada: PR D66 (2002) 071701 and refer- 
ences therein. 

12. V Barger, G F Giudice, M Y Han: PR D40 (1989) 2987. 

13. For reviews and references, see, e.g.: 

a) H Dreiner: hep-ph/9707435; 

b) G Bhattacharyya: hep-ph/9709395; 

c) G Bhattacharyya, H V Klapdor-Kleingrothaus, H Pas: PL B463 
(1999) 77; 

d) B Allanach, A Dedes, H Dreiner: hep-ph/0309196. 

14. S Giddings, A Strominger: NPh B307 (1988) 854. 

15. M Francis, M Frank, C S Kalman: PR D43 (1991) 2369; 
K Huitu, J Malaampi, M Raidal: NPh B420 (1994) 449; 
R Kuchimanchi, R N Mohapatra: PRL 75 (1995) 3989. 

References to Chapter 11 

1. L Wolfenstein: PRL 51 (1983) 1945. 

2. D Chang, R N Mohapatra, P B Pal, J C Pati: PRL 55 (1985) 2756; 
K S Babu, B Dutta, R N Mohapatra: PR D60 (1999) 095004. 

3. For some attempts to understand large mixings within the seesaw frame- 

work, see, e.g., 

a) A Y Smirnov: PR D48 (1993) 3264; 

b) S F King: PL B439 (1998) 350; 

c) M Tanimoto: PL B345 (1995) 477; 

d) G Altarelli, F Feruglio, I Masina: PL B472 (2000) 382; 

e) E Akhmedov, G C Branco, M Rebelo: PRL 84 (2000) 3535; 

f) D Falcone: PR D66 (2002) 053001; 

g) M Jezabek, P Urban: PL B541 (2002) 142; 
h) K S Babu, S M Barr: PL B381 (1996) 202. 

4. Z Maki, M Nakagawa, S Sakata: PTP 28 (1962) 870; 
B Pontecorvo: JETP 26 (1968) 984. 



References to Chapter 12 429 

5. H Fritzsch, Z Z Xing: PL B372 (1996) 265; 

M Fukugita, M Tanimoto, T Yanagida: PR D57 (1998) 4429 

6. V Barger, S Pakvasa, T J Weiler, K Whisnant: PL B437 (1998) 107; 
A J Baltz, A S Goldhaber, M Goldhaber: PRL 81 (1998) 5730; 

M Jezabek, Y Sumino: PL B440 (1998) 327; 
G Altarelli, F Feruglio: PL B439 (1998) 112. 

7. P Frampton, S L Glashow: PL B451 (1999) 95; 
Y Koide: PR D64 (2001) 077301; 

B Brahmachari, S Choubey: PL B531 (2001) 99. 

8. D O Caldwell, R N Mohapatra: PL B354 (1995) 371; 
G G Raffelt, J Silk: PL B366 (1996) 429. 

9. D Caldwell, R N Mohapatra: PR D48 (1993) 3259; 
A Joshipura: PR D51 (1995) 1351. 

10. R Barbieri, L Hall, A Strumia, N Weiner: JHEP 9812 (1998) 017; 
A Joshipura, S Rindani: EuPJ C14 (2000) 85; 

R N Mohapatra, A Perez-Lorenzana, C A de S Pires: PL B474 (2000) 355; 
T Kitabayashi, M Yasue: PR D63 (2001) 095002; 
S T Petcov: PL B110 (1982) 245. 

11. R Kuchimanchi, R N Mohapatra: PR D66 (2002) 051301. 

12. R N Mohapatra, S Nussinov: PR D60 (1999) 013002. 

13. W Grimus, L Lavoura: JHEP 07 (2001) 045. 

14. P Chankowski, Z Pluciennik: PL B316 (1993) 312; 

K S Babu, C N Leung, J Pantaleone: PL B319 (1993) 191; 

S Antusch, M Drees, J Kersten, M Lindner, M Ratz: PL B519 (2001) 238. 

15. K R S Balaji, A Dighe, R. N. Mohapatra, M K Parida: PRL 84 (2000) 

5034; PL B481 (2000) 33. 

16. R N Mohapatra, M K Parida, G Rajasekaran: hep-ph/0301234. 

17. B Bajc, G Senjanovic, F Vissani: PRL 90 (2003) 051802. 

18. H S Goh, R N Mohapatra, S-P Ng: hep-ph/0303055. 



References to Chapter 12 

1. R G H Robertson, D A Knapp: ARNP 38 (1988) 185. 

2. F Boehm, P Vogel: Physics of Massive Neutrinos (Cambridge Univ Press 

1987). 

3. V A Lubimov, E G Novikov, V Z Nozik, E F Tretyakov, V S Kosik: PL 

B94 (1980) 266. 



430 References 

4. V A Lyubimov, E G Novikov, V Z Nozik, E F Tretyakov, V S Kosik, N F 

Myasoedov: JETP 54 (1981) 616. 

5. K E Bergkvist: PL B159 (1988) 408; 

C L Bennett, A B McDonald, P T Springer, T E Chupp, M L Tate: PR 
C31 (1985) 197. 

6. M Fritschi et al: PL B173 (1986) 485; PL B287 (1992) 381. 

7. J F Wilkerson: in Proceedings of Salt Lake City Meeting, ed. C DeTar, J 

Ball (World Scientific 1987). 

8. J F Wilkerson et al: PRL 58 (1987) 2023. 

9. H Kawakami et al: PL B256 (1987) 105. 

10. C Weinheimer et al: PL B300 (1993) 210. 

11. W Stoeffl, D J Decman: PRL 75 (1995) 3237. 

12. C R Ching et al: IJMP A10 (1995) 2841. 

13. A I Belesev et al: PL B350 (1995) 263. 

14. H C Sun et al: CJNP 15 (1993) 261. 

15. V M Lobashev et al: PL B460 (1999) 227. 

16. C Weinheimer et al: PL B460 (1999) 219; Erratum PL B464 (1999) 352. 

17. G J Stephenson Jr., T Goldman: hep-ph/9309308; 
R N Mohapatra, S Nussinov: PL B395 (1997) 63. 

18. A Chodos, V A Kostelecky, R Potting, E Gates: ModPL A7 (1992) 467. 

19. For a review and references on this episode, see: 

F E Wietfeldt, E B Norman: PhRep 273 (1996) 149. 

20. Particle Data Group, K Hagiwara et al.: Review of Particle Properties, 

PR D66 (2002) 010001 and 2003 off-year partial update for the 2004 
edition available on the PDG WWW pages at (http://pdg.lbl.gov/). 

21. A Assamagan et al: PR D53 (1996) 6065. 

22. R Barate et al: EPJ C2 (1998) 395. 

23. B Kayser: PR D26 (1982) 1662; also in Field Theory in Elementary Par- 

ticles, Proceedings of Orbis Scientiae, Coral Gables, 1982, edited by 
Arnold Perlmutter (Plenum, New York, 1983), p. 49. 

24. J F Nieves, P B Pal: PR D32 (1985) 1849. 

References to Chapter 13 

1. J F Nieves: PR D26 (1982) 3152. 

2. B Kayser, A Goldhaber: PR D28 (1983) 2341. 

3. B Kayser: PR D30 (1984) 1023. 

4. P B Pal, L Wolfenstein: PR D26 (1982) 766. 



References to Chapter 13 431 

5. B W Lee, R E Shrock: PR D16 (1977) 1444. 

6. K Fujikawa, R E Shrock: PRL 45 (1980) 963. 

7. W Marciano, A Sanda: PL B67 (1977) 303. 

8. S T Petcov: SJNP 25 (1977) 340; [Erratum ibid, p. 698]. 

9. S L Glashow, J Iliopoulos, L Maiani: PR D2 (1970) 1285. 

10. D Chang, J Basecq, L F Li, P B Pal: PR D30 (1984) 1601. 

11. J Schecter, J W F Valle: PR D24 (1981) 1883 [Erratum 25 (1982) 283]. 

12. S T Petcov: PL B115 (1982) 401. 

13. U Chattopadhyay, P B Pal: PR D34 (1986) 3444. 

14. K Enqvist, J Maalampi, A Masiero: PL B222 (1989) 453; 
K S Babu, R N Mohapatra: PRL 64 (1990) 9. 

15. J Maalampi, K Mursula, M Roos: PRL 56 (1986) 1031. 

16. M A B Beg, W J Marciano, M Ruderman: PR D17 (1978) 1395; 
R E Shrock: NPh B206 (1982) 359; 

M J Duncan, J A Grifols, A Mendez, S UmaSankar: PL B191 (1987) 304; 
J Liu: PR D35 (1987) 3447. 

17. A V Kyuldjiev: NPh B243 (1984) 387. 

18. D Krakauer et al: PL B252 (1990) 177. 

19. G Geiregat et al [Charm II experiment]: PL B232 (1989) 539. 

20. K Abe et al: PRL 58 (1987) 636. 

21. R C Allen et al: in Neutrino '88, ed. J Schneps et al (World Scientific 1989). 

22. F Reines, H S Gurr, H W Sobel: PRL 37 (1977) 315. 

23. H B Li et al: PRL 90 (2003) 131802. 

24. J Morgan: PL B102 (1981) 247. 
G Raffelt: PRL 64 (1990) 2856. 

25. M Fukugita, S Yazaki: PR D36 (1987) 3817. 

26. R Barbieri, R N Mohapatra: PRL 61 (1988) 27; 
J Lattimer, D Cooperstein: PRL 61 (1988) 23; 
D Notzold: PR D38 (1988) 1658; 

I Goldman, G Alexander, S Nussinov, Y Aharonov: PRL 60 (1988) 1789. 

27. M Voloshin, M Vysotskii, L B Okun: SJNP 44 (1986) 544; 
R Cisneros: ApSp 10 (1971) 87. 

28. M Fukugita, T Yanagida: PRL 58 (1987) 1807; 
K S Babu, V S Mathur: PL B196 (1987) 218; 
A Zee: PL B161 (1985) 141. 

29. R N Mohapatra: PL B201 (1988) 517; Proceedings of the 1988 INS sym- 



432 References 

posium on Neutrino masses and related topics, eds. S Kato and T 
Oshima, (World Scientific, 1988) p. 69. 

30. M B Voloshin: SJNP 48 (1988) 512. 

31. R Barbieri, R N Mohapatra: PL B218 (1989) 225; 
N G Deshpande, P B Pal: PR D45 (1992) 3183. 

32. K S Babu, R N Mohapatra: PRL 63 (1989) 228. 

33. K S Babu, R N Mohapatra: PRL 64 (1990) 1705; 

G Ecker, W Grimus, H Neufeld: PL B232 (1990) 217; 

D Chang, W Y Keung, G Senjanovic: PR D42 (1990) 1599; 

N Marcus, M Leurer: PL B237 (1990) 81. 

34. For reviews and references, see, e.g. 

P B Pal: IJMP A7 (1992) 5387. 

35. H Georgi, L Randall: PL B244 (1990) 196. 

36. S M Barr, E M Freire, A Zee: PRL 65 (1990) 2626. 

References to Chapter 14 

1. For detailed discussion on various aspects of the double beta decay phe- 

nomena, see: 

H Klapdor-Kleingrothaus, S Stoica (ed): Double-Beta Decay and Related 
Topics, (World Scientific" 1995); 

H. Klapdor-Kleingrothaus: Sixty Years of Double Beta Decay, (World Sci- 
entific, 2001). 

2. S R Elliot, A A Hahn, M K Moe: PRL 59 (1987) 2020. 

3. V B Brudanin et al: PL B495 (2000) 63. 

4. H V Klapdor-Kleingrothaus et al [Heidelberg-Moscow Collaboration]: 

EuPJ A12 (2001) 147. 

5. R Arnold et al: NPh A636 (1998) 209. 

6. A de Silva, M K Moe, M A Nelson, M. A. Vient: PR C 56 (1997) 2451. 

7. F A Danevich et al: PR C62 (2000) 045501; 
K Zuber: PL B 519 (2001) 1; 

H Kiel, D Munstermann, K Zuber: NPh A 723 (2003) 499. 

8. T Kirsten et al: Proceedings of the International Symposium on Nuclear 

Beta Decay and Neutrino, ed. T Kotani et al, (World Scientific 1986) 
p. 81. 

9. O Manuel: Proc. of International Symposium on Nuclear Beta Decay and 

Neutrino, ed. T Kotani et al, (World Scientific 1986), p. 71. 

10. Y Chikashige, R N Mohapatra, R D Peccei: PL B98 (1981) 265; PRL 45 



References to Chapter 14 433 

(1980) 1926. 

11. Heidelberg-Moscow Collaboration: A Balysh et al: PL B356 (1995) 450; 

this surpasses the earlier limit by more than an order of magnitude; 
D O Caldwell et al: PR D33 (1986) 2737; PRL 59 (1987) 419; 
A Barabash et al [NEMO collaboration]: Part. Nucl. Lett. 108 (2001) 68. 

12. J Hellmig et al: Ref. [1], p 130; this is almost an order of magnitude better 

than the earlier limit set in F T Avignone et al: PR C34 (1986) 666. 

13. H Ejiri et al: NPh A448 (1986) 271; 
E Bellotti et al: NuCim A95 (1986) 1; 

A Barabash et al [NEMO collaboration]: 17th International Conference on 
Neutrino Physics and Astrophysics (Neutrino 96), Helsinki, Finland, 
June 1996; Published in Helsinki 1996, Neutrino'96, pp 374-380. 

For extensive reviews, see: 

F T Avignone, R L Brodzinski: PPNPh 21 (1988) 99; 
D Caldwell: Nulns A264 (1988) 106. 

14. C E Aalseth et al [IGEX Collaboration]: PR D65 (2002) 092007. 

15. For excellent reviews of double beta decay, see: 

H PrimakofF, S P Rosen: ARNP 31 (1981) 145; 

M Doi, T Kotani, E Takasugi: PTP Suppl. 83 (1985) 1; 

W Haxton, G J Stephenson: PPNPh 12 (1984) 409; 

J D Vergados: PhRep 133 (1986) 1; 

K Muto, H V Klapdor: in Neutrinos, ed. H Klapdor (Springer- Verlag 

1988), p. 183; 

M G Shehepkin: Usp 27 (1984) 555; 

T Tomoda: RepPrPh 54 (1991) 53; 

H Klapdor-Kleingrothaus: in Ref. [1], p. 1; 

H Klapdor-Kleingrothaus, A Staudt: Non-Accelerator Particle Physics 

(IOP Pub., Philadelphia 1995). 

16. M Doi, T Kotani, H Nishiura, E Takasugi: PL B103 (1981) 219; PTP 66 

(1981) 1739, 1765. 

17. H Georgi, S L Glashow, S Nussinov: NPh B193 (1981) 297. 

18. R N Mohapatra, E Takasugi: PL B211 (1988) 192. 

19. S P Rosen: Neutrino '88, ed. J Schneps et al, (World Scientific 1988), p. 78. 

20. For a lucid discussion of this see, B Kayser et al: Massive Neutrinos, (World 

Scientific 1989). 

21. W C Haxton, G J Stephenson, Jr., D Strottman: PRL 47 (1981) 153, PR 

D26 (1982) 1805; 
K Muto, H V Klapdor: PL B201 (1988) 420; 
T Tomoda, A Faessler, K W Schmid, F Grummer: NPh A452 (1986) 591; 



434 References 

T Tomoda, A Faessler: PL B199 (1987) 475; 

J D Vergados: NPh B218 (1983) 109; 

P Vogel, M Zirnbauer: PRL 57 (1986) 3148. 

22. L Wolfenstein: PL B107 (1981) 77. 

23. D Chang, P B Pal: PR D26 (1982) 3113; 

D Choudhury, U Sarkar: PR D41 (1990) 1591. 

24. A Halprin, P Minkowski, H Primakoff, S P Rosen: PR D13 (1976) 2567. 

25. R N Mohapatra, G Senjanovic: PR D23 (1981) 165. 

26. G B Gelmini, M Roncadelli: PL B99 (1981) 411. 

27. R N Mohapatra, J D Vergados: PRL 47 (1981) 1713. 

28. L Wolfenstein: PR D26 (1982) 2507. 

29. W C Haxton, S P Rosen, G J Stephenson Jr.: PR D26 (1982) 1805. 

30. C Piccioto, M Zahir: PR D26 (1982) 2320. 

31. R N Mohapatra: PR D34 (1986) 909. 

32. R N Mohapatra: PR D34 (1986) 3457; 
J D Vergados: PL B184 (1987) 55; 

R Kuchimanchi, R N Mohapatra: PR D48 (1993) 4352. 

33. M Hirsch, H Kiapdor-Kleingrothaus, S Kovalenko: PRL 75 (1995) 17. 

34. K S Babu, R N Mohapatra: PRL 75 (1995) 2276. 

35. M Hirsch, H Kiapdor-Kleingrothaus, S Kovalenko: PR D54 (1996) 4207. 

36. B Brahmachari, E Ma: PL B536 (2002) 259; 

K Choi, K S Jeong, W Y Song: PR D66 (2002) 093007; 

Panella, C Carimalo, Y Srivastav, A Widom: hep-ph/9701251. 

37. G Prezeau, M Ramsey-Musolf, P Vogel: hep-ph/0303205. 

38. C S Aulakh, R N Mohapatra: PL B 119 (1983) 136. 

39. S Bertolini, A Santamaria: NPh B310 (1988) 714. 

40. For a comprehensive discussion of general scalar emission in neutrinoless 

double beta decay, see C Burgess, P Bamert, R N Mohapatra: NPh 
B449 (1995) 25. 
The present experimental situation with respect to these processes are sum- 
marized in J Hellmig et al: Ref. [1], p. 130. 

41. J W F Valle: private communication. 

42. J Schecter, J W F Valle: PR D25 (1982) 2951. 

43. H V Kiapdor-Kleingrothaus, A Dietz, H L Harney, I V Krivosheina: ModPL 

A16 (2001) 2409. 

44. F Simkovic, A Faessler: PPNPh 48 (2002) 201. 

45. S Pascoli, S Petcov, L Wolfenstein: PL B524 (2002) 319; 



References to Chapter 15 435 

S Pascoli, S Petcov, W Rodejohann: PL B 549 (2002) 177; 

S M Bilenky, C Giunti, W Grimus, B Kayser, S T Petcov: PL B465 (1999) 
193; 

H Minakata, H Sugiyama: hep-ph/02 12240; 

V Barger, S L Glashow, K Whisnant, D Marfatia: PL B532 (2002) 15- 

46. S Pascoli, S T Petcov: PL B544 (2002) 239. 

47. G Gratta et al [EXO collaboration]: hep-ex/0002003; 

F Avignone et al [Majorana collaboration]: hep-ex/0201021; 

H Klapdor-Kleingrothaus et al [GENIUS collaboration]: hep-ph/99 10205; 

C Arnaboldi et al [CUORE collaboration]: hep-ex/0302021. 

48. M Gunther et al: Ref. [1], page 455. 

References to Chapter 15 

1. S T Petcov: SJNP 25 (1977) 340; [Erratum ibid, p. 698]. 

2. W J Marciano, A I Sanda: PL B67 (1977) 303. 

3. S M Bilenky, S T Petcov, B Pontecorvo: PL B67 (1977) 309. 

4. Particle Data Group: Review of Particle Properties, PR D66 (2002) 010001. 

5. T P Cheng, L F Li: PRL 45 (1980) 1908. 

6. B W Lee, R E Shrock: PR D16 (1977) 1444. 

7. H Georgi, S L Glashow, S Nussinov: NPh B193 (1981) 297. 

8. P B Pal: NPh B227 (1983) 237. 

9. G Feinberg, S Weinberg: PR 123 (1961) 1439. 

10. G A Beer et al: PRL 57 (1986) 671; 
B Ni et al: PRL 59 (1987) 2716; 

T Huber et al: PRL 61 (1989) 2189; 

V A Gordeev et al: JETPL 57 (1993) 270. 

11. K Jungman: Talk at the Beyond 97 conference in Ringberg Castle, June 

8-12, 1997 (to appear in the proceedings). 

12. A Halprin: PRL 48 (1982) 1313. 

13. R N Mohapatra, P B Pal: PL B179 (1986) 105. 

14. P Herczeg, R N Mohapatra: PRL 69 (1992) 2475. 

15. R N Mohapatra: in Proceedings of Eighth Workshop on Grandunification, 

ed. K C Wall (World Scientific 1987); 
D Chang, W Y Keung: PRL 62 (1989) 2583; 
W S Hou, G G Wong: PR D53 (1996) 1537; 
M L Schwarz: PR D40 (1989) 1521. 



436 References 

16. R N Mohapatra: ZPh C56 (1992) 117; 

A Halprin, A Masiero: PR D48 (1993) 2987. 

17. J C Pati, A Salam: PR D10 (1974) 275; 

R N Cahn, H Harari: NPh B176 (1980) 135; 

S Dimopoulos, S Raby, G L Kane: NPh B182 (1981) 77; 

N G Deshpande, R J Johnson: PR D27 (1983) 1193. 

18. M Kobayashi, K Maskawa: PTP 49 (1973) 652. 

19. S M Bilenky, J Hosek, S T Petcov: PL B94 (1980) 495. 

20. J Schecter, J W F Valle: PR D22 (1980) 2227. 

21. M Doi, T Kotani, H Nishiura, K Okuda, E Takasugi: PL B102 (1981) 323. 

22. J Schecter, J W F Valle: PR D23 (1981) 1666. 

23. For a review, see W Bernreuther, M Suzuki: RMP 63 (1991) 313. 

24. E P Shabalin: SJNP 28 (1978) 75. 

25. J F Nieves, D Chang, P B Pal: PR D33 (1986) 3324. 

26. G Beall, A Soni: PRL 47 (1981) 552. 

27. J F Nieves, P B Pal: PR D64 (2001) 076005; PR D67 (2003) 036005. 

28. For a review, see B Kayser, in CP Violation edited by C. Jarlskog, (World 

Scientific, 1989). 

29. A de Gouvea, B Kayser, R N Mohapatra: PR D67 (2003) 053004. 

30. O W Greenberg: PR D32 (1985) 1841; 

I Dunietz, O W Greenberg, D Wu: PRL 55 (1985) 2935. 

31. J F Nieves, P B Pal: PR D36 (1987) 315. 

References to Chapter 16 

1. H A Weldon: PR D26 (1982) 2789. 

2. J F Nieves: PR D40 (1989) 866. 

3. L Dolan, R Jackiw: PR D9 (1974) 3320. 

4. S Weinberg: PR D9 (1974) 3357. 

5. For detailed discussion on the formalism and extensive references, see, e.g., 

N P Landsman, C G van Weert: PhRep 145 (1987) 141. 

6. J F Nieves: PR D42 (1990) 4123. 

7. D Notzold, G Raffelt: NPh B307 (1988) 924. 

8. P B Pal, T N Pham: PR D40 (1989) 259. 

9. K Enqvist, K Kainulainen, J Maalampi: NPh B349 (1991) 754. 

10. J C D'Olivo, J F Nieves, M Torres: PR D46 (1992) 1172. 

11. J F Nieves, P B Pal: PR D40 (1989) 1693. 



References to Chapter 17 437 

12. V B Semikoz, Y A Smorodinskir. JETP 68 (1989) 20- 

13. V N Oraevsky, A Y Plakhov, V B Semikoz, Y A Smorodinskii: JETP 66 

(1987) 890; Erratum JETP 68 (1989) 1309. 

14. J C D'Olivo, J F Nieves, P B Pal: PR D40 (1989) 3679. Note that the 

formulas in this reference assume e < 0. Here, we present the formulas 
with the convention e > 0. 

15. T Altherr, K Kainulainen: PL B262 (1991) 79. 

16. J F Nieves, P B Pal: PR D39 (1989) 652. 

17. V N Oraevsky, V B Semikoz: SJNP 42 (1985) 446; Physica A142 (1987) 

135. 

18. J F Nieves, P B Pal: PR D49 (1994) 1398. 

19. J C D'Olivo, J F Nieves, P B Pal: PRL 64 (1990) 1088. 

20. C Giunti, C W Kim, W P Lam: PR D43 (1991) 164. 

21. J F Nieves, P B Pal: PR D56 (1997) 365. 

22. S Esposito, G Capone: ZPh C70 (1996) 55; 

J C D'Olivo, J F Nieves: PL B383 (1996) 87; 

P Elmfors, D Grosso, G Raffelt: NPh B479 (1996) 3. 

23. A Kusenko, G Segre: PRL 77 (1996) 4872. 

24. For a review, see K Bhattacharya, P B Pal: hep-ph/0212118. 

25. R F Sawyer: PR D46 (1992) 1180. 

26. J C D'Olivo, J F Nieves, P B Pal: PL B365 (1996) 178. 

27. W Grimus, H Neufeld: PL B315 (1993) 129. 

28. C Giunti, C W Kim, U W Lee, W P Lam: PR D45 (1992) 1557. 

29. Z G Berezhiani, M I Vysotsky: PL B199 (1987) 281. 

References to Chapter 17 

1. For a detailed survey, see G Raffelt: Stars as laboratories for Fundamental 

Physics (Chicago University Press 1996). 

2. For detailed theoretical analysis of the neutrino signal from supernova col- 

lapse, see 

a) A Burrows, J Lattimer: ApJ 307 (1986) 178; 

b) A Burrows, J Lattimer: ApJ 318 (1987) L63; 

c) R Mayle, J R Wilson, D Schramm: ApJ 318 (1987) 288. 

3. M Aglietta et al: EuPL 3 (1987) 1321. 

4. E N Alekseev et al: PL B205 (1988) 209. 

5. K Hirata et al: PRL 58 (1987) 1490. 

6. R Bionta et al: PRL 58 (1987) 1494. 



438 References 

7. W Arnett, J Rosner: PRL 58 (1987) 1906; 

J N Bahcall, S L Glashow: Nature 326 (1987) 476; 

E Kolb, A Stebbins, M Turner: PR D35 (1987) 3598 [Erratum 36 (1987) 
3820]. 

8. K Gaemers, R Gandhi, J Lattimer. PR D40 (1989) 309; 
A Burrows, R Gandhi: PL B246 (1990) 149. 

9. R Barbieri, R N Mohapatra: PRL 61 (1988) 27; 
J Lattimer, J Cooperstein: PRL 61 (1988) 24; 
D Notzold: PR D38 (1988) 1658; 

I Goldman, G Alexander, S Nussinov, Y Aharonov: PRL 60 (1988) 1789; 

A Goyal, S R Dutta, S Raichoudhury: PL B346 (1995) 312; 

S Mohanty, M K Samal: PRL 77 (1996) 806; 

P Elmfors, K Enquist, G Raffelt, G Sigl: NPh B503 (1997) 3. 

10. G Barbiellini, G Cocconi: Nature 329 (1987) 21. 

11. J Bahcall, D Speigel, W Press: "SN1987A in The Large Magellanic Cloud", 

Proceedings of the Fourth George Mason Astronomy Workshop, Fair- 
fax, Virginia, ed. M Kafatos (Cambridge Univ. Press) p. 172. 

12. R Barbieri, R N Mohapatra: PR D39 (1989) 1229; 
G Raffelt, D Seckel: PRL 60 (1988) 1793. 

13. E Chupp, C Reppin, W Vestrand: PRL 62 (1989) 505. 

14. F von Feilitzsch, L Oberauer: PL B200 (1988) 580; 
E Kolb, M Turner: PRL 62 (1989) 509. 

15. R Cowsik: PRL 39 (1977) 784. 

16. R N Mohapatra, S Nussinov: PR D51 (1995) 3843; 
J Soares, L Wolfenstein: PR D40 (1989) 3666. 

17. R N Mohapatra, S Nussinov, X Zhang: PR D49 (1994) 3434; 
L Oberauer, G Raffelt, G Sigl: APPh 1 (1993) 377; 

R Cowsik, D Schramm, R Hopflich: PL B218 (1989) 91. 

18. Y-Z Qian, G M Fuller, G J Mathews, R W Mayle, J R Wilson, S E Woosley: 

PRL 71 (1993) 1965. 

19. E Kolb, D Schramm, M Turner: in Neutrino Physics, ed. K Winter (Cam- 

bridge Univ. Press, 1989). 

20. A S Dighe, A Y Smirnov: PR D62 (2000) 033007; 
C Lunardini, A Y Smirnov: JCAP 0306 (2003) 009; 

A S Dighe, M T Keil, G G Raffelt: JCAP 0306 (2003) 005. 



References to Chapter 18 439 

References to Chapter 18 

1. There exist several excellent books and review articles on Cosmology. Some 

examples are: 

a) P J E Peebles: Physical Cosmology (Princeton Univ. Press 1971); 

b) S Weinberg: Gravitation and Cosmology (Wiley 1972); 

c) S Weinberg: The first three minutes (Basic Books 1977); 

d) C W Misner, K S Thorne, J A Wheeler: Gravitation (Freeman 
1973); 

e) J R Primack: Lectures presented at the Internationai School of 
Physics "Enrico Fermi" (Verena, 1984); 

f) E W Kolb: Proceedings of the 1986 Theoretical Advanced Studies 
Institute, (Santa Cruz, 1986); 

g) E W Kolb, M Turner: The Eariy Universe (Addition- Wesley 1990). 

h) G Borner: The early universe (Springer- Verlag 1988); 

i) J V Narlikar: Introduction to Cosmology (Foundation Books 
1995); 

j) J A Peacock: Cosmological physics (Cambridge University Press 

1999); 
k) J Rich: Fundamentals of Cosmology (Springer 2001). 

2. See, e.g., Weinberg's Gravitation and cosmology in [1]. 

3. For a pedagogical introducation to cosmological parameters and their de- 

termination, see, e.g., P B Pal: Pramana 54 (2000) 79. 

4. S Perlmutter et al [Supernova Cosmology Project]: ApJ 517 (1999) 565. 

5. D N Spergel et al [WMAP collaboration]: ApJ Suppl. 148 (2003) 175. 

6. R A Alpher, J W Follin, R C Herman: PR 92 (1953) 1347; 
R V Wagoner, W A Fowler, F Hoyle: ApJ 148 (1967) 3. 

7. J Yang, M S Turner, G Steigman, D N Schramm, K Olive: ApJ 281 (1984) 

493; 

For an extensive review, see S Sarkar: RepPrPh 59 (1996) 1493. 

8. K A Olive, D N Schramm, G Steigman, T P Walker: PL B236 (1990) 454. 

9. W Mampe et al: PRL 63 (1989) 593. 
10. See, e.g., 

a) P di Bari: PR D65 (2002) 043509; 

b) S Sarkar, B Fields: PR D66 (2002) 010001; 

c) R Cyburt, B Fields, K Olive: astro-ph/0302431; 

d) V Barger, J P Kneller, H-S Lee, D Marfatia, G Steigman: PL 
B566 (2003) 8. 



440 References 

11. S S Gershtein, Y B Zeldovich: JETP Lett. 4 (1966) 120; 
R Cowsik, J Mclelland: PRL 29 (1972) 669. 

12. P B Pal, K Kar: PL B451 (1999) 136; 

J Lesgourgues, S Pastor: PR D60 (1999) 103521. 

13. B W Lee, S Weinberg: PRL 39 (1977) 165; 
P Hut: PL B69 (1977) 85; 

K Sato, M Kobayashi: PTP 58 (1977) 1775; 

M I Vysotskii, A D Dolgov, Y B Zeldovich: JETPL 26 (1977) 188. 

14. E W Kolb, K A Olive: PR D33 (1986) 1202 [Erratum ibid 34 (1986) 2531]. 

15. D A Dicus, E W Kolb, V L Teplitz: PRL 39 (1977) 169; ApJ 221 (1978) 

327. 

16. P B Pal: NPh B227 (1983) 237. 

17. E W Kolb in ref. [1]. 

18. M Roncadelli, G Senjanovic: PL B107 (1983) 59. 

19. Y Chikashige, R N Mohapatra, R D Peccei: PRL 45 (1980) 1926. 

20. S Sarkar, A M Cooper: PL B148 (1984) 347; 

K Sato, M Kobayashi: PTP 58 (1977) 1775; 

J E Gunn, B W Lee, I Lerche, D N Schramm, G Steigman: ApJ 223 (1978) 
1015; 

R Cowsik: PRL 39 (1977) 784; 

D Lindley: MNRS 188 (1979) 15. 

21. E W Kolb, D N Schramm, M Turner: in Neutrino Physics, ed. K Winter 

(Cambridge Univ. Press 1989). 

22. A M Boesgard, G Steigman: ARAA 23 (1985) 319. 

23. G M Fuller, R A Malaney: PR D43 (1991) 3136. 

24. K Enqvist, K Kainulainen, V Semikoz: NPh B374 (1992) 392. 

25. J Morgan: PL B102 (1981) 247. 

26. For an extensive review of the indication of dark matter in the universe, 

see e.g. V Trimble: ARAA 25 (1987) 425. 

27. S Treimane, J E Gunn: PRL 42 (1979) 407. 

28. D N C Lin, S M Faber: ApJL 266 (1983) L21. 

29. A Kusenko: astro-ph/0311240; 

K Abazajian, G Fuller, M Patel: PR D64 (2001) 023501. 

30. J R Bond, G Efstathiou, J Silk: PRL 45 (1980) 1980. 

31. For a review of structure formation in a neutrino dominated universe, see 

e.g., S F Shandarin, A G Doroshkevich, Y B Zeldovich: Usp 26 (1983) 
46. 



References to Chapter 18 441 

32. C Frenk, S D M White, M Davis: ApJ 271 (1983) 417; 
J Centrella, A Melott: Nature 305 (1983) 196. 

33. P B Pal: PR D30 (1984) 2100; 

E D Carlson, L J Hall: PR D40 (1989) 3187; 
G Giudice: ModPL A6 (1991) 851. 

34. D Caldwell, R N Mohapatra: PR D48 (1993) 3259; 
J Peltoniemi, J W F Valle: NPh B406 (1993) 409. 

35. P Hut, S D M White: Nature 310 (1984) 637. 

36. G Steigman, M S Turner: NPh B253 (1985) 375. 

37. V Kuzmin, V ftubakov, M Shaposnikov: PL B155 (1985) 36. 

38. M Fukugita, T Yanagida: PL B174 (1986) 45. 

39. M Luty: PR D45 (1992) 455; 

R N Mohapatra, X M Zhang: PR D45 (1992) 5331; 

M Flanz, E A Paschos, U Sarkar. PL B345 (1995) 248; 

L Covi, E Roulet, F Vissani: PL B384 (1996) 169; 

A Pilaftsis: PRD 56 (1997) 5431; IJMP A14 (1999) 1811; 

W Buchmuller, M Plumacher: PL B431 (1998) 354; 

A S Joshipura, E A Paschos, W Rodejohann: JHEP 0108 (2001) 029; 

W Buchmuller, P di Ban, M Plumacher: PL B547 (2002) 128; 

E Nezri, J Orloff: JHEP 0304 (2003) 020; 

E K Akhmedov, M Frigerio, A Y Smirnov: JHEP 0309 (2003) 021; 

S Davidson, A Ibarra: NPh B648 (2003) 345; 

J Ellis, J Hisano, M Raidal, Y Shimizu: PL B526 (2002) 86; 

J Ellis, M Raidal: NPh B643 (2002) 229; 

G Branco, R Gonzales-Felipe, F R Joaquim, M N Rebelo: NPh B640 (2002) 

202; 
G Branco, PL Gonzalez-Felipa, F Joaquim, I Masina, M N Rebelo, C Savoy: 

PR D67 (2003) 073025; 
S F King: PR D67 (2003) 113010; 
D Falcone, F Tramontano: PR D63 (2001) 073007; 
A Broncano, M B Gavela, E Jenkins: hep-ph/0307058; 
L Velasco-Sevilla: hep-ph/0307071; 
B Dutta, R N Mohapatra: hep-ph/0307163; 
A Pilaftsis, T Underwood: hep-ph/0309342. 

40. L Covi, E Roulet, F Vissani: PL B384 (1996) 169; 
W Buchmuller, M Plumacher: PL B 431 (1998) 354; 
K Hamaguchi: hep-ph/0212305; 



442 References 

U Plumacher: PhRep 320 (1999) 329. 

References to Chapter 19 

1. C Athanassopoulos et al [LSND collaboration]: PRL 77 (1996) 3082. 

2. C Athanassopoulos et al [LSND collaboration]: PR C58 (1998) 2489. 

3. K Eitel et al [KARMEN Collaboration]: NPh B (Proc. Suppl.) 87 (2000) 

281. 

4. A Romosan et al [CCFR/NuTeV Collaboration]: PRL 78 (1997) 2912. 

5. P Astier et al [NOMAD Collaboration]: PL B570 (2003) 19. 

6. A O Bazarko [MiniBoone collaboration]: hep-ex/9906003. 

7. K S Babu, S Pakvasa: hep-ph/0204236; 
For other suggestions along similar lines, see 

P Herczeg: Proceedings of Beyond 97 workshop, Ringberg Castle, 

(1997); 

S Bergman, Y Grossman: PR D59 (1999) 093005; 

L Johnson, D Mckay: PL B433 (1998) 355. 

8. D O Caldwell, R N Mohapatra: PR D48 (1993) 3259; 
J Peltoniemi, J W F Valle: NPh B406 (1993) 409. 

9. V Barger, B Kayser, J Learned, T J Weiler, K Whisnant: PL B489 (2000) 

345. 

10. For a review, see S Bilenky, C Giunti, W Grimus: Eur Phys J CI (1998) 

247; 

N Okada, O Yasuda: IJMP A12 (1997) 3669; 

O L Peres, A Y Smirnov: NPh B599 (2001) 3; 

M Maltoni, T Schwetz, M Tortola, J W F Valle: NPh B643 (2002) 321. 

11. M Sorel, J Conrad, M Shaevitz: hep-ph/0305255. 

12. For a review, see A Dolgov: PhRep 370 (2002) 333. 

13. V Barger, D Marfatia, K Whisnant: hep-ph/0308123 for a review. 

14. K Abazazial, J Beacom, N Bell: PR D66 (2002) 013008; 

A D Dolgov, S H Hansen, S Pastor, S T Petcov, G G Raffelt, D V Semikoz: 

NPh B632 (2002) 363; 
R H Cyburt, B D Fields, K A Olive: PL B567 (2003) 227. 

15. R N Mohapatra: PR D64 (2001) 091301. 

16. Z Berezhiani, R N Mohapatra: PR D52 (1995) 6607; 
R Foot, R Volkas: PR D52 (1995) 6595. 

17. For some other references on mirror models, see, e.g.: 
T D Lee, C N Yang: PR 104, 254 (1956); 



References 443 

I Kobzarev, L Okun, I Y Pomeranchuk: SJNP 3 (1966) 837; 

M Pavsic: IJTP, 9, 229 (1974); 

S I Blinikov, M Y Khlopov: Sov. Astron. 27 (1983) 371; 

Z Silagadze: hep-ph/ 9503481; 

B Brahmachari, R N Mohapatra: hep-ph/9805429; 

Z Berezhiani, A Dolgov, R N Mohapatra: PL B375 (1996) 26; 

V Berezinsky, A Vilenkin: hep-ph/9908257. 

18. K Benakli, A Smirnov: PRL 79 (1997) 4314; 

E J Chun, A Joshipura, A Smirnov: PL B537 (1995) 608; 
E Ma, P Roy: PRD 52 (1995) 4780. 

19. R Barbieri, L Hall, A Strumia, N Weiner: JHEP 9812 (1998) 017; 
A Joshipura, S Rindani: EuPJ C14 (2000) 85; 

R N Mohapatra, A Perez-Lorenzana, C A de S Pires: PL B474 (2000) 355; 
T Kitabayashi, M Yasue: PR D63 (2001) 095002; 
S T Petcov: PL B110 (1982) 245. 

20. B Brahmachari, S Choubey, R N Mohapatra: PL B536 (2002) 94. 

21. R Barbieri, J Ellis, M K Gaillard: PLB90 (1980) 249; 

E Akhmedov, Z Berezhiani, G Senjanovic: PRL 69 (1992) 3013. 

22. D Caldwell, G Fuller, Y Qian: PR D61 (2000) 123005. 

23. P de Holanda and A Smirnov, hep-ph/0307266. 

24. K S Babu, R N Mohapatra: PL B522 (2001) 287. 



This page intentionally left blank 



Index 



accidental symmetry, 334 

adiabaticity condition, 102-105, 121-125 

adiabaticity parameter, 103, 358 

allowed approximation, 245 

anomalous magnetic moment, (see under 

magnetic moment) 
anomaly, 19-20, 39, 40, 44, 214, 397 
cancellation and charge quantization, 

20, 44 
atmospheric neutrinos, 49, 50, 86, 87, 

90, 92-94, 138, 204, 225-227, 229, 

239, 300, 357, 401, 403, 404 
axial anomaly, (see anomaly) 

baryogenesis, 395-397, 401, (see also 

baryon number asymmetry) 
baryon number, 40, 117, 164, 215, 216, 
220, 221, 396, 397 
asymmetry, 193, 367, 396, 397, 401, 

405 
violation, 137, 138, 195, 217, 219, 
396-398 

in the standard model, 40, 397 
vs number of photons, 370, 371, 396, 
401, 405 
beta decay, 3, 5, 21, 24, 46, 171, 219, 
243-251, 281, 369, 370 
-, double, (see double beta decay) 
-, inverse, 85, 111, 342 
of tritium, 46, 247-249, 291 
with neutrino mixing, 250-251 
beta equilibrium, 405 
big bang cosmology, 359-371, 393 



biunitary transformation, 25, 76-77, 139, 

399 
Bjorken scaling, 21, 38 
black hole, 137, 340, 341 

and violation of global symmetry, 

137-138, 220 
B — L symmetry 

global, 40, 45, 48, 137, 141, 145, 

148-149, 151, 154-155, 157-162, 

190-191, 215, 217, 278, 282, 298, 

314, 315, 397, 398, 409, (see also 

Majoron) 
local, 144, 163-166, 194, 195, 197-202, 

206-207, 220, 272, 292 
Bohr magneton, 129, 268, 348 
Bohr radius, 310 

Bose-Einstein distribution, 327, 365 
B + L symmetry, 397 

Cabibbo angle, 222, 244 

Cabibbo-Kobayashi-Maskawa matrix, 
(see CKM matrix) 

Cerenkov detectors, 93, 112-115, 343 

Cerenkov effect, 93, 338 

Chandrasekhar mass, 341 

charge conjugation, 61-62, 193 

charge radius, 40, 41, 48, 257, 260, 261, 
263 

charged current, 5-8, 21, 24-26, 29, 30, 
32, 42, 45, 47, 78, 79, 85, 96, 97, 99, 
114, 116, 118, 140, 153, 167, 168, 
170, 270, 271, 288, 292, 304, 312, 
313, 320, 336, 343, 350, 352, 404 



445 



446 Index 



CHOOZ, 91 

CKM matrix, 6, 203, 317, (see also 
quark mixing) 
Wolfenstein parametrization, 222 
CNO cycle, 109, 110, 112 
complex trajectory, method of, 105 
confinement, 14 
cosmic scale factor ((2), 359-362, 

364-366, 368, 375, 376, 393, 395 
cosmological bound 

on neutrino decay, (see under 

neutrino decay) 
on neutrino degeneracy, 372, 374-375 
on neutrino mass, 144, 372-373, 
375-380 
cosmological constant, 360, 363, 364, 371 
CP, 61, 63, 64, 66, 76, 77, 82, 83, 143, 
179, 225, 237, 253, 260, 264, 268, 
271, 272, 275, 290, 300, 318, 325, 
330, 331 
properties of Majorana neutrinos, 
63-64, 179, 237, 264, 271, 291, 300 
CP violation, 6, 7, 45, 64, 66, 72, 167, 
203, 204, 231, 260, 264, 300, 
312-321, 396, 398, 399 
and baryon asymmetry, 396 
Dirac phases, 314 
Majorana phases, 314-318 
CPT, 61, 64-66, 90, 187, 331, 332 
creation phase, 57, 72, 74, 77, 270, 289, 

316 
critical density, 371, 379, 380 
custodial symmetry, 223, 224 

dark matter, 186, 215, 220, 221, 389-392 
Davis experiment, 107, 108, 111, 115, 

116, 125, 126 
deconfinement, 387 
decoupling, 366-369, 372, 375-377, 379, 

381, 385, 386, 396 
deep inelastic scattering, 21, 36-39 
deleptonization, 342 
dipole moment, 262-264, 271 
electric, 260, 268, 318 

in matter, 330, 332 

of the electron, 318-321 



magnetic, (see magnetic moment) 
-, transition, 264 
dipole transition 
electric, 264, 271 
magnetic, 264, 272 
Dirac field, 51, 54, 56, 57, 67, 313, 326 
Dirac mass terms, 39, 67, 69, 71, 174, 
190, 198, 202, 206, 224, 279, 321, 
407, 408 
Dirac matrices 

analogs for SO (10), 196 
commutation, 55 
definition, 54, 57 
representation, 56-61, 260 
chiral, 72 

Dirac, 58-61, 63, 65, 72 
Majorana, 59-61 
Dirac neutrino, 44, 48, 51, 52, 62, 66, 68, 
69, 71, 81, 129, 130, 139-141, 153, 
166, 172, 183, 185, 197, 207, 223, 
257, 258, 260, 261, 263-265, 268, 
274, 278, 307, 310, 313, 316, 347, 
356, 373, 376, 377, 379, 382, 387 
as two Majorana neutrinos, 66-69, 274 
vs Majorana neutrino, (see under 
Majorana particles) 
Dirac-Majorana confusion theorem, 

253-256 
dispersion relation, 322-325, 327-329, 

336, 338, 339 
double beta decay, 281-287 

-, neutrinoless, (see neutrinoless 
double beta decay) 
D-parity, 193, 198, 200, 201 

electric dipole moment, (see under 

dipole moment) 
electromagnetic 

form factors of neutrinos, 40, 48, 
257-264, 329 

electric, 260, 264, 265, 267, 273 
magnetic, 260, 264, 265, 267, 273 
matter induced, 329-338 
gauge invariance, 40, 148, 259, 330, 

334 
vertex, 258, 264, 265, 269, 272, 304, 



Index 447 



318, 332, 335, 338 
equivalence principle, 130-131, 356 

Fermi-Dirac distribution, 326, 365, 372, 

374 
Fierz transformation, 8-10, 30, 98 
figure of merit, 86, 87 
flavor changing neutral current, 7, 155, 

177-178, 180, 185, 214, 269, 312, 336 
absence in the standard model, 24, 25 
flavor changing processes, 119, 129, 140, 

257, 303-312, 357 
flavor diagram, 152-154, 158, 159, 267, 

273 
flavor states, 7, 45, 79, 81-83, 85, 86, 94, 

96, 97, 99, 101, 114, 119, 129, 131, 

139, 152, 177, 224, 225, 230, 232, 

236, 237 
form factors 

in deep inelastic scattering, 37-39 
of nucleons, 35, 36 
four-Fermi interaction, 3, 5-11, 21, 29, 

169, 244, 252, 376 
Friedman-Robertson- Walker metric, 359, 

360 

galactic 

halo, 389-392 

HII regions, 371 

magnetic field, 349, 351 

rotation curves, 389, 390 
galaxy, 356, 357, 389, 391, 392 

formation, 4, 367, 382, 393-395 
gallium experiments, 111, 115-117, 125, 

126 
gamma matrices, (see Dirac matrices) 
gauge bosons, 13-16, 18, 19, 22, 23 
gauge invariance, 14, 17, 19, 24, 164 
Gell-Mann Nishijima relation, 163 
geochemical experiments, 112, 282 
GIM suppression, 269, 305, 312, 338 
global symmetries, 12 
Goldstino, 211, 212 
Goldstone bosons, (see 

Nambu-Goldstone bosons) 
Gordon identity, 259 



grand unified theories, 144, 174, 183, 
186-207, 216, 217, 221, 291, 312, 
367, 396 

supersymmetric, 189, 202 
gravitational 

binding energy, 341-343, 345 

constant, 138, 360, 366, 371 

contraction, 340, 341 

density fluctuations, 382 

instability, 394 

potential, 130 

hep chain, 108, 110 

hidden sector, 213, 216 

hierarchy problem, 144, 159, 161, 162 

Higgs mechanism, 14-16, 19, 22, 43, 211, 

212, 214 
Hubble parameter, 361, 377, 398, 400, 

405 
Hubble time, 364 

1MB, 93, 343, 344, 355 
inflation, 363, 367, 389, 393 
isospin, 11, 12, 245 

jumping probability, 105, 120, 122, 124, 
358 

K2K, 49, 50, 91 

Kamiokande, 93, 94, 108, 112, 113, 
115-118, 125, 126, 343, 344, 347, 
351, 355 

super-, 93, 94, 112, 113, 115 
Kamland, 49, 50, 91, 126, 132 
kaon 

decajr, 7, 78, 155, 311, 312 

K°-K° mixing, 214, 309 

K°-K° oscillation, 78 

Kl-Ks mass difference, 171 
Klein-Gordon equation, 130 
Kurie plot, 46, 246, 247, 250, 251 

Landau-Zenner-Stuckelberg probability, 

(see jumping probability) 
Lizt L>H) LiTiLi e — Z/^4, he — Lp ~ L T ) (see 

lepton number symmetry, 

generational) 
Lee- Weinberg bound, 379 



448 Index 



left right symmetric model, 163-185, 
191-193, 197-199, 220, 221, 266, 
272, 273, 277, 287, 292-296, 
308-310, 312, 319, 348, 352, 382, 
386, 387 
supersymmetric, 216, 217, 220-221 

leptogenesis, 395-401 

lepton number symmetry, 39, 52, 53, 69, 
71, 140, 164, 215-217, 220, 221, 397, 
(see also B — L symmetry) 
generational, 8, 69, 140, 219, 233, 234, 

280, 303, 309, 407-409 
violation in the standard model, 39, 
40, 397 

level-crossing, 101, 106, 131, (see also 
MSW effect) 

local symmetries, 12, 13, 15, 16, 21 

long range force, 250 

LSND, 90, 402-403, 405, 408 

LSP, 215 

magnetic moment, 260 

-, anomalous, 257 

in matter, 330, 332 

of neutrinos, 39, 40, 48, 268, 274-280, 
338, 356, 369, 386 
and solar neutrino flux, 127-130 
limits on, 275-277, 347-350, 388 

-, transition, 129, 130, 280, 348 
Majorana basis of mass terms, 66-69, 

142, 146, 150, 274, 278, 279 
Majorana field, 53-57, 61-64, 66-68, 73, 
74, 209 

propagator, (see under propagator) 
Majorana mass terms, 39, 45, 69, 76, 
130, 145, 146, 148, 149, 151, 153, 
154, 172, 183, 190, 197, 198, 200, 
202, 206, 217, 219, 291, 301, 302, 
306, 314, 398, 407 
Majorana particles, 44, 45, 48, 51, 53, 
54, 59-61, 66, 68, 69, 71, 73, 74, 77, 
81, 142, 143, 148, 157, 164, 166, 170, 
172, 176, 177, 180, 185, 191, 206, 
223, 224, 257, 258, 260-262, 264, 
269-273, 275, 287, 288, 291-293, 
295, 301, 310, 313, 314, 316, 329, 



331, 332, 356, 376, 380, 382, 397 
-, CP properties of, (see under CP) 
vs Dirac particles, 53, 60, 262, 270, 
272, 314, (see also Dirac-Majorana 
confusion theorem) 
vs Weyl particles, 53, 262-263 
Majoron, 45, 48, 127, 154-162, 191, 217, 
282-284, 297-299, 338, 339, 346, 
354, 369, 380, 382 
mass matrix, 119, 139, 142, 144, 146, 
147, 150, 151, 153, 154, 167, 168, 
172, 173, 176, 177, 180, 181, 184, 
196, 197, 202, 203, 205-207, 218, 
239, 319, 320, 339, 350, 409 
MiniBooNE, 90, 403, 410 
mirror universe, 406, 408-409 
MSW effect, 104, 131, 132, 199, 356, 
357, 404, (see also neutrino 
oscillation, resonant) 
muon decay, 4, 8, 24, 26, 90, 170, 171, 
176, 219, 251, 309 
anomalous, 176 
Majoronic, 155 

radiative, 4, 140, 214, 257, 303-307 
to 3e, 4, 7, 175, 176, 306-309 
muonium antimuonium transition, 176, 
219, 309-311, 315 

Nambu Goldstone bosons, 15, 16, 45, 48, 

211, 282, 298, (see also Majoron) 
neutral current, 6-8, 23-30, 32, 33, 35, 
42, 96, 99, 114, 116, 119, 127, 129, 
168-170, 254, 343, 350, 386, 387, 404 
-, flavor changing, (see flavor 
changing neutral current) 
neutralino, 215, 220 
neutrino decay, 39, 46-48, 94-96, 159, 
175, 177-180, 183, 338, 339, 347, 
354, 355, 380-382 
and solar neutrino puzzle, 127, 347 
cosmological bounds, 380-385, 394, 

395 
radiative, 47, 257, 263-265, 268, 269, 
271, 272, 274, 304, 305, 336-338, 
352, 353 
RH, 178, 274 



Index 449 



neutrino mass pattern, 230, 300, 399 
almost degenerate, 230-232, 235, 300, 

357 
inverted hierarchy, 227, 230-233, 235, 

300, 357-358 
normal hierarchy, 230, 232, 233, 235, 
300, 301, 357-358 
neutrino mass, direct limits, 49, 247-253 
neutrino mixing, 39, 40, 44, 45, 47, 48, 
78, 79, 81, 87, 94, 100, 104, 131, 140, 
141, 147, 150, 159, 173, 177, 179, 
183, 184, 198, 202-205, 222-239, 
243, 251, 273-275, 290, 292, 294, 
303, 305, 310-314, 316, 317, 319, 
336, 355, 356, 403, 409 
bimaximal, 225, 226, 228-231, 235, 

406, 408 
democratic, 225, 226, 229, 232 
in matter, 99-102 
maximal, 225-227, 232, 234 
neutrino oscillation, 39, 47, 49-50, 

78-106, 119-120, 127, 129, 130, 132, 
150, 226, 236, 299, 317, 322, 357, 
403, 404, 406 
experiments, 78, 79, 85-89, 403 
in matter, 96-106, 125, 126, 131, 185, 

199 
resonant, 101-106, 120-126, 338, (see 

also MSW effect) 
with unstable neutrinos, 94-96 
neutrino scattering, 41, 97, 98, 107, 160, 
265, 347, 348, 368, 385, 386, 388, 400 
off electrons, 11, 28-34, 36, 41, 97, 
113, 114, 116, 118, 275-276, 342, 
343, 350 
off nucleons, 35-39 
neutrino spin, 3, 4 

neutrino-antineutrino oscillation, 318 
neutrinoless double beta decay, 45, 

48-50, 164, 171, 219, 283-303, 310, 
315, 317, 318 
and neutrino mass, 299-302 
with Majoron emission, 283-285, 
295-299 
neutron-antineutron oscillation, 164 
non-renormalization theorem, 212 



nucleosynthesis, 4 

big-bang, 129, 276, 277, 367-371, 

385-388, 396, 404-406 
r-process, 355-356, 409 

oscillation length, 80, 84, 104 

parity, 8, 10, 63, 163-165, 167, 168, 

182-184, 221, 244, 283, 331 
Peccei-Quinn symmetry, 199, 202 
pep neutrinos, 108, 110, 112 
pion, 53, 90, 178, 211, 253, 368 

decay, 46, 90, 92, 155, 219, 251-252, 
311 
Planck mass, 138, 366 
Planck time, 359, 366 
plasmon, 276, 338 
PMNS matrix, 45, 225, 408, (see also 

neutrino mixing) 
pp chain, 108-110 
pp neutrinos, 108, 110, 112, 117 
propagator, 286, 288, 291, 294 
and dispersion relation, 323, 324 
for gauge bosons, 29, 98, 158, 265, 

266, 288, 327, 328 
for Majorana fermions, 57, 73-74, 288, 

289 
in thermal medium, 325-328, 332 
proton decay, 195, 199, 219, 396 

quark, 3-8, 12, 21, 23, 25, 26, 28, 39, 42, 
48, 51, 64, 119, 149, 164, 171, 180, 

183, 185, 187, 190, 191, 205, 
214-216, 220, 223, 224, 230, 237, 
238, 244, 252, 260, 312, 314, 315, 
317, 318, 378 

mass, 18, 23-26, 43, 44, 141, 166, 174, 

184, 185, 190, 191, 196, 198, 200, 
202-204, 214, 218, 239 

mixing, 6, 8, 25, 35, 45, 140, 172, 184, 
186, 198, 203, 222-223, 233, 244, 
269, 312 
quark-hadron transition, 367, 368 
quark-lepton symmetry, 42, 163, 239, 
406, 407 

radiative corrections, 21, 26, 28, 190, 
200, 212, 236-238 



450 Index 



radiochemical detectors, 111-115, 126 

recombination, 384, 393 

red-shift, 361, 363, 375, 380-383, 394, 

395 
renormalizability, 11, 17, 19, 21, 39, 149, 

265 
renormalizable gauge, 265, 266, 304, 329 
renormalization group, 188, 195, 198, 

236 
Ricci tensor, 360 
fl-parity, 215-217, 219-221, 295-297, 

310 
Rz gauge, (see renormalizable gauge) 

Sakharov conditions, 396, 399 
see-saw mechanism, 44, 144, 172, 174, 
177, 178, 180, 181, 183, 185, 186, 
197, 200, 201, 203, 204, 206, 220, 
221, 223, 224, 233, 236, 238, 274, 
294, 295, 306, 397, 399, 401, 402, 
407, 409 
singular, 406-408 
sleptons, 214, 216 

SNO, 114, 116, 120, 125-127, 129, 404 
SNU, 111, 112, 115, 116 
solar neutrino, 49, 87, 90, 107-133, 226, 
229, 230, 322, 357 
detection, 36, 110-114, 116 
puzzle, 94, 115-119, 127, 129, 131, 
185, 199, 347, 350, 409 
sphalerons, 397, 398, 401 
spin-flavor oscillations, 129, 130 
squarks, 214, 216, 218, 219, 297 
standard model, 3, 4, 6, 15, 21-41, 

43-47, 69, 86, 93, 94, 118, 137-139, 
144, 146-149, 163, 165, 169-171, 
177, 184, 186, 189, 191-193, 195, 
199, 202, 203, 205, 208, 209, 
212-217, 219, 220, 243, 257, 269, 
277-279, 282, 288, 309, 310, 325, 
332, 336, 338, 356, 359, 386, 408, 409 
-, fermion masses in the, 24-25, 152, 

153 
-, global symmetries in the, 45, 52, 

141, 279 
-, neutrino mass in the, 39-41, 43, 



137-138 
gauge interactions, 22-26, 276 
supersymmetric, 212, 214-220, 296, 
297, 310 
standard solar model, 49, 109, 110, 

115-117, 157 
stellar energy loss, 156-157, 276, 277, 

338, 346, 349 
sterile neutrinos, 86, 392, 393, 402-410 
strangeness, 78, (see also kaons) 
stress-energy-momentum tensor, 360 
strong interaction, 14, 21-22, 39, 78, 
163, 186, 368 
CP problem, 186, 199 
structure functions, (see form factors) 
sum rules, 203, 204, 238-239 
superfields, 209-213, 215, 218, 220-221 
supernova, 36, 129, 157, 172, 276, 277, 
340-358, 409 
collapse, 340-342, 345, 346, 349, 352, 

356 
-, cosmological parameters from, 363 
type-la, 363 
type-II, 341 
superpotential, 210-214, 216, 217, 221, 

310 
superspace, 209 
superstring, 205, 207, 216 
supersymmetry, 202, 208-221, 296, 298, 
299, 310 

tau decay, 47, 155, 219, 253 

into three leptons, 306-309 

radiative, 303-306 
triangle anomaly, (see anomaly) 

uncertainty principle, 84, 87 

W 2 boson, 167, 168, 170-172, 180, 182, 
183, 185, 195, 266, 272-274, 
292-296, 319-321, 348, 349, 352 

Ward identity, 40, 259 

Weinberg angle, 23, 165, 188 

Weyl spinors, 51, 53, 262-263 

WIMPs, 117 

Wl-Wr mixing, 167, 170, 171, 178, 179, 
273, 287, 294, 319, 320, 348, 352 



Index 451 



WMAP, 363, 371, 372, 396, 405 

wormhole, 137, 220 

Wr boson, (see Wi boson) 

Yukawa couplings, 24, 72, 139, 141, 145, 
146, 148, 151, 153, 154, 157, 172, 
182, 190, 195, 196, 200, 202, 203, 
206, 211, 212, 223, 224, 232, 238, 
277, 308, 398-400 



Z decay, 5, 28, 64, 161, 175, 177, 191, 

269, 298, 389 
Z1-Z2 mixing, 169 

Zi boson, 167-170, 195, 349, 352, 387 
Zee model, 148-150, 227-229, 272, 278, 

291 
Zeldovich-Konopinsky-Mahmoud 

neutrino, 69 
Zino, 298, 299 



